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ADVERTISEMENT. 

r  I  ^  H  E  Excellence  of  ProfefTor  Saun- 
derson's  Elements  of  Algebra  is 
univerfally  acknowledged :  But  as  that 
Work  contains  many  curious  and 
elegant  pieces,  which  are  rather 
of  Advantage  and  Airmfement  to  Profi- 
cients in  the  general  Science  of  the  Ma- 
thematics, than  of  necefTary  Ufe  to  Stu- 
dents in  Algebra  ;  fome  of  the  principal 
Tutors  in  the  Univerfity  of  Cambridge 
were  de (irons  of  having  fiich  Parts  felected 
from  the  Whole,  as  would  give  their 
Pupils  a  clear  and  comprehenfive  Know- 
ledge of  Algebra,  without  putting  them 
promifcuoufly  to  the  Expence  of  pur- 
chaling  the  original  Work,  which  was 
published  in  Two  Volumes,  Quarto.  The 
Public  is    indebted  to    a   Gentleman   in 

a  2  that 
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that  Univerfity,  of  diftinguifhed  Judg- 
ment and  Skill  in  the  Mathematics,  for 
felecting  the  feveral  Parts  which  make 
up  the  following  Work  :  Nor  have  any 
Endeavours  of  the  Editor  been  wanting, 
to  have  it  printed  as  correctly  as  poflible. 


/ 


E  F  O  R  E    I  enter    upon    my  province,    It 

may  not  be  amifs  to  acquaint  my  young 
difciple  what  preparations  be  is  to  make, 
and  what  qualifications  I  expect  of  him  beforehand, 
that  we  may  neither  of  us  find  ourfelves  difap- 
pointed  afterwards.  I  expect  then  that  he  knows 
how  to  add,  to  fubtracl,  to  multiply,  to  divide,  to 
find  a  fourth  proportional,  and  to  extract  roots, 
efpecially  the  fquare  root :  nay,  I  expect  further, 
that  he  fhall  not  only  be  able  to  perform  all  thefe 
operations  exactly  and  readily,  but  alfo  that  he  fhall 
be  able  to  apply  them  upon  all  common  occailons ; 
in  a  word,  I  expect,  that  he  be  tolerably  well 
ikilled  in  common  Arithmetick,  at  leaft  fo  far  as 
^elates  to  whole  numbers  :  for  this  reafon  it  is  that  I 
have  prefixed  a  few  arii  hmetical  queftions,  wherein. 
he  may  firfr  try  his  itrengtli  and  (kill  before  he  ven- 
tures any  further ;  they  are  for  the  moft  part  very 
eafy.  I  cannot  fay  indeed  they  are  trie  beft  chd.fen, 
but  they  were  fuch  as  lay  in  mj  \': .  \  ben  I  firft 
began  this  work  and  was  h-gftgning  to  matters  of 
greater  moment  j  and  I  do  not  iee  but  they  may,,  if 
itudied  with  care  and  attention,  a'nfwer  well  enough 
the  end  they  were  intended  for,  ,  If  he  finds  no  diffi- 
culty in  thefe,  he  will  have  little  reafon  to  doubt  of' 
bis  fuccefs  afterwards*,  but.  if  he  does,  he  ought  then 
at  lall  to  become  fenfible  of  his  own  defers,  and  to 
endeavour  to  iupply  whatever  is  wanting,  and  to  cor- 
rect whatever  is  araifs,  before  he  enters  himfeif  under 
my  conduct ;  in  the  mean  time  he  has  my  leave  to 

A  hope 


2  QUESTIONS    in 

hope  that  I  (hall  be  lefs  upon  the  referve  with  hint 
when  he  falls  more  immediately  under  my  care. 

N.  B.  The  praxis  of  the  rule  of  proportion,  and 
of  the  rule  for  extracting  the  fquare  root,  not  being 
(properly  fpeaking)  of  the  nature  of  fimple  poftulata% 
but  rather  deducible  from  the  four  firft. ;  I  fhall  not 
fail  to  demonftrate  thefe  rules  fo  foon  as  I  fhall  find 
proper  opportunities  for  that  purpofe. 

Queflions  for  exsrdfe  in  Multiplication, 

Multiplication  is  taking  any  one  number  called  the 
multiplicand  as  often  as  is  expreffed  by  any  other 
number  called  the  muhiplicator,  and  the  number 
produced  by  this  operation  is  called  the  product: 
whence  it  follows,  that  the  product  contains  the  mul- 
tiplicand as  often  as  there  are  units  in  the  mukiplica- 
tor,  and  that  if  a  number  of  a  greater  denomination 
is  to  be  reduced  to  an  equivalent  number  of  a  lefs, 
it  muft  be  done  by  multiplication.  As  for  example  ; 
In  a  pound  Merlin g  there  are  20  killings ;  therefore, 
in  every  fum  of  money  confiding  of  even,  pounds, 
there  are  twenty  times  as  many  {hillings  as  there  are 
pounds ;  therefore,  if  any  number  of  pounds  be  mul- 
tiplied by  20,  the  product  will  be  an  equivalent 
-number  of  (billings.;  and  the  fame  mult  be  obfervedL 
in  all  other  cafes. 

QjJ   EST.       I. 

//  is  required  to  reduce  4.36  pounds   13  /hillings  and 
4  pence ,  into  Jhillings ,  pence ',  and  farthings* 

Anfwer,     Shillings  9^33 

Pence  109600 

Farthings    438400. 


Qu  EST- 
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QjJ  E  ST.       2. 

'A  certain  ifland  contains  36  counties,  every  county  37 
parijljesy  every  parijh  38  families,  and  every  family 
39  ftrfons :  I  demand  the  number  of  parifhes,  fa- 
milies, and  p  erf  on  s  in  the  whole  ifland? 

Anfwcr.     Parifibes  1332, 

Families        50616 
Per  ions      1974024 

QjJ   EST.      3. 

In  1730  years,   42    weeks,  and  3   days,  how  many 
minutes  ? 

N.  B.  A  year  conMs  of  365  days,  6  hours;  and  an 
hour  of  60  minutes. 

Hours  in  one  year  8766 

In  1730  years  15165180 

In  42  weeks,  3  days  7128 

In  the  whole  151 72308 

Minutes  in  the  whole  910338480 

Qjj  est.     4. 

'if here  is  a  certain  field  102004  feet  long,  and  102C03 
feet  broad :  I  demand  the  number  of  fquare  feet  therein 
contained  ? 

Anfwer,     104047 140 1 2. 

Qjj  est,     5. 

There  is  a  certain  floor  24  feet  4  inches  broad,  and  96 
feet  6  inches  long  :  /  demand  bow  many  fquare  inches 
are  therein  contained  f 

Anfwer.    338136  fquare  inches; 

A  2  Quest, 


4  QUESTIONS    in 

QjJ  EST.       6. 

A  certain  piece  of  wood  i  foot  2  inches  thick,  3  feet 
4  inches  broad,  and  5  feet  6  inches  long,  is  to  be 
cut  into  fmall  cubes  like  dies,  each  of  which  is  to  be 
a  quarter  of  an  inch  every  way :  1  demand  into  how 
many  dies  the  whole  may  be  refohedf 

Anfwer.  The  whole  may  be  refolved  into  2365440  dies. 

QjJ  EST.       7. 

/  demand  the  number  of  changes  that  may  be  rung 
on  12  bells  ? 
Changes  upon 


)on 

2  bells 

2 

on 

3  bells 

6 

on 

4  bells 

24 

on 

5  bells 

120 

on 

6  bells 

720 

on 

7  bells 

5040 

on 

8  bells 

40320 

on 

9  bells 

362880 

on 

10  bells 

3628800 

on 

11  bells 

39916800 

on 

12  bells 

479001600 

If  the  learner  finds  himfelf  unprepared  to  anfwer  the  three  fol- 
lowing queflions,  he  may  omit  them,  and  pafs  on  to  exercife 
himfelf  in  divifion. 

QjJ  EST.       8. 

Horn  many  different  ways  can  four  common  dies  come  ufk 
at  one  throw  ? 

Anfwer,     1296  ways. 

Qjtr  est.    9. 

Suppofe  one  undertake  to  throw  an  ace  at  one  throw 
with  four  common  dies  ;  what  probability  is  there  of 
his  effe  fling  it  ? 

Anfwer*    By  the  lafl  queftion  four  dies  can  come 
up  1296  different  ways  with  and  without  the  ace; 

and 
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and  by  a  like  computation,  they  can  come  up  625 
ways  without  the  ace ;  therefore  there  are  671  ways 
wherein  one  or  more  of  them  may  turn  up  an  ace ; 
therefore  the  undertaker  has  the  better  of  the  lay  in 
the  proportion  of  671  to  625. 

Qjj  est.     10. 

tfhere  are  two  inclofures  of  the  fame  circumference \  that 
is,  both  inclofed  with  the  fame  number  of  pales ;  but 
one  is  a  fquare  whofe  fide  is  125  feet,  and  the  other 
an  oblong  or  long  fquare,  124  feet  in  breadth,  and 
126  in  length:  qusere  which  is  the  greater  clofe  % 
that  is,  which,  ceteris  paribus,  will  bear  mojl 
grafs  ? 

Anfwer,  The  fquare :  for  that  contains  156*25 
fquare  feet;  whereas  the  other  contains  but  15624. 

Quejlions  for  exercife  in  Divifion, 

The  defign  of  divifion  is,  to  ihew  how  often  one 
number  called  the  divifor  is  contained  in  another  cal- 
led the  dividend,  and  the  number  that  fhews  this  is 
called  the  quotient ;  whence,  and  from  the  definition 
of  multiplication  already  given,  I  obferve,  ijl,  That 
the  divifor  multiplied  by  the  quotient.,  and  confe- 
quently  the  quotient  multiplied  by  the  divifor,  will 
always  be  equal  to  the  dividend,  provided  there  be 
no  remainder  after  the  divifion  is  over  ;  but  if  there 
be,  then  this  remainder  added  to,  or  taken  into,  the 
product,  will  give  the  dividend,  which  is  the  befl: 
proof  of  divifion.  idly,  That  as  the  divifor  is  fuch 
a  part  of  the  dividend  as  is  exprefled  by  the  quo- 
tient ;  fo  alfo  is  the  quotient  fuch  a  part  as  is  ex- 
preffed  by  the  divifor.  Thus  12  divided  by  3  quotes 
4 ;  therefore  3  is  a  fourth  part,  and  4  a  third  part,  of 
12.  ^dljy  Hence  may  a  number  be  found  that  fhall  be 
divifible  by  any  two  given  numbers  whatever  without 
remainders,  to  wit,  by  multiplying  the  two  given  num« 

A  3  ber§ 
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bers  together.  Thus  if  I  would  have  a  number  that 
can  be  divided  by  both  6  and  9  without  any  re- 
mainders, I  multiply  9  by  6,  and  the  product  54 
will  anfwer  both  conditions ;  though  1 8  be  the  leaft 
number  of  that  kind,  ^tbly,  Multiplication  and  di- 
vifion by  the  fame  number  are  the  reverie  of  each 
other,  and  io  muft  neceffarily  have  contrary  effects : 
for  whereas  multiplication  increafes  a  number  by- 
taking  it  as  often  as  is  expreffed  by  the  multiplica- 
tion divifion  (on  the  contrary)  leffens  it,  by  taking 
only  fueh  a  part  of  it  as  is  expreffed  by  the  divifor. 
§tMyt  Hence,  if  a  number  of  a  ieffer  denomination 
be  to  be  changed  into  an  equivalent:  number  of  a 
greater,  as  farthings  into  pence,  pence  into  {hillings, 
&c.  it  muft  be  done  by  divifion,  as  the  reverfe  is 
done  by  multiplication.  Gihly,  Whenever  it  is  pro- 
pofed  to  know  how  often  one  quantity  of  any  kind 
is  contained  in  another  of  the  fame  kind,  the  num- 
bers representing  thefe  quantities  muft  be  reduced  to 
the  fame  denomination  before  any  divifion  can  take 
place.  Thus  it  1  would  know  how  many  thir teen- 
pence-halfpennies  there  are  in  twenty  (hillings,  1  muft 
not  only  reduce  the  thirteen-pence-halfpenny  to  27 
.halfpence,  but  alio  the  20  millings  into  480  half- 
pence ;  and  then  muft  enquire  by  divifion  how  often 
27  halfpence  are  contained  in  480  halfpence,  that 
is,  how  often  27  is  contained  in  480  ;  the  quotient  is 
17,  and  the  remainder  21,  that  is  21  halfpence; 
for  in  ail  divifion,  the  remainder  muft  be  of  the 
fame  denomination  with  the  dividend  whereof  it  is 
apart;  therefore  in  20  (hillings  there  are  57  thir- 
teen-pence- halfpennies,  and  10  pence  halfpenny  over, 

.     Q^lJE   ST.       II. 

//  is   required  to   reduce   987654321  farthings   into 
founds,  JhUBngs,  and  pence? 

Anfzver.  987654321  farthings  are  equivalent  to 
246913580  pence  and  1  farthing;  or  to  20576131 
Shillings,  $4*  iq. ;  or  to  1028806 pounds,  in.  "6d.  lq. 

QjJ  E  s  f , 
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QjJ  EST.       12. 

One  lends  me  1296  guineas  when  they  were  valued  at 
1 1,  is.  and  fixpence  a  piece :  how  many  muft  I  pay 
him  when  they  are  'valued  at  ih  is.  a  piece  ? 

Anfwer.     1326  guineas  18  (hillings. 

QjJ  EST.       13. 

A  certain  floor  24  feet  4  inches  broad,  96  feet  6 
inches  long,  is  to  be  laid  at  the  rate  of  12  pence 
the  fquare  foot :  1  demand  what  the  whole  charge 
will  amount  to  ? 

Anfwer.  The  floor  contains  338136  fquare  inches, 
or  2348  fquare  feet  and  24  fquare  inches  •,  therefore 
the  whole  charge  amounts  to  117  pounds  8  (hillings 
and  two  pence. 

Qjj  est.     14. 

There  is  a  certain  cooler  36  inches  deep,  42  inches  zvide, 
and  72  inches  long  :  I  demand  its  folid  content  in 
Englifh  gallons  ? 

Note.  An  ale  gallon  is  282  cubic  inches. 

Anfiver.  The  veffel  contains  108864  cubic  inches, 
that  is,  386  gallons,  and  12  cubic  inches  over. 

Qjj  est.     15. 

A  cubic  foot  of  wafer  .weighs  76  pounds  Troy  or 
Roman  weight;  and  the  air  is  860  times  lighter  than 
water :  I  demand  the  weight  of  a  cubic  foot  of  air. 

N.  B.  A  pound  Troy  contains  12  ounces,  one 
ounce  20  pennyweights,  and  one  pennyweight  24 
grains, 

A  4  Anfwer, 
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Anfwer.    A  cubic  foot  of  air  weighs  Troy  Weight 
i  o£.  i  pwt»  5  gr. 

Qjj  est.     1 6. 

The  mean  time  of  a  lunation,  that  is,  from  new  moon 
to  new  moon,  is  29  days,  12  hours,  44  minutes^ 
and  3  feconds;  and  a  Julian  year  conftjls  of  365  days 
6  hours :  1  demand  then  how  many  lunations  are  con~> 
tained  in  19  Julian  years* 


Hours  in  a  Lunation 

708 

Minutes 
Seconds 
Hours  in  19  Julian  years 

42524 

2551443 
166554 

Minutes 
Seconds 

9993240 
599594400 

Lunations  235  ;  and  1  hour  28'  15"  over. 

Qj7  EST.       17. 

In  what  time  may  all  the  changes  on  12  hells  be  rung9 
allowing  3  feconds  to  every  round?  See  Queftion. 
the  7th, 

The  number  of  changes  on  12  bells    479001 600s 
The  time         1437004800     feconds, 
or  23950080     minutes, 

or  399168     hours, 

or  45  years,  27  weeks,  6  days,  18  hours. 

Qjj  est.     18. 

A  General  of  an  army  difiribates  15  pounds  19  fhil- 
linqs  and  2  pence  halfpenny  among  4  captains,  5 
lieutenants,  and  60  common  foldiers,  in  the  manner 
following :  Every  captain  is  to  have  3  times  as  much 
as  a  lieutenant,  and  every  lieutenant  twice  as  much  as 
a  common  foldier  ;  I  demand  their  fiver  aljhares  ? 

The 
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The  mare  of  a  common  ibldier  3s.  4^4 

of  a  lieutenant  6^.  gd.i 

of  a  captain  il.  os.  ^d.\ 

Queftions for  exercife  in  the  Rule  of 'Three. 

And  firjl  in  the  Rule  of  Three  Diretl. 

The  rale  of  proportion,  or  rule  of  three,  or  by 
fome  the  golden  rule,  is  that  which  teacheth,  hav- 
ing three  numbers  given,  to  find  a  fourth  propor- 
tional, that  is,  to  find  a  fourth  number  that  fball 
have  the  fame  proportion  to  fome  one  of  the  num- 
bers given,  as  is  expreffed  by  the  other  two  ;  and 
therefore,  whenever  a  queflion  is  propofed  wherein 
fuch  a  fourth  proportional  is  required,  that  queftion 
is  faid  to  belong  to  the  rule  of  proportion.  Now  in 
questions  of  this  nature,  efpecially  where  the  num- 
bers given  are  not  merely  ab draft  numbers,  but  are 
applied  to  particular  quantities,  three  things  are 
ufually  required,  to  wit,  preparation,  difpofition, 
and  operation. 

Firll",  as  to  the  preparation,  it  mull  be  obferved,  that 
of  the  three  numbers  given  in  the  queftion,  two  will 
always  be  of  the  fame  kind,  and  muft  be  reduced  to 
the  fame  denomination,  if  they  be  not  fo  already ; 
and  if  the  remaining  number  be  of  a  mixt  denomi- 
nation, that  alfo  mult  be  reduced  to  fome  fimple 
one. 

Secondly,  in  difpofing  the  numbers  thus  prepared, 
thofe  two  that  are  of  the  fame  denomination  muft  be 
made  the  firft  and  third  numbers  in  the  rule  of  pro- 
portion, and  confequently  the  remaining  number 
muft  be  the  fecond.  But  here  particular  care  muft 
be  taken,  that  of  the  two  numbers  that  are  of  the 
fame  denomination,  that  be  made  the  third  in  the 
rule  of  proportion,  upon  which  the  main  ftrefs  of 
the  queftion  lies,  or  to  which  the  queflion  more  im- 
mediately relates,  or  which  contains  the  demand  :  and 
3  the 
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the  place  of  this  number  being  once  known*  the 
ocheF  two  muft  take  their  places  as  above  direSed. 
This  ordering  of  the  numbers  for  the  operation  is 
commonly  called  {rating  of  the  queftion. 

Laftly,  having  thus  ftated  the  queftion,  multiply 
the  fecond  and  third  numbers  together  ;  divide  the 
product  by  the  firft,  and  the  quotient  thence  arifing 
will  be  the  fourth  number  fought ;  which  fourth 
number,  as  well  as  the  remainder,  if  there  be  any, 
muft  always  be  underftood  to  be  of  the  fame  deno- 
mination with  the  fecond.    As  for  example. 

Qjj  est,     19. 

<A  piece  of  plate  weighing  3  pounds  4  ounces  and  5 
penny iv eights,  Troy  weight,  is  valued  at  5  fallings 
and  6  pence  an  ounce ;  what  is  the  value  of  the 
whole  ? 

Here  we  have  three  quantities  concerned  in  the 
queftion,  viz.  3  pounds  4  ounces  and  5  pennyweights; 
one  ounce  ;  and  5  {hillings  and  6  pence  ;  whereof 
the  two  fir  ft,  which  are  of  the  fame  kind,  muft  be 
reduced  to  the  fame  denomination,  and  the  laft  to 
a  limple  one;  thus:  for  one  ounce  I  write  20  penny- 
weignts;  for  3  pounds,  4  ounces,  and  5  pennyweights, 
805  pennyweights ;  and  for  5  fhiilings  and  6  pence, 
66  pence ;  and  fo  the  numbers  are  fufficiently  pre* 
pared.  In  the  next  piace  I  enquire  which  of  the  two 
numbers  20  and  805,  which  are  of  the  fame  denomi- 
nation, is  that  upon  which  the  main  ftrefs  of  th« 
queftion  lies,  and  I  find  it  to  be  805  ;  for  the  main 
bufinefs  of  this  queftion  is,  to  enquire  into  the  value 
of  805  pennyweights  of  plate ;  the  reft  being  no  more 
than  data  in  order  to  difcover  this  :  So  I  make  805 
my  third  number;  20,  which  is  a  number  of  the  fame 
denomination',  my  firft;  and  66  my  fecond;  and  ftate 
the  queftion  thus :  If  20  pennyweights  cf  plate  be 
'worthed  pence,  what  will  805  pennyweights  of  plate 

be 
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he  worth?  Now  to  anfwer  this  queftion,  I  multiply 
805  by  66,  and  the  product  is  53130;  this  I  divide 
by  my  fir  ft  number  20,  and  the  quotient  is  2656, 
and  there  remains  10,  that  is,  10  pence;  there- 
fore^ to  render  my  quotient  more  ccmpleat,  I- bring 
the  remaining  10  pence  into  40  farthings,  and  io 
divide  again  by  20,  and  find  the  quotient  to  be  2, 
that  is,  2  farthings,  without  any  remainder ;  fo  the 
value  fought  is  2656  pence  2  farthings;  that  is,  11 
pounds  1  Ihilling  and  4  pence  halfpenny.. 

A  demon  fir  atlon  of  this  Praxis. 

Cafe  ift.  Now  to  demonflrate  this  manner  of 
operation,  I  fhall  refume  the  foregoing  queftion,  but 
at  firft  under  a  different  fuppofition,  as  thus :  If  one 
pennyweight  of  plate  cojl  66  pence,  what  will  S05 
pennyweights  cojl  ?  Here  nobody  doubts  bun  that 
upon  this  fuppofition,  805  pennyweights  will  coil: 
805  times  66  pence,  or  66  times  805,  that  is,  53130 
pence  ;  therefore  in  ail  iuftances  cf  this  kind,  that 
is,  where  the  firft  number  in  the  rule  of  proportion 
is.  unity,  the  fourth  number  mult  be  found  by  multi- 
plying the  fecond  and  third  numbers  together. 

Cafe  2d.  Let  us  now  put  the  queftion  as  it  was  at 
firft  dated,  to  wit,  If  20  pennyweights  of  plate  he 
worth  66  pence,  what  will  805  .pennyweights  be 
worth  ?  Now  upon  this  fuppofition  it  is  eafy  to  fee, 
that  neither  1  pennyweight,  nor  confequently  805 
pennyweights,  will  be  worth  above  a  20th  part  of 
what  they  were  in  the  former  cafe;  and  therefore  we 
muft  not  now  fay  that  805  pennyweights  are  worth 
53130  pence,  but  a  20th  part  of  that  fum,  m. 
2656  pence  2  farthings:  and  as  this  way  of  reafoning 
will  be  the  fame  in  all  other  inftances,  it  follows 
now,  that  In  the  rule  of  proportion,  let  the  numbers 
.given  be  what  they  will,  the  fourth  number  mv.fi  be  had 
by  multiplying  the  fecond  and  third  numbers  together , 
and  dividing  the. product  by  the  frjf,     Q^E.  D. 

4  Qu  E  S  T« 
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QjJ  EST.      20. 

How  far  will  one  be  able  to  travel  in  J  days  8  hours, 
at  the  rate  of  13  miles  every  four  hours,  allowing 
1 2  hours  to  a  travelling  day  ? 

Anfwer,     299  miles. 

QjJ  EST.       21. 

What  will  1296  yards  of  walling  amount  to,  at  the  rate 
of  4  /hillings  and  j  pence  a  rod,  a  rod  being  5  yards 
and  a  half? 

Anfwer,     52  pounds  8  pence  3  farthings. 

QjJ  EST.       22. 

In  the  mint  of  England  a  pound  of  gold,  that  is}  11 
ounces  fine  and  1  alloy,  is  at  this  time  coined  into 
44  guineas  and  an  half:  I  demand  how  much  fterli?ig 
a  found  of  pure  gold  is  worth,  obferving  that  the 
alloy  is  valued  at  nothing  ? 

Anfwer.  50  pounds  19  (hillings  and  5  pence  §  penny., 

Qjj  est.     23. 

What  is  the  annual  inter  eft  of  987  pounds  6,ftjillings 
and  5  pence,  at  the  rate  of  6  per  cent.  ? 

Anfwer.  59  pounds  4  ihillings  and  9  pence  §  penny. 

Q^u  est.     24. 

Hhe  circumference  of  the  Earth,  according  to  the  French 
men/uration^  is  123249600  French  feet :  J  demand 
the  fame  in  Engli/h  miles  ? 

N.  B. 
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jV.  B.  A  thoufand  French  feet  are  equivalent  to 
1068  Englifti  feet;  3  feet  make  a  yard,  and  1760 
yards  make  a  mile. 

Anfwer,     1316305^73  Engliih  feet, 

or        43876857  yards  and  2  feet, 

"or  2493°  miles,  57  yards  and  2  feet* 

QjT  EST.      25. 

Suppofing  all  things  as  in  the  foregoing  quejlion,  I  demand 
how  long  a  found  will  be  in  pajfing  from  pole  to  pole, 
upon  a  fuppofition  that  a  found  pajfes  over  1 142  feet 
in  a  fecond  of  time  ? 

Anfwer,     16  hours  and  3  s  feconds. 

QjJ  E  S  T.      26. 

Monjienr  Huy gens  found  that  at  Paris,  the  length  of  a 
pendulum  that  fwung  feconds,  was  three  feet  8  lines 
and  I ;  I  demand  its  length  in  Englifh  meafure  t 

Note,  A  line  is  -^g-  part  of  an  inch,  and  1000 
French  half  lines  are  equivalent  to  1068  Englifh 
half  lines,  as  in  the  24th  queftion* 

Anfwer,  The  length  in  Englifh  meafure  of  a 
pendulum  that  firings  feconds,  is  94;  Englifh  half 
lines ;  or  3.9  indies  2  lines  and  |. 

QjJ  EST.      27. 

/  demand  hi  how  long  a  time  a  pipe,  that  difcharges  1  £ 
pints  in  2  minutes  34  feconds,  will  fill  a  ciftern  that 
is  36  inches  deep,  42  inches  wide?  and  72  inches 
long?     (See  queftion  the  14.) 

Jnfim\    Iii  31707  feconds  %  or  8  hours  48'  27^. 

For 
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For  as  eight  pints  make  i  gallon,  fo  alfo  eight 
cubic  half  inches,  that  is,  eight  fmall  cubes  of  half 
an  inch  every  way,  make  one  cubic  inch;  therefore 
a  pint  contains  282.  cubic  half  inches,  and  fifteen 
pints  4230;  but  the  whole  veffet  contains  108864 
cubic  inches  by  quefL  14  ;  which  are  equivalent  to 
870912  cubic  half  inches;  therefore  this  quedion 
ought  to  be  ftated  thus ; 

i/"  4230  cubic  half  inches  he  dif charged  in  154  feconds 
of  time,  in  what  time  will  870912  cubic  half  in-> 
ches  be  difcharged?     And  the  anfwer  is, 

In  8  hours  48'  27*  as  above. 

QjJ  EST.       28. 

If  a  wall  6  feet  thick,  9  feet  high,  and  432  feet  long, 
cofi  720  pounds  in  building,  what  will  be  the  price  of 
a  wall  of  the  fame  materials,  that  is  1 2  feet  thick, 
18  feet  high,  and 576 feet  long? 

In  the  former  wall  are  contained  23328  cubic  feet; 
in  the  latter  1 2441 6-,  therefore  the  anfwer  to  this 
queftion  is  3840  pounds. 

QjJ  EST.       29. 

A  certain  Jleeple  projected  upon  level  ground  a  fhadow 
to  the  dijlance  of  $7  yards,  when  a  four-foot  ftaff  per- 
pendicularly erected  cqfl  a  fkadow  of  5  feet  6  inches: 
what  was  the  height  of  the  Jleeple? 

Anfwer,    41  yards  1  foot  4  inches* 


QjJ  E  ST. 
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QjJ  EST.       30. 

Two  perfons  A  and  B  make- a  joint  flock  ;  A  puts  in  372 
pounds,  and  B  496  pounds ,- for  the  fame  time  ;  and 
they  gain  114  pounds  2  /hillings:  I  demand  each 
marts  jhare  of  the  gain  ? 

Both  their  flocks  make  868  pounds ;  fay  then,  if 
868  pounds  Hock  bring  in  114  pounds  2  (hillings 
gain,  what  will  372  pounds,  A*s  part  of  the  (lock, 
bring  in?  Anfwer.  48  pounds  18  Shillings  for  A's 
ihare  of  the  gain  ;  and  this  fubtracled  from  the  whole 
gain,  leaves  65  pounds  4  {hillings  for  B's  fhare  of 
the  gain. 

Note,  If  there  be  ever  fo  many  partners,  their 
fhares  of  the  gain  mud  all  be  found  by  the  rule 
of  proportion,  except  the  lad,  which  may  be  had 
by  fubtraction ;  but  it  would  be  better  to  find  them 
all  by  the  rule  of  proportion,  becaufe  then,  if  all 
the  fhares,  when  added  together,  make  up  the  whole 
gain,  it  will  be  an  argument  that  the  work  is  rightly 
performed. 

Qjy  est.     31. 

If  wo  perfons  A  and  B  make  a  joint  flock ;  A  puts  in 
496  pounds  for  2  months,  and  B  620  pounds  for  3 
months ;  and  they  gain  456  pounds:  What  will  be 
each  maris  fhare  of  the  gain  ? 

,  In  order  to  give  an  anfwer  to  this  queflion,  it 
mult  be  confidered,  that  it  is  the  fame  in  the  cafe 
of  trade,  as  it  is  in  that  of  money  let  out  to  mterefl, 
where  time  is  as  good  as  money,  that  is,  whoever 
Sets  out  496  pounds  for  2  months,  is  intitled  to  the 
fame  fhare  of  the  whole  gain,  as  if  he  had  let  out 
twice  as  much,  that  is  992  pounds,  for  one  month  : 
in  like  manner,  he  that  lets  out  620  pounds  for  3 
months,  has  a  right  to  the  fame  fhare  of  the  gain, 

as 
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as  if  he  had  let  out  three  times  as  much,  that  is* 
i860  pounds,  for  one  month:  fubftituie  therefore 
thefe  fuppofmons  inftead  of  thofe  in  the  queftion, 
which  may  fafely  be  done  without  affecting  the  con- 
clufion,  and  then  this  queftion  will  be  reduced  to  the 
form  of  the  laft,  without  any  confederation  of  the 
particular  quantity  of  time,  thus;  Two  merchants  A 
and  B  make  a  joint.  Jlock  5  A  puts  in  992  pounds,  and 
B  1Z60  pounds  for  the  fame  time ;  and  they  gain  456 
pounds:  What  will  he  their  refpe&ive  Jhares  of  tht 
gain  ? 

Anfwer*  A's  (hare  will  be  158  pounds  12  (hillings 
and  2   pence  ;  and  jS's,  297  pounds  7   (hillings  and 

20  pence. 

QjJ  EST.       32. 

Jf  two  men  in  three  days  zvill  earn  4  JhUlmgs,,  how 
much  will  5  men  earn  in  fix  days  ? 

This  and  the  following  queftion  belong  to  that 
which  they  call  the  double  rule  of  three,  wherein  5 
numbers  are  concerned  :  thefe  numbers  muft  always 
be  placed  as  they  are  in  this  example,  that  is,  the 
two  lad  numbers  muft  always  be  of  the  fame  deno- 
mination with  the  two  fir  ft  refpeftively,  and  the 
number  fought  of  the  fame  denomination  with  the 
middle  one ;  then  may  the  queftion  be  reduced  to 
the  iingie  rule  of  three  two  ways,  either  by  ex- 
punging the  firft  and  fourth  numbers,  or  the  fe- 
cond  and  fifth.  If  you  would  have  the  firft  and 
fourth  numbers  expunged,  you  muft  argue  thusj 
two  men  will  earn  as  much  in  three  days,  as  one 
man  in,  two  times  3?  or  6  days ;  alfo  5  men  will  earn 
&  much  in  6  days,  as  one  man  in  thirty  days;  fubifti- 
tnte  therefore  this  fuppoiition  and  thii  demand,  m- 
ftead  of  thofe  in  the  queftion;  and  it  will  ftand  thus; 
If  one  man  ia  6  d^y~  will  earn  f'^u*  ftiili         i^w 

iiincn 
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much  will  one  man  earn  in  30  days  ?  Which  is  as 
much  as  to  fay,  If  in  6  days  a  man  will  earn  \fhillings^ 
how  much  will  he  earn  in  30  days  ? 

Anfwer*     20  fhillings. 

If  you  would  have  the  fecond  and  fifth  numbers 
expunged,  you  muft  argue  thus :  Two  men  will  earn 
as  much  in  three  days,  as  3  times  two  or  6  men  in 
one  day ;  alfo  5  men  will  earn  as  much  in  6  days, 
as  30  men  in  one  day ;  put  then  the  queftion  this 
way,  and  it  ivill  Hand  thus:  If  6  men  in  one  day 
will  earn  4  (hillings,  how  much  will  30  men  earn  in 
one  day  ?  That  is,  If  in  any  quantity  of  time  6  men 
will  earn  4  /hillings,  how  much  will  30  men  earn  in 
the  fame  time  ? 

Anfwer.     20  millings,  as  beforee 

Whofoever  attends  to  both  thefe  methods  of  ex- 
termination, will  eafiiy  fall  into  a  third,  which  in- 
cludes both  the  other,  and  in  practice  is  much 
better  than  either  of  them ;  for  at  the  conclusion  of 
both  operations,  the  number  fought  was  found  by 
multiplying  30  by  4,  and  dividing  the  produft  by  6 : 
Now  if  he  iooks  back,  and  traces  out  thefe  numbers, 
he  will  find  that  the  number  30  came  from  the  mul- 
tiplication of  the  two  lafl  numbers  5  and  6  together, 
that  4  was  the  middle  number  in  the  queftion,  and 
that  the  divifor  6  was  the  produft  of  the  two  firrT: 
numbers  2  and  3  multiplied  together  -3  therefore, 
In  all  quejlions  of  this  nature,  if  the  three  laft  numbers 
he  multiplied  together,  and  the  produtl  be  divided  by  the 
produbl  of  the  two  firjl,  the  quotient  will  give  the  nuffi* 
her  fought,  without  any  further  trouble. 


B  Qjr  E  s  T« 
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Q_U  EST.       33. 

If  for  the  carriage  of  three  hundred  weight  40  miles,  I 
muft  pay  7  /hillings  and  6  pence,  what  muft  I  pay  for 
the  carriage  of  five  hundred  weight  60  miles  ? 

Anfwer.     225  pence,  or  18  ihiUings  and  9  pence. 

Queftions  in  the  Rule  of  Three  inverfe. 

Hitherto  we  have  inftanced  in  the  rule  of  three 
direct :  but  there  is  alio  another  rule  of  proportion, 
called  the  rule  of  three  inverfe  ;  which,  as  to  the  pre- 
paration and  difpofition   of  its  numbers,  differs  no- 
thing from  the  rule  of  three  direct,  but  only  in  the 
operation  ;    for  whereas   there,  the  fourth    number 
was  found,    by    multiplying   the   fecond   and  third 
numbers   together,  and  dividing  by  the   firft ;  here 
it  is  found 'by  multiplying  the  firft  and  fecond  num- 
bers together,  and  dividing   by  the  third.     All  that 
remains  then,  is  to  be  able  to  diftinguifh,  when  a 
queftion  belongs  to  one  rule,  and  when  to  the  other ; 
in   order  to  which,  obferve  the  following  directions: 
If  more  requires  more,  or  lefs  requires  lefs,  work  by  the 
rule  of  three  direcl ;  but  if  more  requires  lefs,  or  lefs  re- 
quires more,  work  by  the  rule  of  three  inverfe,   '  The 
meaning  whereof  is,  that  if,  when  the  third  number 
is  greater  than  the  firft,  the  fourth  muft  be  propor- 
tionally greater   than  the  fecond ;  or  if,  when  the 
third  number  is  lefs  than   the  firft,  the   fourth   muft 
be  proportionably  lefs  than  the  fecond,  the  queftion 
then  belongs  to  the  rule  of  three  direcl: :    But  if, 
when  the  third  number  is   greater  than  the  firft,  the 
fourth  muft  be  lefs   than   the  fecond ;  or  when  the 
third  number  is  lefs  than  the  firft,  the  fourth  muft  be 
greater  than  the  fecond  •,  in  either  of  thefe  cafes,  the 
queftion  belongs  to  the  rule  of  three  inverfe,  and 
muft  be  refolved  as  above  directed. 

As 
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As  for  example, 

QjJ  EST.       34. 

If  12  men  eat  up  a  quantity  of  provifion  in  i$  dayss 
how  long  will  20  men  be  in  eating  the  fame  ? 

This  queftion  is  of  fuch  a  nature,  that  more  re- 
quires lefs ;  for  20  men  will  confume  the  fame  pro- 
vifion in  lefs  time  than  12;  therefore  the  queftion 
belongs  to  the  rule  of  three  inverfe ;  fo  I  multiply 
the  firft  and  fecond  numbers  together,  and  divide  by 
the  third,  and  the  quotient  9,  that  is,  9  days,  is  an 
anfwer  to  the  queition. 

A  demonjlration  of  the  Rule  of  Three  Inverfe» 

If  I  was  to  anfwer  this  queftion  by  pure  dint  of 
thought,  without  any  rule  to  direcl:  me,  I  fhould, 
reafon  thus :  whatever  quantity  of  provifion  lafts  12 
men  15  days,  the  fame  will  Iaft  1  man  12  times  as 
long,  that  is,  12  times  15,  or  180  days;  but  if  it 
will  laft  1  man  180  days,  it  will  laft  20  men  but  the 
20th  part  of  that  time,  that  is,  9  days :  here  then 
the  fourth  number  was  found  by  multiplying  the 
firfl  and  fecond  numbers  together ;  and  dividing  the 
produft  by  the  third ;  and  the  reafon  is  the  fame  in 
all  other  cafes,  where-ever  the  rule  of  three  inverfe  is 
concerned.     ^  E.  D. 

Qjt  e  s;  t.     35. 

One  lends  me  372  pounds  for  7  years  and  8  months,  or 
92  months :  how  long  muft  I  lend  him  496  pounds 
for  an  equivalent  ? 

Anfwer,     5  years,  9  months. 

B    2  Qj7  EST, 
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QjJ  EST.       36. 

If  a  fquare  pipe,  4  inches  and  5  lines  wide,  will  dis- 
charge a  certain  quantity  of  water  in  one  hour's  time  ; 
in  what  time  will  another  fquare  pipe,  1  inch  and  2 
lines  wide,  dif charge  the  fame  quantity  from  the  fame 
current  ? 

The  orifice  of  a  fquare  pipe  4  inches  5  lines,  or 
53  lines  wide,  contains  2809  fquare  lines ;  and  the 
orifice  of  a  pipe  1  inch  2  lines,  or  14  lines  wide, 
contains  196  fquare  lines.  Say  then,  If  an  orifice  of 
2809  fquare  lines  will  dif  charge  a  certain  quantity  of 
water  in  one  hour',  in  what  time  will  an  orifice  of  196 
fquare  lines  difcharge  the  fame  ? 

Anfwer.     In  14  hours  19'  54^. 

QjJ  E  S  T.       37. 

If  3  men,  or  4  women,  will  do  a  piece  of  work  in  56 
days,  hozv  long  will  1  man  and  1  woman  be  in 
doing  the  fame  ? 

Becaufe  of  the  3  men,  or  4  women,  fome  number 
muft  be  found  that  is  divisible  both  by  3  and  by  4 
without  remainder ;  fuch  an  one  is  the  number  12, 
which  is  the  prod licT:  of  3  and  4  multiplied  together; 
(fee  obfervation  the  third  upon  the  definition  of  di- 
vifion :)  make  then  3  men  or  4  women  equivalent  to 
12  boys,  and  you  will  have  1  man  equivalent  to  4 
boys,  1  woman  to  3  boys,  and  1  man  and  1  woman 
to  7  boys,  and  the  quePaon  will  fland  thus  :  If  12 
boys  will  do  a  piece  of  work  in  56  days,  how  long  will 
7  boys  be  in  doing  the  fame  ? 

Anfwer,    96  days. 

QjJ  EST. 


the   RULE  OF    THREE.  21 

Q^U  EST.      38. 

If  5  oxen,  or  7  colts,  will  eat  up  a  clofe  in  S7   days, 
in  what  time  will  2  oxen  and  3  colts  eat  up  the  fame? 

Anfwer.     In  105  days. 

QjJ  EST.      39. 

If  2  acres  of  land  will  maintain  3  horfes  4  days,  how 
long  will  5  acres  maintain  6  horfes  ? 

This  queftion  may  perhaps,  at  firft  fight,  be  taken 
to  be  fomewhat  of  the  fame  nature  with  the  32c! 
and  33d  queflions,  which  belonged  to  the  double  rule 
of  three  direcl;  but  when  it  comes  to  be  examined 
into  more  narrowly,  it  will  be  found  to  be  of  a  very 
different  nature  ;  for  we  cannot  fay  here  as  we  did 
there,  that  2  acres  will  laft  3  horfes  as  long  as  1 
acre  will  laft  6  horfes ;  this  would  be  a  very  unjuft 
way  of  thinking,  and  where-ever  it  is  fo,  the  queflion 
ought  to  be  referred  to  another  rule,  which  they 
call  the  double  rule  of  three  inverfe;  the  propriety 
or  impropriety  of  this  thought  being  an  infallible 
criterion  whereby  to  diftinguifa  when  a  queftion 
belongs  to  one  rule,  and  wnen  to  the  other.  All 
queltions  belonging  to  this  rule,  as  well  as  thofe 
belonging  to  the  other,  may  be  reduced  to  the  An- 
gle rule  of  three  two  ways;  either  by  expunging 
the  firft  and  fourth  numbers,  or  the  fecond  and 
fifth ;  but  then  the  methods  of  extermination  are 
different.  In  queflions  of  this  nature,  if  the  firft 
and  fourth  numbers  are  to  be  expunged,  the  2  firft 
numbers  are  to  be  multiplied  by  the  fourth,  and  the 
2  laft  by  the  firft;  but  if  the  fecond  and  fifth  num- 
bers are  to  be  expunged,  then  the  two  firft  numbers 
are  to  be  multiplied  by  the  fifth,  and  the  two  laft 
by  the  fecond  j  thus  in  the  queftion  before  us,  if  we 
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would  exterminate  the  firft  and  fourth  numbers,  we 
mull:  multiply  the  two  flrft  numbers,  that  is,  2  and 
3,  by  the  fourth,  that  is,   by   5,  and   fay,   that  2 
acres  will  lait  three  horfes  juit  as  long  as  10  acres  will 
laft    15  horfes;    we  muft  alfo  multiply  the   2   laft 
numbers,  to  wit,  5  and  6,  by  the  flrft,  that  is,  by  2, 
and  fay,  that  5  acres  will  laft  6  horfes  as  long  as  10 
acres  will  laft  12  horfes.     Ufe  now  thefe  numbers 
inftead   of  thofe   in   the  queftion,    and   it    will    be 
changed  into  this  equivalent  one;  If  10  acres  of  land 
will  maintain   15    horfes  4  days,  how  long  will   10 
acres  maintain  12  horfes  ?     Strike  out  of  the  queftion 
the  flrft  and  fourth    numbers,  which,  being   equal, 
will  be  of  no  ufe  in  the  conclusion,  and  then  the 
queftion  will  (land  thus  :  If  15  horfes  will  eat  up  a 
certain  piece  of  ground  in  4  days9  how  long  will  12  horfes 
be  in  eating  up  the  fame  ? 

Anfzver.     5  days ;  for  this  queftion  belongs  to  the 
rule  of  three  inverfe. 

If  we  would  exterminate  the  fecond  and  fifth 
numbers  out  of  the  queftion,  we  muft  multiply  the 
two  firft  numbers  by  the  fifth,  and  fay,  that  2  acres 
will  laft  3  horfes  juft  as  long  as  12  acres  will  laft  18 
horfes;  we  muft  alio  multiply  the  two  laft  numbers  by 
the  fecond,  and  fay,  that  5  acres  will  laft  6  horfes  as 
long  as  15  acres  will  laft  18  horfes :  ufe  thefe  num- 
bers inftead  of  thofe  in  the  queftion,  and  it  will  be 
changed  into  this  equivalent  one:  If  12  acres  will 
maintain  18  horfes  4  days,  how  long  will  15  acres 
maintain  18  horfes?  That  is  (ftriking  out  the  fecond 
and  fifth  numbers),  ^12  acres  of  land  will  maintain  a 
certain  ?iumber  of  horfes  4  days,  how  long  will  1 5  acres 
laft  the  fame  number  ? 

Anfwer,     5  days  as  before ;  for  this  queftion  be- 
longs to  the  rule  of  three  dire£h 

In 
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In  both  thefe  operations  the  number  fought  was 
at  laft  found  by  multiplying  15  by  4,  and  then  di- 
viding the  product  by  12:  now  whofoever  looks 
back  upon  the  foregoing  refolution,  and  obferves 
how  thefe  numbers  were  formed,  he  will  ealily  per- 
ceive, that  the  number  4  was  the  middle  term  in  the 
quefbon;  that  the  number  15  in  both  operations  was 
the  product  of  the  numbers  3  and  5,  which  lay 
next  the  middle  term  on  each  fide  ;  and  that  the 
divifor  12  was  in  both  cafes  the  producl  of  the  ex- 
treme numders  2  and  6:  therefore,  In,  all  quejiions  be- 
longing to  the  double  rule  of  three  inV£rfe,  where  the 
numbers  are  fuppo/ed  to  be  ordered  as  in  the  double  rule 
of  three  direcl,  if  the  three  middle  numbers  be  multiplied 
together,  and  the  product  be  divided  by  the  produtl  of 'the 
two  extremes ',  the  quotient  of  this  divifwn  will  be  the 
number  fought.  And  thus  may  all  the  trouble  of 
expunging  be  avoided,  though  I  thought  it  proper 
to  explain  that  method  in  the  firfi:  place,  in  order  to 
let  the  learner  into  the  reafon  of  this  laft  theorem, 
which  is  founded  upon  it. 

ghieflions  wherein  the  Extraction  ef  %  v. ...  fquare  Root  is 
concerned, 

QjJ  EST.      40. 

There  is  a  certain  field,  whofe  breadth  is  576  yards,  and 
whofe  length  is  1296  yards :  I  demand  the  fide  of  a 
fquare  field  equal  to  it  ? 

Anfwer.  This  field  will  be  equal  to  a  fquare  whofe 
fide  is  864  yards. 

Qjj  est.     41. 

There  is  a  certain  inclofure  3  times  as  long  as  it  is  broad, 
whofe  area  is  46128  fquare  yards :  I  demand  its 
breadth  and  length  ? 

The  breadth  multiplied  into  the  length,  that  is, 
the  breadth  multiplied  into  3  times  itfelf,  is  46128  ; 

B  4  therefore 
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therefore  the  breadth  mulnplied  into  itfelf  is  15376  j 
therefore  the  breadth  is  124,  and  the  length  372. 

Qjj  est.     42. 

A  certain  fociety  collet!  among  themfehes  a  fum  amount- 
ing to  1$  pounds  5  Jhitlings  and  a  farthing,  every  one 
contributing  as  many  farthings  as  there  were  members 
in  the  whole  fociety :  I  demand  the  number  of  mem- 

2 


Anfzver,    121  members. 
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INTRODUCTION, 

Concerning  Vulgar  and  Decimal  Fraclions. 

N.  B.  In  the  following  pages  certain  words  are  printed  in  Italics, 
which,  being  collected  from  their  different  lines  and  read  toge- 
ther, will  be  found  to  convey  the  main  fenfe  of  the  atrhor;  and 
consequently  thefe  are  the  words  motl  to  be  noted.  The  prin- 
cipal rules  and  proportions  are  alfo  printed  in  Italics,  with  a  view 
to  afiifting  fuch  young  ftudents  as  ths  work  was  defigned  for. 

DEFINITIONS. 

Art.  i.  A  FRACTION,  (Imply  and  abftra&edly 
X"\  confidered,  is  that  wherein  fome  part 
or  parts  of  an  unit  are  exprejfed :  as,  if  an  unit  be 
fupppfed  to  be  divided  into  4  equal  parts,  and  three 
of  thefe  parts  are  to  be  exprefled,  it  muft  be  done  by 
the  fra&ion  three  fourths,  to  be  written  thus,  f : 
here  the  number  4,  which  fhews  into  how  many  equal 
parts  the  unit  is  fuppofed  to  be  divided,  and  fo  de- 
termines the  true  value,  magnitude,  or  denomination 
of  thofe  parts,  is  called  the  denominator  of  the  fraction ; 
and  the  number  3,  which  fhewt  how  many  of  thefe 
parts  are  confidered  in  the  fraction,  is  called  the  nu- 
merator :  thus  in  the  fraction  J  or  one  half,  1  is  the 
numerator,  and  2  the  denominator :  in,  -§-  or  two 
halves,  2  is  both  numerator  and  denominator,  &V« 

When    a    fraction    is    applied    to    any    particular 
quantity,    that   quantity  is   called  the    integer  to   the 
fraffien;  thus  in  f  of  a  penny,  a  penny  is  the  in- 
teger ; 
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teger ;  in  three  fourths  of  fix,  the  number  6  is  the 
integer;  thus  in  three  fourths  of  Jive  fixths,  the 
fraction  five  fixths  is  the  integer;  for  though  in  an 
abfolute  fenfe  it  be  a  fra&ion,  yet  here,  with  refpeft 
to  the  fraction  three  fourths,  it  is  an  integer  :  and 
thus  may  one  and  the  fame  quantity,  under  different 
ways  of  conception,  be  both  an  integer  and  a 
fraction  ;  as  a  foot  is  an  integer,  and  a  third  part  of 
a  yard  is  a  fraction,  though  thev  both  fignify  the 
fame  rhing.  When  the  integer  to  a  fratlion  is  not 
expreffed,  unity  is  always  to  be  under  food.  Thus 
|  is  |  of  an  unit;  thus  when  we  fay  *,  •§.  and  | 
make  -,4-,  the  meaning  is,  that  if  ~  part  of  an  unit, 
and  f  part  of  an  unit  be  added  together,  the  furri 
Will  amount  to  the  fame  as  if  that  unit  had  been 
divided  into  12  equal  parts,  and  7  of  thofe  parts 
had  been  taken.  Thus  again,  when  we  fay  that  f-  of 
•J.  are  equivalent  to  -j-f-a  we  mean,  that  if  an  unit  be 
divided  into  5  equal  parts,  and  4  of  them  be  taken, 
and  then  this  fraction  4-  be  again  divided  int.o  3  equal 
parts,  and  two  of  them  be  taken,  the  refult  will  be 
the  fame  as  if  the  unit  had  at  firft  been  divided  into 
15  equal  parts,  and  8  of  them  had  been  taken;  and 
whatever  is  true  in  the  cafe  of  unity,  will  be  equally 
true  in  the  cafe  of  any  other  integer  whatever. 
Thus  if  it  be  true  that  J-  and  |  of  an  unit  are  equal  to 
Ipf-  of  an  unit,  that  is,  if  it  be  true  in  general  that  4 
and  I  added  together  are  equal  to  -^,  it  will  be  as  true 
of  any  particular  integer ,  fuppofe  of  a  pound  fterling, 
that  i-  of  a  pound,  and  |  of  a  pound  when  added  to- 
gether, are  equal  to  x|  of  a  pound  ;  again,  if  it  be 
true  in  general  that  \  of  £  are  equal  to  ^i-,  it  is  as  true 
in  particular  that  f-  of  \  of  a  pound  are  equivalent  to 
-pf-  of  a  pound,  &c. 

*  This  will  be  more  fully  underftood  by  the  ftudent,  when  he 
fhall  havefr  ereafter  learned  the  manner  of  adding  fractions  to- 
gether. 
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Of  Proper  and  Improper  Fraclions  ;  and  of  the  Reduc- 
tion of  an  Improper  Fraclwn  to  a  whole  or  mint 
Number, 

2.  Fractions  are  of  two  forts,  proper  and  improper  ; 
a  proper  fraclion  is  that,  whofe  numerator  is  lefs  than 
the  denominator,  as  \  ;  therefore  an  improper  one  is 
that,  whofe  numerator  is  equal  to,  or  greater  than  th& 
denominator,  as  \,  ■§-,  &c. 

Objection. 

But  is  there  no  abfurdity  in  the  fuppofition  of  an 
improper  fraction,  as  in  three  halves  for  inftance, 
confidering  that  an  unit  cannot  be  divided  into  more 
than  two  halves  ?  Anfwer :  No  more  than  there  is 
in  fuppofing  three  halfpence  to  be  the  price  of  any 
thing,  considering  that  a  penny  cannot  be  divided  into 
above  two  halfpence.  Thefe  fractions  therefore  are 
called  improper,  not  from  any  abfurdity  either  in  the 
fuppolition  or  in  the  expreffion,  but  becaufe  they 
may  be  more  properly  and  more  intelligibly  expreffed, 
either  by  a  whole  number,  or  at  leaft  by  a  mixt  number 
corfifling  of  a  whole  number  and  a  fraction  ;  as  for  ex- 
ample, if  the  numerator  of  a  fraclion  be  equal  to  the 
denominator,  as  4,  that  fraclwn  will  always  be  equi- 
valent to  unity,  as  ~  of  an  hour,  that  is,  four  quarters 
of  an  hour,  are  equivalent  to  one  hour,  4  of  a  penny, 
that  is,  4  farthings,  are  equal  to  one  penny,  &c. 
and  the  reafon  is  plain  ;  for  if  an  unit  be  divided  into 
four  equal  parts,  and  four  of  thefe  parts  be  expreffed 
in  a  fraction,  the  whole  unit  is  expreffed  in  that 
fra£Hon,  that  is,  fuch  a  fraction  rauft  always  be 
looked  upon  as  equal  to  an  unit :  therefore  if  the 
numerator  be  double  of  the  denominator,  as  ~,  the 
fraction  mufl  be  equal  to  the  number  2,  becaufe  ■§■ 
contain  -tori  twice  j  in  like  manner  \£  are  equal  to, 

and 
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and  may  be  more  properly  expreffed  by,  the  number 
3  ;  V  by  tne  number  4,  &r.  and  univerfally,  as 
off  en  as  the  numerator  of  a  fraction  contains  the  de- 
nominator, fo  many  units  is  that  fraction  equivalent 
to :  But  to  find  how  often  the  numerator  contains  the 
denominator,  is  to  divide  the  numerator  by  the  deno- 
minator; therefore  if  the  numerator  of  an  improper 
fraclion  be  divided  by  the  denominator,  the  quotient, 
if  nothing  remains,  will  be  the  whole  number  by  which 
the  frablion  may  be  expreffed:  but  if  any  thing  remains 
of  this  divifton,  then  the  quotient,  together  with  a 
fraction  whofe  numerator  is  that  remainder,  and  deno- 
minator the  div'tfw,  will  be  a  mixt  number,  exprejjing 
the  fraclion  propojed.  Thus  aT4  are  equivalent  to  the 
whole  number  8,  but  2T5  are  equivalent  to  the  mixt 
number  8  -§-,  2T6  to  the  mixt  number  8  f-,  juft  as  24 
feet  are  equal  to  8  yards,  25  feet  to  8  yards  and  1 
foot,  26  feet  to  8  yards  and  2  feet,  &c.  and  this  is 
what  we  call  the  reduction  of  an  improper  fraction 
into  a  whole  or  mixt  number. 


'fthe  Redutlion  of  a  whole  or  mixt  Number  into   an 
Improper  Fraclion. 


3.  As  unity  may  be  exprelTed  by  any  fraclion  of 
any  form  or  denomination  whatever,  provided  the 
numerator  be  equal  to  the  denominator,  as  \,  |.,  \, 
'&c.  fo  the  number  2  is  reducible  to  any  fraction 
whofe  numerator  is  double  the  denominator,  as  £., 
-i,  -§,  &c.  and  fo  is  every  number  reducible  to  any 
fraction,  whc'fe  numerator  contains  the  denominator  as 
often  as  there  are  units  in  the.  number  propofed : 
therefore  whenever  a  whole  number  is  to  be  reduced 
to  a  fraclion  whofe  denominator  is  given,  it  mujl  be 
multiplied  by  that  given  denominator,  and  the  pro- 
duel  with  that  denominator  under  it,  will  be  the 
equivalent  fraclion*    Thus,  if  the  number  5  is  to  be 

reduced 
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reduced  into  halves,  that  Is,  into  a  fraction  whofe 
denominator  is  2,  it  muft  be  multiplied  by  2,  and 
fo  you  will  have  5  equal  to  *-£ ,  juft  as  5  pence  arc 
equivalent  to  10  halfpence;  it  the  number  8  is  to 
be  reduced  into  thirds,  it  muft  be  multiplied  by  3, 
and  fo  you  will  have  8  equal  to  *-/>  ju^  as  8  yards 
are  equal  to  24  feet;  laftly,  if  the  number  2  is  to  be 
reduced  into  fourths,  it  will  be  equal  to  |-,  juft  as  2 
pence  are  equal  to  8  farthings.  If  the  number  is 
be  reduced  be  a  mixl  number,  confiding  of  a  whole 
number  and  a  fraction,  the  whole  number  muft  always 
be  reduced  to  the  fame  denomination  with  the  fraction 
annexed,  and  the  rule  will  be  this :  Multiply  the 
whole  number  by  the  denominator  of  the  frattion  an* 
nexed ;  add  the  numerator  to  the  produd,  and  ths 
fum  with  the  denominator  under  it  will  be  the 
equivalent  fraclion.  Thus  the  mixt  number  5  f  is 
equivalent  to  V,  juft  as  5  pence  halfpenny  in  money 
is  equivalent  to  1 1  halfpence  :  This  operation  carries 
its  own  evidence  along  with  it ;  for  the  number  5  it- 
felf  is  equal,  to  I2°  as  above ;  therefore  5  |  muft  be 
equivalent  to  y  :  again,  the  number  8  *  is  equal  to 
zf  t  juft  as  8  yards  and  2  feet  over  are  equivalent  to 
26  feet;  laftly,  2  f  is  reducible  to  y,  juft  as  two 
pence  and  3  farthings  are  reducible  ton  farthings. 

A    Lemma. 

4.  If  any  integer  be  affumed,  as  a  pound flerling,  and 
alfo  any  fraclion,  as  £,  I  fay  then,  that  ^  parts 
of  one  pound  amount  to  the  fame  as  f  part  of  3 
pounds. 

To  demonitrate  this  Lemma,  (which 'fcarcely  wants 
a  demonftration)  I  argue  thus  :  If  any  quantity, 
greater  or  lefs,  be  always  divided  into  the  fame 
number  of  parts,  the  greater  or  lefs  the  quantity  fo 
divided  is,  the  greater  or  lefs  will  the  parts  be.  Thus 
I  of  a  yard  is  3  times  as  much  as  f  of  a  foot;  be- 
caufe  a  yard  is  3  times  as  much  as  a  foot;  and  for  the 
2  fame 
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fame  reafon  I  of  3  pounds  is  3  times  as  much  as  | 
of  1  pound ;  but  Jj-'oF  one  pound  are  alio  3  times  as 
much  as  \  of  one  pound;  therefore  \  of  1  pound  are 
equal  to  i  of  3  pounds,  becaufe  both  are  jufl  3  times 
as  much  as  \  of  1  pound.     §>.  E.  D, 


How  to  ejiimate  any  fractional  Parts  of  an  Integer  in 
Parts  of  a  leffer  Denomination,  and  vice  versa. 

5.  This  may  be  done  various  ways ;  but  the  Ihort* 
eft  and  fafeft,  as  I  take  it,  is  that  which  follows  :  Sup- 
pofe  I  had  a  mind  to  know  the  value  of  ~  of  a  pound ; 
I  mould  argue  as  in  the  foregoing  lemma,  that  -§-  of 
one  pound  are  the  fame  as  4-  °f  5  pounds,  but  the 
latter  is  more  eaiily  taken  than  the  former;  therefore 
I  apply  myfelf  wholly  to  the  latter,  to  wit,  to  find 
the  fixth  part  of  five  pounds,  thus  :  5  pounds,  or  i©o 
ihillings,  divided  by  6,  quote  16  (hillings,  and 
there  remains  4  millings;  again,  4  (hillings,  or  48 
pence,  divided  by  6,  quote  8  pence,  and  there  re- 
mains nothing ;  therefore  the  value  of  1  fixth  .of  5 
pounds,  or  4  of  1  pound,  is  16  millings  and  8  pence. 
Again,  fuppofe  i  would  know  the  value  of  -J-  of  a 
pound,  I  find  the  value  of  ^  of  6  pounds  thus:  6 
pounds,  or  120  foillings,  divided  by  7,  give  17 
Shillings,  and  there  remains  1  (hilling  ;  again,  1 
fhilling,  or  12  pence,  divided  by  7,  gives  1  penny, 
and  there  remain  5  pence  •,  again,  5  pence,  or  20 
farthings,  divided  by  7,  give  2  farthings,  and  there 
remain  6  farthings ;  latlly,  a  feventh  part  of  6  far- 
things is  jufl  as  much  as  -J-  of  1  farthing,  by  the 
lemma :  hence  I  conclude,  that  ^  of  a  pound  are 
17  (hillings  1  pennny  2  farthings  and  ~  of  a  far- 
thing :  But  the  value  of  -£  of  a  farthing  is  fo  near  to 
one  farthing,  that  if  I  would  rather  admit  of  a  fmall 
inaccuracy  in  my  account,  than  a  fraction,  I  mould 
make  the  value  of  j  of  a  pound  to  be  17  (hillings 
4  l  P^ny 
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1  penny  and  3  farthings.  Laftly,  fuppofe  I  would 
know  the  amount  of  |.  parts  of  17  millings  and  6 
pence,  I  ihould  argue  thus :  4.  parts  of  17  fhiilings 
and  6  pence  are  equivalent  to  ~  part  of  twice  as 
much,  that  is,  to  |  part  of  3$  (hillings  :  but  -f  part 
of  35  fhiilings  is  11  fhiilings  and  8  pence;  there- 
fore ■§■  parts  of  17  fhiilings  and  6  pence  make  11 
fhiilings  and  8  pence. 

Of  the  reverfe  of  this  reduction,  one  Angle  in- 
flance  will  fuffice  :  Let  it  then  be  required  to  reduce 
1  fhilling  2  pence  3  farthings  to  fractional  parts 
of  a  pound :  here  I  confider,  that  in  1  pound  are 
960  farthings ;  and  in  1  (hilling  2  pence  3  farthings, 
are  59  farthings  •,  therefore  1  farthing  is  TT^  of  a 
pound;  and  1  fhilling  2  pence  3  farthings  are  T" 
of  a  pound. 


5  £> 


Preparations  for  further  Reductions  and  Operations  of 
Fractions. 

6.  All  the  operations  and  reductions  of  fractions 
are  mediately  or  immediately  deducible  from  the 
following  principle ;  which  is,  that  If  the  numerator 
of  a  fraction  be  encreafed,  whiljl  the  denominator  con- 
tinues the  fame,  the  -value  of  the  fraction  will  be  en- 
creafed  proportionately :  and  vice  versa.  On  the  other 
hand,  if  the  denominator  be  encreafed  in  any  proportion, 
whiljl  the  numerator  continues  the  fame,  the  value  of 
the  fraction  will  be  diminifhed  in  a  contrary  proportion  ; 
and  vice  versa,  Thus  •§-  are  twice  as  much  as  -f,  and 
■§  is  but  half  as  much  as  4-. 

From  this  principle  it  follows,  that  if  the  nume- 
rator and  denominator  of  a  fraction  be  both  multi- 
plied, or  both  divided^  by  the  fame  number,,  the  va- 
lue of  the  fraction  will  not  be  affecled  thereby ; 
becaufe,  as  much  as  the  fraction  is  encreafed  by 
multiplying  the  numerator,  juft  fo  much  again  it 
will  be  diminifhed  by  multiplying  the  denominator : 
and  as  much  as  the  fraction  is  diminifhed  by  divid- 
ing 
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ing  the  numerator,  juft  fo  much  again  it  will  be 
encreafed  by  dividing  the  denominator.  Thus  the 
terms  of  the  fraction  -§•  being  doubled,  produce  -J,  a 
fraction  of  the  fame  value ;  and,  on  the  contrary, 
the  terms  of  the  fraction  ■§-  being  halved,  give  ~. 

Hence  it  appears,  that  every  fraction  is  capable 
of  infinite  variety  of  expreffion,  fince  there  is  infi- 
nite choice  of  mukiplicators,  whereby  the  numera- 
tor and  denominator  of  a  fraction  may  be  multiplied^ 
and  fo  the  exprelllon  may  be  changed,  without 
changing  the  value  of  the  fraction.  Thus  the  frac- 
tion |,  if  both  the  numerator  and  denominator  be 
multiplied  by  2,  becomes  ~  ;  if  by  3,  4  ;  if  by  4,  £; 
if  by  5,  t4-  ;  and  lo  on  ad  infinitum  ;  all  which  are 
nothing  elfe  but  different  expreffions  of  the  fame 
fraction  :  therefore,  in  the  midft  of  fo  much  variety, 
we  mud  not  expect  that  every  fraction  we  meet 
with  fhould  always  be  in  its  lead  or  lowed  terms; 
but  how  to  reduce  them  to  this  date  whenever  they 
happen  to  be  otherwife,  fhall  be  the  bufinefs  of  the 
next  article. 


The  reduclion  of  Fractions  from  higher  to  lower  Terms* 

7.  Whenever  a  fratlion  is  fufpected  not  to  be  in 
its  leaf  terms,  find  out,  if  ■poffibie^  fome  number 
that  will  divide  both  the  numerator  and  denomina- 
tor of  the  fraction  without  any  remainder  \  for  if 
fuch  a  number  can  be  found,  and  the  divifion  be 
made,  the  two  quotients  thence  arifing  will  exhibit 
refpectively  the  numerator  and  denominator  of  a 
fraction,  equal  to  the  fraction  firft  propofed,  but  ex- 
preffed  in  more  fimple  terms :  this  is  evident  from 
the  lad  article.  As  for  example  :  let  the  fraction 
44  be  propofed  to  be  reduced :  here,  to  find  fome 
number  that  will  divide  both  the  numbers  10  and  15 
without  any  remainder,  I  begin  with  the  number  2, 
as  being  the  fird  whole  number  that  can  have  any 

effect 
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effect  in  divifion ;  but  I  find  2  will  not  divide  15: 
3  is  the  next  number  to  be  tried  ;  but  neither  will 
that  fucceed,  for  it  will  not  divide  10;  as  for  the 
number  4,  I  pafs  that  by,  becaufe  if  2  would  not 
divide  15,  much  lefs  will  4  doit;  the  next  num- 
ber I  try  is  5,  and  that  fucceeds;  for  if  10  and  15 
be  divided  by  5,  the  quotients  will  be  2  and  3  re- 
flectively, each  without  remainder ;  therefore  the 
fraction  4t>  ^ter  being  reduced  to  its  lead  terms, 
is  found  to  be  the  fame  as  -§-  J  tnat  ls9  if  an  unit 
be  divided  into  15  equal  pans,  and  ten  of  them  be 
taken,  the  amount  will  be  the  fame  as  if  it  had 
been  divided  into  3  equal  parts,  and  2  of  them  had 
been  taken.     Secondly,  if  the  fraction    propofed  to 

be   reduced   be  -~ —   divide   its   terms    by    2,    and 

7560  J      7 

you  will  have  the  fraction  —5- ;  divide  again  by 
2,  and  you  will  have  -^-  j  divide  again  by  2,  and 
you  will   have  —  :  therefore  all  further  divifion  bw 

94S   ;  J 

2   is  excluded ;  divide  then  thefe  lail  terms  by  3, 

IOC  ••  •  £       - 

and   you   will   have  — * 1    divide   again  by  3,    and 

315 

you  wil  have  —  ;  divide  by  5,  and  you  will  have 
-27T  ;  and  laftly  divide  by  7,  and  you  will  have  4 » 
fo  that  the  fraction  -^—>    after    a   common    divifion 

7Sbo 
by  2,  2,  2,  3,  3,  5,  7,  is  found  at  laft  equal  to  -§-• 
Thirdly,  the  fraction  |-|.,  after   a   continual  divifion 
by  2,  2,  3,  becomes  f .     Fourthly,  -§4,  after  a  con" 
tinual   divifion   by    2,    2,    7,  becomes   £;      Fifthly, 

^-,  after  a  continual  divifion  by  2,  2,  3,  3,  be- 
comes fi      Sixthly,  •—,    after  a  continual   divifion 

ky  2i  3 j  an<3  7,  becomes  i«     Seventhly,  ~,  after  a 

C  conti- 
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continual  divifion  by  3,  5,  7,  becomes  4.     Eighthly, 
—-,   after   a   continual   divifion  by    5   and   7,    be- 

comes  ^T.     Ninthly,   ~,  after  a  continual  divifion 

245 

by  5,  7,  7,  becomes  4,  or  3, 

Some  perhaps  may  think  themfelves  helped  in  the 
practice  of  this  rule  by  the  following  obfervations : 

Firit,  that  2  will  divide  any  number  that  ends  with 
an  even  number,  or  with  a  cypher,  as  36,  30,  csV. 
and  no  other. 

Secondly,  that  5  will  divide  any  number  that  ends 
with  a  5,  or  with  a  cypher,  as  75,  70,  &c.  and  no 
other. 

Thirdly,  that  3  will  divide  any  number,  when  it 
will  divide  the  fum  of  its  digits  added  together  : 
thus  3  will  divide  471,  becaufe  it  will  divide  the 
number  12,  which  is  the  fum  of  the  numbers  4,  7, 
and  1. 

Fourthly,  if  both  the  numerator  and  denominator 
have  cyphers  annexed  to  them,  throw  away  as  many 

as  are  common  to  both :  thus  ~ —    is    the    fame    as 

30000 

3<>  7  z 

4-S  or  -L-9  or  -7. 

§bo  112  10 

After  all,  there  is  a  certain  and  infallible  rule  for 
finding  the  greateft  common  divifor  of  any  two  num- 
bers whatever,  that  have  one,  whereby  a  fraclion  may 
be  reduced  to  its  leail  terms  by  one  fingle  operation 
only.  I  fhall  be  forced  indeed  to  poftpone  the  de- 
jnonftration  of  this  rule  to  a  more  convenient  place, 
not  fo  much  for  want  of  principles  to  proceed  upon, 
as  for  want  of  a  proper  notation  ;  but  the  rule  itfelf 
is  as  follows :  Let  a  and  b  be  two  given  numbers, 
whofe  greateft  common  divifor  is  required;  to  wit,  a 
the  greater,  and  b  the  lefs :  then,  dividing  a  by  b 
without  any  regard  to  the  quotient,  call  the  remain- 
der c  s  divide  again  b  by  c,  and  call  the  remainder  d; 

then 
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then  divide  c  by  d3  and  call  the  remainder  e :  then 
divide  d  by  e,  and  call  the  remainder  /;  and  fo  pro- 
ceed on,  till  at  laft  you  come  to  fome  divifor,  as  f9 
which  will  divide  the  preceding  number  e  without  a 
remainder :  I  fay  then,  that  this  laft  divifor  will  be 
the  greateft  common  divifor  of  the  two  given  num- 
bers a  and  b.  As  for  example;  let  a  be  1344  and 
b  582  :  then,  to  find  the  greateft  common  divifor  of 
thefe  numbers,  I  divide  a  (1344)  by  b  (582)  and 
there  remains  180,  which  I  call  c ;  then  I  divide  b 
(582)  by  c  (180)  and  there  remains  52,  which  I  call 
d;  then  1  divide  c  (180)  by  d  (42)  and  there  re- 
mains 12,  which  I  call  e%  then  I  divide  d  (42)  by  e 
(12)  and  there  remains  6,  which  I  call /;  laftly  I 
divide  e  (12)  by  /  (6)  and  there  remains  nothing: 
whence  I  conclude  that  6  is  the  greateft  common  di- 
vifor of  the  two  numbers  1344  and  582  :  and  as  the 
quotients  by  6  are  224  and  97,  it  follows,  that  the 

fraction  - — ,  when  reduced  to  its  leaft  terms,  will 
1344 

be  — .     If  no  common  divifor  can  be   found  but 
224 

unity,  it  is  an  argument  that  the  fraction  is  in  its 

leaft  terms  already. 

From  this  and  the  laft  article  it  follows,  that  all 
fractions  that  are  reducible  to  the  fame  leaft  terms  are 
equal ;  as  ±,  -|,  4t»  &Ct  vvn'cn  a^e  aH  reducible  to  ~; 
though  it  does  not  follow  e  converfo,  that  all  equal 
fraclians  are  reducible  to  the  fame  leaf  terms ;  this 
will  be  demonstrated  in  another  place.  (See  Elements 
of  Algebra,  Art.  193.  page  2993  4T0.) 

For  the  better  understanding  of  the  following  ar- 
ticle, it  muft  be  obferved,  that  this  mark  x  is  a  flgn 
of  multiplication,  and  is  ufualiy  read  into  :  thus  2x3 
Signifies  6,  2  x  3  x  4  Signifies  24,  2  x  3  x  4  x  5 
fignifies  1 20,  &c. ;  and  in  fome  cafes  it  will  be  better 
to  put  down  thefe  components  or  factors,  than  the 
character  of  the  number  arifrtig  from  their  continual 
multiplication,  as  in  the  following  article.     It  ought 

G  2  alio 
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alfo  to  be  obferved,  that  it  matters  not  in  what  order 
thefe  components  are  placed ;  for  2x3x4x5  fig- 
nifies  juft  the  fame  as  4  x  5  x  2  x  3,  &c. 

I'he  Redaction  of  Fractions  of  different  Denominations 
to  others  of  the  fame  Denomination. 

8.  There  is  another  reduction  of  fractions,  no  lefs 
ufeful  than  the  former;  and  that  is,  the  reduction  of 
fractions  of  different  denominations  to  others  of  the 
fame  denomination,  or  which  have  the  fame  denomi- 
nator, without  changing  their  values ;  which  is  done 
as  follows :  Having  firft  put  down  the  fractions  to 
be  reduced,  in  any  order,  one  after  another,  and  be- 
ginning with  the  numerator  of  the  firft  fraction,  mul- 
tiply it,  by  a  continual  ?nultiplication,  into  all  the 
denominators  but  its  own,  and  put  down  the  product 
under  that  fraction ;  then  multiply,  in  like  manner, 
the  numerator  of  the  next  fraction  into  all  the  de- 
nominators but  its  own,  and  put  down  the  product 
under  that  fraction  ;  and  fo  proceed  on  through  all 
the  numerators,  always  taking  care  to  except  the  de- 
nominator of  that  fraction  whofe  numerator  is  mul- 
tiplied. Then,  multiplying  all  the  denominators  to- 
gether, put  down  the  product  under  every  one  of 
the  products  iaft  found,  and  you  will  have  a  new 
fet  of  fractions,  all  of  the  fame  denomination  with 
one  another,  and  all  of  the  fame  values  with  their  re- 
fpective  original  ones.  As  for  example;  let  it  be 
propofed  to  reduce  the  following  fractions  to  the  fame 
denomination,  f ,  f ,  1,  -|-  •  lft>  The  numerator  of 
the  firft  fraction  is  1,  and  the  denominators  of  the 
reft  are,  4,  6,  and  8,  and  1  x  4x6x8  gives  592; 
therefore  I  put.  down  192  under  §•.  idly,  The  nu- 
merator of  the  fecond  fraction  is  3,  and  the  denomi- 
nators of  the  reft  are  6,  8,  and  2,  and  3x6x8x2 
gives  288  ;  therefore  I  put  down  288  under  f .  %dlj, 
5x8x2x4  gives  320  ;•  therefore  I  put  down 
320  under  f,  qtb9  7x2x4x6  gives  336  ;  there- 
2      1  fore 
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fore  I  put  down  336  under  ~.  Laflly,  2x4x6x8, 
or  the  product  of  all  the  denominators,  is  384.  This 
therefore  I  put  down  under  every,  one  of  the  nume- 
rators laft  found,  and  fo  have  a  new  fet  of  fractions, 

IQ2       288       320       316  ,,         r     A         r  J 

viz.  -■*-,  -77-,  —-,  —-,  all  of  the   lame  denomma- 
384'  384'  384*  384' 

tion,  as  appears  from  the  operation  itfelf ;  and  all  of 

the  fame  value  with  their  refpecTive  original  ones,  as 

will  appear  prefently  ;  but  iirft  fee  the  work: 


I 

2« 

3 

4* 

S 
6  * 

7 

IQ2 

288 

320 

336 

3^4' 

384* 

384* 

384 

A  Demonjiration  of  the  Rule. 

All  that  is  to  be  demonflrated  in  this  rule  is,  to 
prove  from  the  nature  of  the  operation  itfelf,  that  the 
original  fractions  fuffer  nothing  in  their  values  by  this 
reduction  :  in  order  to  which,  it  will  be  convenient 
to  put  down  the  components  of  the  new  numerators 
inftead  of  their  proper  characters,  as  in  the  laft  ar- 
ticle ;  as  alfo  thole  of  the  common  denominator,  and 
the  work  will  fland  thus : 

*  2  5.  1. 

2»  4*  T*  T" 

1x4x6x8  3x6x8x2  5  x  8  x  2  x  4  7x2x4x6 
2x4x6x8*  4x6x8x2*  6x8x2x4'  8x2x4x6* 

By  this  method  of  operation  it  appears,  that  the 
numerator  and  denominator  of  the  flrit  fraction  f,  are 
both  multiplied  by  the  feme  number  in  the  reduction, 
to  wit,  by  4  x  6  x  8  ;  and  therefore  that  fraction  fuf^ 
fers  nothing  in  its  value,  by  art.  6.  In  like  maimer, 
the  terms  of  the  fecond  fraction  -|-  are  both  multiplied 
by  the  fame  number  6x8x2;  therefore  that  fraction 
can  fuffer  nothing  in  its  value  ;  and  the  fame  may  be 
laid  of  all  the  reft;     %•  £.  D. 

C  2      •  Other 


3  8  ADDITION    of  Introd. 

Other  Examples  to  this  Rule, 


h 

ft               X      I      I 

iT*    3*   T*  'V' 

1    5    x 

T*    4#    T* 

1 

-6# 

360 

720' 

240   180   144   120 
720  720   720*  720* 

120   QO   72 
360"  3&0"  360* 

60 

360" 

111 

5.        -J".        -£• 

r    1 

T"   ■5"* 

30        24        20 

-.  -i 

120*  I2o"  120* 

30'  30* 

The  ufe  of  this  rule  will  foon  appear  in  the  addition 
and  fubtraclion  of  fra&ions :  in  the  mean  time  it  may 
not  be  amifs  to  obferve,  that  it  would  be  very  diffi* 
cult,  if  not  impofjible,  to  compare  fractions  of  dif- 
ferent denominations,  without  fir  ft  reducing  them  to 
the  fame.  As  for  inftance ;  fuppofe  it  ihould  be 
afked,  which  of  thefe  two  fra£rious  is  the  greater  ; 
■I,  or  4;  *n  this  view  it  would  be  difficult  to  deter- 
mine the  queftion  ;  but  when  I  know  that  -|  are  the 

fame  with  ~\,  anc*  tnat  r  are  tne  ^ame  w^tn  4r>  ^ 
know  then  that  ~  are  greater  than  4  by  a  twenty- 
eighth  part  of  the  whole.  We  now  proceed  to  the 
four  operations' of  fractions,  to  wit,  their -addition, 
iubtra&ion,  multiplication,  and  divifion :  and  firft, 

Of  the  Addition  of  Fractions* 

9,  Whenever  two  or  more  fractions  are  to  be  added 
together,  let  them  firjl  be  reduced  to  the  fame  denomi- 
nation, if  they  be  not  fo  already  ;  and  then,  adding 
the  new  numerators  together,  put  down  the  Jum  with 
the  common  denominator  under  it.  hi  the  cafe  of 
?nixt  numbers,  add  firjl  the  fractions  together,  and 
then  the  whole  numbers  :  but  if  the  fr  actions,  when 
added  together,  make  an  improper  fratlion,  reduce  it 
by  the  2d  art.  to  a  whole  or  mixt  number  ;  and  then 
putting  down  the  fractional  part,  if  there  be  any,  re* 
ferve  the  whole  numb sr  for  the  place  of  integers, 

To 
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To  this  rule  might  be  referred  (if  it  had  not  been 
taught  already  in  the  3d  art.)  the  reduction  of  a  mixt 
number  into  an  improper  fraction,  which  is  nothing 
elfe  but  adding  a  whole  number  and  a  fraction  to- 
gether, and  may  be  done  by  confidering  the  whole 
number  as  a  fraction  'whop  denominator  is  unity* 

Examples  of  Addition  of  Fractions* 

if,  -f-l  and  T.|  when  added  together  make  Tl,  for 
juft  the  fame  reafon  as  3  fh.il lings  and  4  (hillings  when 
added  together  make  7  (hillings. 

idly,  The  fraclions  -i  and  |  when  reduced  to  the 
fame  denomination  by  the  laft  art.  are  T-±  and  i:|,  and 
thefe  added  together  make  -^ ;  therefore  the  fractions 
|-  and  I  when  added  together  make  up  the  fraction  x|-. 

For  a  better  confirmation  of  thefe  abltracf  con- 
cluiions,  but  chiefly  to  inure  the  learner  to  conceive 
and  reafon  diftinetly  about  fractions,  it  may  be  very 
convenient  to  apply  thefe  examples  in  fome  particular 
cafe  ;  as  for  inflance,  in  the  cafe  of  a  pound  flerling; 
and  if  we  do  fo  here,  we  are  to  try,  whether  f  and  % 
of  a  pound,  when  added  together,  amount  to -r^  of 
a  pound,  or  not :  here  then  we  (hall  find  by  divilion, 
that  the  third  part  of  a  pound  is  6  {hillings  and  8 
pence,  and  the  fourth  part  5  (hillings;  and  thefe, 
added  together,  make  11  (hillings ,  and  8  pence; 
therefore  f  and  I  of  a  pound,  when  added  together, 
make  1 1  (hillings  and  8  pence  ;  but  by  the  5th  art.  it 
will  be  found  that  -^  of  a  pound  are  alfo  1 1  (hillings 
and  8  pence ;  therefore  -3-  and  |  of  a  pound,  when 
added  together,  make  --1  of  a  pound  ;  and  the  fame 
would  have  been  true  in  any  other  inllance  whatever. 

gfif/y,  \  and  -§-»  that  is,  -|4  and  ~i,  when  added 
together,  make  -|4-,  which  will  alfo  be  true  in  the 
cafe  of  a  pound  fterling  ;  for  by  the  5th  art.  4-  of  a 
pound  are  8  (hillings,  .f.  of  a  pound  are  7  (hillings 
and  6  pence,  and  their  fum  is  15  (hillings  and  6 
pence  ;  which  will  alfo  be  found  to  be  the  value  of 
C  4  U  of 
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s|4  of  a  pound  •,  therefore  ~  and  4  of  a  pound,  when 
added  together,  make  ^  of  a  pound. 

4tbfyj  £  and  ±,  that  is,  ~  and  4|,  when  added 
together,  make  ^~,  an  improper  fraction  ;  which 
being  reduced  to  a  mixt  number,  by  the  2d  art.  is 
1  and  ^4-  :  let  us  now  trv>  whether  ^  of  a  pound, 
and  4  of  a  pound,  when  added  together,  will  make 
one  pound  and  ^  of  a  pound  over,  or  not :  now  |. 
of  a  pound,  or  13  (hillings  and  4  pence,  added  to  ±. 
of  a  pound,  or  16  millings,  amount  to  1  pound  9 
fhillings  and  4  pence  :  and  -^  of  a  pound  are  found 
to  be  9  millings  and  4  pence;  therefore  ^  and  £  of  a 
pound,  when  added  together,  make  one  pound  and 
T^-  of  a  pound  over. 

$thly,  ±  and  •£.,  that  is,  \~  and  ■££,  when  added 
together,  make  -i-J,  or  1  T£,  which  will  alfo  be  true 
in  the  cafe  of  a  pound  fterling. 

■k'thh    i     *     *'*■•*■    thit  is   3—    2-i?    ~°    lil 
o^/y,  a,  T,  4,  5>  6>  tnat  is,  _2o,  72Q,  ~,  — , 

— ,  when  added  together,  make  1—^i  that  is,  1  ■?%; 
720  °  720 

try  it  in  money. 

nthh    i     2     3     4    and  s     that  is    ^    i?£    112 

—  and  — ,  when  added  together,  make  ~-,  that 
720         720  °  '720' 

8//:>/y,  The  fum  of  the  mixt  numbers  7  f  and  8  J 
is  15  -J-I-;  for  the  fum  of  the  fractions  is  x|  by  the 
fecond  example,  and  the  fum  of  the  whole  numbers 
is  15- 

gtbfyi  5  %  added  to  7  4  gives  1 3  T£.  •,  for  the  fum 
of  the  fractions  is  1  T-f,  by  the  fourth  example  ;  and 
the  whole  number  1,  added  to  the  whole  numbers  5 
and  7,  gives  13, 

iothly9  8  |,  9  i,  10  -1,  11  4,  12  4-j  added  together, 
make  53  ft;  for  the  fractions  themfelves  make  3  ft 
by  the  feventh  example,  and  the  whole  number  3 
added  to  the  reft  makes  53. 

11  tbfy, 
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inthly,  The  whole  number  2  added  to  the  frac- 
tion |  gives  -/■  •,  for  the  whole  number  2  may  be 
coniidered  as  a  fra&ion,  whofe  denominator  is  unity; 
now  4  and  |,  when  reduced  to  the  fame  denomina- 
tion, are  ~  and  -1,  which  added  together  make  -*-/-. 

'Thus  alfo  may  unity  be  added  to  any  fraclion  whate- 
ver, when  fubtraction  requires  it ;  but  better  thus  : 
unity  may  be  made  a  fraclion  of  any  denomination  what- 
ever, provided  the  numerator  be  equal  to  the  denomi- 
nator, by  art.  2d  :  fuppofe  then  1  would  add  unity 
to  -§•  ;  I  fuppofe  unity  equal  to  *.,  and  this  added  to 
y  makes  4  :  again,  unity  added  to  4  makes  -J-,  he- 
caufe  -|-  and  4  make  -§-• 

Of  the  Subtraction  of  Fractions. 

10.  Whenever  a  lefs  fraction  is  to  be  fubtra&ed 
from  a  greater,  they  mult  be  prepared  as  in  addition; 
that  is,  they  mull  be  reduced  to  the  fame  denomi- 
nation, if  they  be  not  fo  already  ;  then,  fubtrq&'mg 
the  numerator  of  the  lefs  fraclion  from  that  of  the 
greater,  put  down  the  remainder  with  the  common  de- 
nominator under  it*  In  the  cafe  of  mixt  numbers,  fub- 
tracl  firji  the  fraclion  of  the  lejfer  number  from  that 
of  the  greater,  and  then  the  lejfer  whole  number 
from  the  greater  ;  but  if,  as  it  often  happens,  the 
greater  number  has  the  lejfer  fraclion  belonging  to  it, 
then  an.  unit  muji  oe  borrowed  from  the  whole  number 
and  added  to  the  fraclion,  as  intimated  in  the  clofe  of 
the  lad  article. 

Examples  of  Subtraclion  in  Fractions. 

if,  t-I  fubtra&ed  from  Ti-  leaves  4-J, .  juft  in  the 
fame  manner  as  3  millings  fubtracled  from  4  millings 
leave  1  milling. 

idly,  -f-  fubtra&ed  from  ~,  that  is  £.J.  fubtrafted 
from  1-,  leaves  ^~,  or  T{-.     So  4  of  a   pound,  or 

j  5  (hillings, 
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15  (hillings  fubtra&ed  from  -§-  of  a  pound,  or  16 
(hillings  and  8  pence,  leaves  T4-  of  a  pound,  that  is, 
1  {billing  and  8  pence. 

gi/v,  7  7  fubtracted  from  8  |,  that  is,  7  £  fub- 
tracted  from  8  4,  leaves  1  f. 

A* lJb>  7  i  fubtrafted  from  8  |,  that  is,  7  4  fub- 
t railed  from  7  -|-,  leaves  ■§.,  or  \  ;  for  here  the  greater 
number  having  the  lefs  fraction  belonging  to  it,  I 
borrow  an  unit  from  the  whole  number  8,  and  fo 
reduce  it  to  7  ;  and  then  this  unit,  under  the  name  of 
•£,  I  add  to  the  fraction  |,  and  fo  make  it  4. 

$ihly,  7  f  fubtradted  from  8  f,  that  is  7  *  fub- 
traded  from  8  |.,  that  is,  7  4  fubtradted  from  7  -f, 
leaves  -§-• 

6^/j,  7  4  fubtrafted  from  8,  that  is,  7  -f  fubtraftqd 
from  7  4,  leaves  4* 

Of  the  Multiplication  of  Fraclions* 

11.  To  multiply  by  a  whole  number  is  to  take  the 
multiplicand  as  often  as  that  whole  number  expreiTes  : 
therefore  to  multiply  by  a  mixt  number  is,  not  only 
to  take  the  multiplicand  as,  often  as  the  integral  part 
expreffes,  but  aljb  to  take  fuch  a  part  or  parts  of  it 
over  and  above,  as  is  exprefed  by  the  fraclion  an- 
nexed. Thus  10  multiplied  by  2  i  produces  25 -: 
for  as  2  I  is  a  middle  number  between  2  and  3,  fo 
the  product:  ought  to  be  a  middle  number  between 
20  and  30,  that  is,  25  :  In  like  manner  10  multi- 
plied by  1  f  produces  15,  and  being  multiplied  by  f 
produces  5:  therefore,  to' multiply  by  a  proper  frac- 
tion is  nothing  elfe  but  to  take  fuch  a  part  or  parts  of 
the  multiplicand  as  is  expreffed  by  that  fraction.  Cer- 
tainly to  take  10  twice  and  half  of  it  over,  once  and 
half  of  it  over,  no  times  and  half  of  it  over, 
(which  lad  is  taking  the  half  of  10),  are  operations 
of  the  fame  kind,  and  differ  only  in  degree  one  from 
another  ;  and  therefore,  if  the  two  former  operations 
pafs  by  the  name  of  multiplication,  this  laft  ought  to 

do 
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do  io  too;  and  if  there  be  any  abfurdity-in  the  cafe, 
it  lies  in  the  name,  and  not  in  the  thing. 

Arithmetic  was  at  firft  employed  about  whole 
numbers  only,  and  thus  far  the  name  of  multiplica- 
tion was  adequate  enough,  except  in  the  cafe  of 
unity.  But  it  being  afterwards  confidered,  that  no 
quantity  whatever  could  be  called  an  unit,  that  was 
not  further  divifible ;  and  confequently,  that  there 
was  not  only  an  infinity  of  fractional  numbers  below 
unity,  but  alio  an  infinity  of  mixt  numbers  between 
any  two  whole  numbers  whatever ;  it  was  judgeo^ 
rightly  enough,  that  the  art  of  Arithmetic  would 
not  be  perfect  till  its  operations  extended  themieives 
to  this  fort  of  number  alfo ;  and  this  being  done 
without  changing  their  names,  it  was  then  that  the 
name  of  multiplication  became  too  fcanty  for  the  thing 
fignified  :  this  therefore  ought  to  be  attributed  to  the 
unavoidable  want  of  forefight  in  the  firft  impolers, 
and  not  to  any  imperfection  in  the  faience  itfelf. 
This  is  no  more  than  the  cafe  of  many  other  arts  and 
fciences,  that  have  outgrown  their  names  Thus 
Geometry,  that  originally  and  properly  fignified  no 
more  than  the  art  of  furveying,  is  now  defined  to  be 
a  fcience  treating  of  the  nature  and  properties  of  all 
figures,  or  rather  of  the  different  modifications  of 
extenfion  and  fpace  ;  fo  that  now  furveying  is  the 
leaft  and  loweft  part  of  that  fcience.  Thus  Hy- 
droftatics,  which  originally  fignified  no  more  than 
the  art  of  weighing  bodies  in  water,  or  rather  the 
art  of  finding  out  the  fpeciric  gravities  of  bodies 
by  weighing  them  in  water,  is  now  made  the  name 
of  a  fcience,  which  treats  of  the  nature  and  proper- 
ties of  fluids  in  general;  and  the  feveral  properties 
of  air  and  mercury,  fo  far  as  they  are  fluids,  fall  un- 
der the  coufideration  of  Hydroftatics,  as  properly  as 
thofe  of  water. 

But  perhaps  it  may  be  further  urged,  that  to  take 
the  half  of  any  quantity,  is  not  to  multiply;  but  to 
divide  it.     To  which  I  anfwer ;  that  it  is  impoffible 

to 
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to  take  the  half  of  any  quantity  without  dividing  it 
by  2  ;  and  confequently,  that  to  multiply  by  f  has 
the  fame  effedt  as  to  divide  by  2  ;  but  this  does  not 
prove  that  multiplication  is  the  fame  as  divifion,  but 
only  that  thefe  two  operations,  how  contrary  foever, 
may  be  made  to  do  each  other's  bufinefs,  which  is  no 
myftcry  to  any  one  who  is  the  lead  converfant  in 
Arithmetic;  and  will  be  further  explained  in  the  next 
article. 

A  fraction  may  be  multiplied  by  a  whole  number 
two  ways ;  either  by  multiplying  the  numerator  by 
that  number,  or  elfe  by  dividing  the  denominator  by 
the  fame,  where  fuch  a  divifion  is  poflibie:  thus  if 
the  fraction  -|  be  to  be  multiplied  by  2,  the  product 
will  either  be  V°  b)r  doubling  the  numerator,  or  \ 
by  halving  the  denominator :  this  is  evident  from  the 
6th  art.  becaufe  a  fraction  will  be  equally  encreafed, 
whether  it  be  by  encreafing  the  numerator,  or  by 
diminifhing  the  denominator. 

If  a  fraclion  be  to  be  multiplied  by  a  fraction, 
multiply  the  numerator  and  denominator  of  the  mul- 
tiplicand, by  the  numerator  and  denominator  of  the  tnul- 
tiplicator  refpeclively,  and  the  fraclion  thence  arifing 
will  be  the  produtj  fought :  thus  if  it  was  re-quired 
to  multiply  ±  by  |-,  or  (which  amounts  to  the  fame 
thing)  if  it  was  required  to  determine  how  much  is 
*.  of  .*.,  the  anfwer  would  be  x|.  j  and  the  reafon  is 
plain  ;  for  *.,  of  4  is  -r-j-j  by  ^ie  fixth  zvt*  becaufe 
making  the  denominator  three  times  greater  makes 
the  fraction  three  times  fefs :  but  if  ■§  of  ~  be  T-f , 
then  ^  of  4  ought  to  be  twice  as  much,  that  is  x4 » 
therefore  to  determine  the  amount  of  \  of  -fj  tne 
numerator  and  denominator  of  4-  muft  be  multiplied 
refpeclively  by  the  numerator  and  denominator  of 
4-  ;  and  the  fame  reafon  will  hold  good  in  all  other 
indances. 

If  a  whole  number  is  to  be  multiplied  by  a  fraffion, 
either  change  the  multiplicator  and  multiplicand  one 
for  another,  and   then  proceed  as  above  directed  ;  of 

die 
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elfe  confider  the  multiplicand  as  a  fraction  whofe  de- 
nominator is  unity,  and  fo  proceed  according  to  the 
rule  for  multiplying  one  fraction  by  another  ;  by 
which  means  both  rules  will  be  cofitra£ted  into  one. 
Thus  6,  or  4,  multiplied  into  ±,  produces  y,  or  4. 
If  the  multipiicator ',  or  multiplicand,  or  both,  be 
mixt  numbers,  they  mufi  Jirjl  be  reduced  to  impro- 
per fractions  by  the  third  art,  and  then  be  multiplied 
according  to  the  general  rule. 

Examples  of  Multiplication  in  Fraclions, 

ift,  £  of  i,  multiplying  numerators  together,  and 
denominators  together,  is  4t>  or  -rr ;  ana"  fo  we  find 
it  in  any  particular  cafe;  for  1  of  a  pound  are  17 
Shillings  and  6  pence;  and  ~  of  17  {hillings  and  6 
pence,  that  is  (by  the  5th  art.)  -i  of  35  millings,  is 
1 1  liMMings  and  8  pence  ;  therefore  ■§•  of  -£  of  a  pound 
are  1 1  {hillings  and  8  pence,  which  will  alfo  be  found 
to  be  the  value  df  ~4  of  a  pound. 

Here  we  may  obferve  once  for  all,  that  whenever 
two  fractions  are  to  be  multiplied  together,  the  pro- 
duct will  be  the  fame,  whichfoever  it  is  that  multi- 
plies the  other,  j-u.fi:  as  it  is  in  whole  numbers,  and 
for  the.  fame  reafen  ;  for  if  |-  be  to  be  multiplied  by 
-t,  then- the  numbers  7  and  8  mult  be  refpecfively 
multiplied  by  2  and  3  ;  but  if  -§-  is  to  be  multiplied 
by  -f,  then  the  numbers  2  and  3  mult  be  refpecfively 
multiplied  by  7  and  8,  which  amounts  to  the  fame 
thing ;  whence  it  follows,  that  -  of  \  come  to  the 
fame  as  Z-  of  t :  to  confirm  this,  we  have  feen  already 
that  -§-  of  \  of  a  pound  amount  to  1 1  millings  and  8 
pence  ;  let  us  in  the  next  place  enquire  into  the  value 
of  4.  of  |-  of  a  pound  :  now  *  of  a  pound  are  13  fhii- 
iings and  4  pence  ;  and  \  of  13  milling's  and  4  pence, 
that  is,  f  of  93  (hillings  and  4  pence,  is  1 1  (hillings 
and  8  pence  %  therefore  4  of  •£  of  a  pound  are  the 
fame  as  \  of  i-  of  a  pound,  fmce  both  amount  to  1 1 
millings  and  8  pence. 
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2dly,  y  of  -|-  of  ,4  are  -|?,  or  § ;   for  %  x  5  x  9 

make  90,  and  3  x  6  x  10  make  180  :  thus  -^  of  a 
pound  ace  18  (hillings;  and  4  of  18  (hillings  are  15 
(hillings;  and  4  of  15  (hillings  are  10  (hillings; 
which  are  1  of  a  pound. 

%dly,  I  of  4  of  4,  are  \~ :  thus  -f-  of  a  pound  are 
15  (hillings ;  and  4  of  15  (hillings  are  11  (hillings 
and  3  pence;  and  4  of  11  (hillings  and  threepence 
are  8  (hillings  and  5  pence  farthing ;  which  will  alfo 
be  found  to  be  the  value  of  \&  of  a  pound. 

qtbly,  The  mixt  number  6  4  multiplied  by  the 
whole  number  7,  or  the  whole  number  7  multiplied 
by  the  mixt  number  6  |,  will  produce  in  either  cafe 

47  I :  for  the  mixt  number  6  4  being  reduced  (by 
the   3d   art.)  to  an  improper  fraction   becomes  %/  ; 

which  being  multiplied   by  7,  or  £»  makes  — ,   or? 

when  reduced  to  a  mixt  number,  47  f; 

This  multiplication  may  alfo  be  made  another 
way,  thus:  4  multiplied  by  7  makes  y,  that  is, 
(by  the  2d  art.)  5  4  ?  put  down  the  fraclion  |,  and 
keep  the  5  in  referve  ;  then  6  multiplied  by  7  makes 
42,  which,  with'  the  5  in  referve,  makes  47  ;  there- 
fore the  whole  product  is  47  |  as  before. 

$thly,  3  -|  multiplied  by  2  J.,  that  is,  y  multi- 
plied by  .i,  makes — ,  that  is,  10:    thus  3  4   of"  a 

pound  are  3  pounds  15  (hillings;  and  twice  3  pounds 
15  (hillings  is  7  pounds  10  millings  ;  moreover,  \  of 
3  pounds  15  millings,  or  \  of  7  pounds  10  (hillings, 
is  2  pounds  10  (hilimgs ;  and  thefe  2  pounds  10  (hil- 
lings, added  to  the  former  part  of  the  product,  to 
wit,  7  pounds  ten  (hillings,  give  ten  pounds  for  the 
whole  product :  therefore  3  4  of  a  pound  multiplied 
by  2  -1  make  10  pounds. 


6th'y, 


Art.  ii.  FRACTIONS,  47 

6tb!y,  96  §  multiplied  by  24  f ,  that  is,  — ,  mul- 
tiplied by  y,  gives  -g4°  ?,  that  is,  (by  the  2d  art.) 
2348  f. 

7/£/y,  36-3-  multiplied  into  itfelf,  that  is,  — ,  mul- 

tiplied  by  — ,  makes  ^      ,  that  is,   1314-3.4. 

Before  I  put  an  end  to  this  article,  I  do  not  know 
whether  it  will  be  thought  worth  my  while  to  take 
notice  of  a  very  abfurd  queftion  fometimes  bandied 
about,  wherein  it  is  required  to  multiply  ~  of  a  pound 
by  i  of  a  pound  :  I  call  this  a  very  abfurd  queftion, 
becaufe  there  is  no  manner  of  propriety  in  it ;  for  in 
the  very  idea  and  definition  of  multiplication,  the 
multiplicator  at  lead:  is  fuppofed  to  be  an  abllraft 
number,  or  fraction ;  otherwife,  what  can  be  the 
meaning  of  taking  the  multiplicand  as  often,  or  as 
much  of  it,  as  is  exprefTed  by  the  multiplicator  i1  If 
by  multiplying  f  of  a  pound  by  f  of  a  pound,  be 
meant  no  more  than  multiplying  4  of  a  pound  by  f , 
why  is  the  word  pound  exprefted  in  the  multiplicator? 
and  if  there  be  any  other  meaning  in  it,  why  does 
not  the  propcfer  explain  it,  fmce  it  is  not  expreffed 
in  the  queftion  ?  Let  him  tell  me  what  he  means  by 
multiplying  1  pound  by  1  pound,  and  I  will  foon 
undertake  to  anfwer  his  queftion.  But  if  he  neither 
can  ncr  will  do  this,  the  queftion  neither  deferves 
nor  is  capable  of  an  anfwer.  i  am  not  ignorant  of 
another  queftion  more  frequently  ufed  than  this,  and 
of  equal  nonfenfe,  if  cultom  had  not  explained  it ; 
and  that  is,  to  multiply  3  yards  by  2  yards,  and  the 
like;  whereby  is  meant,  I  fuppofe,  to  affign  the  num» 
ber  of  fquare  yards  contained  in  a  reclaogled  paral- 
lelogram, or  long  fquare,  3  yards  in  length,  and  2 
yards  in  breadth;  but  if  this  be  the  fenfe  put  upon 
that  queftion  by  common  confent,  that  is  all  the  title 

it 
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it  has  to  it,  there  being  no  fuch  thing  either  exprefTed, 
or  fo  much  as  implied,  in  the  terms  of  the  queftion. 

A     L  E  MMA. 

12.  Let  n  be  any  whole  number ,  mixi  number,  or  frac- 
tion %  I  fay  then  that  the  quotient  ofn  divided  by  any 
fraclion  is  equal  to  the  producl  of  n  multiplied  into 
the  reverfe  of  that  fraclion  :  as  for  inftance, 

Let  n  be  divided  by  ■§ ;  I  fay  that  the  quotient  of 
n  divided  by  &  will  be  equal  to  the  produft  of  n 
multiplied  by  4- :  for  let  q  be  the  quotient  of  n  di- 
vided by  4- ;  that  is,  let  q  be  a  number  expreffing 
bow  often  the  fraction  4-  is  contained  in  n ;  then  will 
-I  multiplied  by  q  be  equal  to  n,  from  the  nature  of 
multiplication ;  but  the  produft  of  -|  multiplied  by  q 
is  the  fame  with  the  product  of  q  multiplied  by  4' 
that  is,  -I-  of  q,  by  the  laffc  article ;  therefore  n  |is 
equal  to  i  of  q  ;  therefore  4-  of  n  is  equal  to  \  of  q ; 
therefore  •§-  of  n  are  equal  to  q  ;  but  \  of  n  is  the 
product  of  n  multiplied  by  |- ;  therefore  the  product 
of  n  multiplied  by  |-  is  equal  to  q ;  but  the  quotient 
of  n  divided  by  -§-  was  qt  by  the  fuppcfition  *  -there- 
fore the  quotient  of  n  divided  by  4»  is  equal  to  the 
product  of  n  multiplied  by  §j«     §>.  E.  D. 

Corollary. 

Hence  may  the  rule  of  divifion  be  at  any  time 
changed  into  that  of  multiplication,  only  by  inverting  the 
terms  of  the  divifor,  and  then  multiplying  inltead  of 
dividing.  The  fame  will  alio  obtain  in  whole 
numbers,  if  they  be  confidered  as  fractions  whofe  de- 
nominators are  units:  thus  to  divide  n  by  2,  that  is, 
?lX  will  have  the  fame  effect  as  to  multiply  it  by  |,  as 
was  hinted  in  the  foregoing  article. 

Of 
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Of  the  Divijion  of  FrafliotiS* 

13.  The  divijion  of  /rations,  like  all  other  divifidri, 
is,  to  find  hozv  often  one  fraction,  called  the  divijor, 
is  contained  in  another,  called  the  dividend;  and  that 
which  mews  this,  is  called  the  quotient,  whether  ic 
be  a  whole  number,  a  mixt  number,  or  a  proper 
fraction  1  for  in  fractional  divijion  the  quotient  is 
always  intended  to  be  exact,  without  any  remainder, 
and  therefore  mufl  fometimes  be  a  whole  number, 
fometimes  a  mixt  number,  and  fometimes  a  proper 
fraction.  Thus,  if  18  is  to  be  divided  by  6,  the  quo- 
tient will  be  3  ;  becaufe  18  contains  6  3  times  :  but 
if  2 1  is  to  be  divided  by  6,  the  quotient  will  be 
3  §  j  becaufe  21  contains  6  three  times,  and  half  of 
it  over  and  above:  laftly,  if  3  is  to  be  divided  by  6, 
the  quotient  will  be  f ;  becaufe  here  the  divifor, 
being  greater  than  the  dividend,  cannot  be  fo  much 
as  once  contained  in  it,  and  therefore  the  quotient  in 
this  cafe  mufl:  be  a  proper  fraction,  that  is,  f,  fince 
3  is  jufr.  the  half  of  6. 

A  fraclion  may  be  divided  by  a  whole  number  two 
ways ;  either  by  dividing  the  numerator  by  that  whole 
number  when  poffible,  or  elfe  by  multiplying  the  de- 
nominator by  the  fame :  thus  the  half  of  £  may  be 
taken,  that  is,  %.  may  be  divided  by  2,  either  by 
halving  the  numerator,  and  the  quotient  will  be  ^, 
or  elfe  by  doubling  the  denominator,  and  then  the 
quotient  will  be  T6T,  both  which  amount  to  the  fame 
thing,  by  the  6th  and  7th  articles. 

If  the  divifor  be  a  fraclion,  the  quotient  may  be 
had  by  multiplying  the  divideyid  into  the  inverted 
di vifor,  according  to  the  rules  of  multiplication  al- 
ready laid  down  1  thus  if  4  is  t0  be  divided  by  ~t 
the  quotient  will  be  the  fame  as  the  product  of  ±. 
multiplied  by  4.,  that  is,  44»  or  1  -5  J  the  demon- 
ftration  whereof  is  contained  in  the  latt  article. 

D  And 
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And  here  again,  as  well  as  in  the  eleventh  article, 
we  are  to  obferve,  that  ;/  either  divifor  or  dividend^ 
or  both,  be  mixt  numbers,  they  mu/l  be  reduced  to  im- 
proper  fraclions  before  the  general  rule  can  have 
place ;  and  that,  if  either  or  both  be  whole  numbers, 
they  muji  be  confidered  as  fraclions  whofe  denominators 
are  units. 

From  the  general  rule  of  divifion  before  laid  down 
it  follows,  that  every  fraction  may  be  confidered  as 
the  quotient  of  the  numerator  divided  by  the  denomi- 
nator, and  that,  whether  the  terms  of  the  fraction  un- 
der confideration  be  whole  numbers,  or  (which  fome- 
times  happens)  mixt  numbers,  or  even  pure  fractions: 
a  demonitration  of  this  laft  cafe  will  ferve  for  all,  fince 
mixt  numbers  may  be  reduced  to  fractions,  and  whole 
numbers  may  be  confidered  as  fractions  whofe  deno- 

minators  are  units.     Let  the  fraction  propofed  be  % 

I  fay,  that  this  fraction  is  equal  to  the  quotient 
sariling  from  the  divifion  of  the  numerator  £  by  the 
denominator  ~  :  to  demonftrate  whichr  multiply  both 
£  the  numerator,  and  -r  the  denominator,  by  !■  the 
inverted  denominator,  and  the  fraction  will  be  changed 
into  this,  44?  or  44?  being  of  the  fame  .value  with 

the  former,  by  the  6th  art.  but  the  quotient  of  ±  di- 
vided by  |  is  alfo  44  as  above :  therefore  the  fraction 

\  is  equal  to  the  quotient  arifing  from  the  divifion  of 

the  numerator  by  the  denominator :  and  the  fame  way 
of  reafoning  may  be  ufed  in  any  other  mftance.  This 
conftderation  is  of  very  great  ufe  in  Algebra,  where 
quantities  are  very  often  lb  generally  exprefied,  that 
there  is  no  other  way  of  reprefenting  the  quotient r 
but  by  a  fraelion  whofe  numerator  is  the  dividend, 
and  denominator  the  divifor.  Hence  alfo  we  are 
taught  how  to  reduce  a  complicated  fraction^  into  a 
limple  one,  whofe  numerator  and  denominator  are- 
whole  numbers,  to  wit,  by  dividing  the  numerator 

by 
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S* 


by  the  denominator  :  thus  we  fee  that?  is  the  fame 


1 1 


2r\      *    *•■ 
•>   TT 

0/Z^r  Examples  of  Dhi/ton  in  Fractions* 

1/0,  i-  divided  by  £»  or>  which  is  the  fame  thing, 
%  multiplied  into  4>  makes  £t*  or  l  ■§■'»  which  (hews 
that  4.  is  contained  once,  and  -£  part  of  it  over  and 
above,  in  i- :  for  a  further  confirmation  of  this,  j.  of 
a  pound  are  16  (hillings  and  8  pence;  and  |  of  a 
pound  are  15  (hillings :  now  15  (hillings  are  once 
contained  in  16  fhillings  and  8  pence,  and  there  is 
1  (hilling  and  8  pence  over ;  which  1  (billing  and  8 
pence  is  juft  |  of  15  (hillings.  To  prevent  over- 
lights,  the  learner  is  to  remember,  that  it  is  the 
terms  of  the  divifor  only  that  are  to  be  inverted,  and 
not  thofe  of  the  dividend  :  thus  to  divide  |  by  4  is 
the  fame  as  to  multiply  -|  into  ■£>  but  not  the  fame  as 
to  multiply  •§■  into  £. 

idly,  -x-V  divided  by  4-s  or  multiplied  into  -|>  make 
££,  or  2  TV>  which  may  be  confirmed  like  the  for- 
mer :  for  TV  °f  a  pound  are  1 8  fhillings  ;  and  4-  of  a 
pound  is  6  (hillings  and  8  pence :  now  6  (hillings 
and  8  pence  are  twice  contained  in  18  (hillings,  and 
there  are  4  (hillings  and  8  pence  over  j  which  4  (hil- 
lings and  S  pence  will  be  found  by  the  5th  art.  to  be 
jult  -rV  of  6  millings  and  8  pence. 

gdly,  The  whole  number  10  divided  by  2  *,  that 
is  V°  divided  by  |,  or  multiplied  into  4,  makes  lg9 
or  3  % 

4tbly,  2  *  divided  by  V%  or  t  divided  by  V0*  or 
multiplied  into  ^t  makes  -J^,  or  T%. 

$thly,  i5  4  divided  by  1  4,  that  is,  4T9  divided  by 

or  multiplied  into  £,  makes  VT4,  01*  M» 
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Further  Qbfervations  concerning  Multiplication  and 
Divifion  in  Fractions* 


14.    When   two  fraEliom    are   'multiplied  together \ 
or  one  is  divided  by  the  other,  it  often  happens,  that 
though  the  original  fractions  be  both  in  their  lead 
terms,  yet  the  product,  or  quotient  from  them,  ihall 
be  other  wife,  and  require  a  further  reduction  :  as  for 
rnftance,  the  fractions   \   and  -,%■  are  both  in  their 
leaft  terms ;  and  yet,  if  they  be  multiplied  together, 
their  product  0  is  fo  far  from  being   in  its  leaf! 
terms,  that  it  may  be  reduced  to  |  :  fo  again  in  di- 
vifion, -rV  and  44.  are   fractions  both  in  their  leaft 
terms ;  and  yet  if  the  latter  be  divided  by  the  for- 
mer, the  quotient  -*4t  1S  reducible  to  ~-l.     It  may 
not  be  amifs,  therefore,  to  enquire  into  the  caufe  of 
this,   and   fee   whether   the    original    fractions   may- 
be fo  prepared  beforehand,  a-s  that  the  product,  or 
quotient,  ihall  always   come  out  in  its  leaft  terms. 
Firft  then,  as  to  the  multiplication  of  4  and  T%.  j  here 
it  is  eafy  to  fee,  that  the  product  of  4  andW  multi- 
plied together,  will  juft  amount  to  the  fame  as  that 
of  -j5^  into  -i,  the  denominators  of  the  fractions  being 
interchanged  ;  this,  I  fay,  is  certain  from  the  operation 
itfelf ;   for  the  fame  numbers  are  multiplied  together 
in  both  cafes  -T  but  thefe  laft  fractions  are  far  from 
being  in  their  lead  terms,  the  former,  4-o  being  re- 
ducible to  I,  and  the  latter  -i  to  -I ;   but  after  thefe 
new  fractions  ■§-  and  !  are  reduced  to  their  leaft 
terms  §  and  \\  their  product:  \  will  be  the  fame  in 
value  with  that  of  the  original  fractions,  and  at  the 
fame  time  will  be  in  its  leaft  terms.     Thus  then  we 
fee  that,  to  have  the  producl  in  its  leaft  terms,  care 
rnuft   be  taken,  not  only  to  reduce  the  original  frac- 
tions as  low  as  poffible,  but  after  that,  to  interchange 
their  denominators,   and  then  again  to  reduce  thefe 
1  new 
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new  fractions  to  their  leaft  terms,  and  lajlly,  to  mul- 
tiply thefe  reduced  frcclions  tone  into  another. 

like  fame  manner  of  practice  will  alfo  ferve  for  di- 
vifion,  after  it  is  reduced  to  the  rule  of  multiplication  : 
as  for  example  ;  the  quotient  of  44  divided  by  -xl-, 
is  the  fame  with  the  product  of  44  multiplied  into  y  ; 
and  this  again  is  the  fame  with  the  product  of  y 
multiplied  into  44>  as  above  ;  but  becaufe  the  frac- 
tions y  and  4|-  are  not  in  their  lowed  terms,  they 
muft  be  reduced  to  f-  and  -§-  before  it  can  be  expected 
that  their  product  -14  fhould  be  in  its  Icaft  terms. 
Thus  we  have  reduced  the  two  compendiums  of  mul- 
tiplication and  divifion,  not  only  to  one  rule  infcead 
of  two,  as  they  are  commonly  given  out,  but  alfo  to 
fuch  a  rule  as  carries  its  own  evidence  along  with  it. 

N.  B.  What  was  here  done  by  interchanging  the 
denominators,  and  keeping  the  numerators  in  their 
places,  may  as  well  be  done  by  interchanging  the  nu- 
merators, and  keeping  the  denominators  in  their  places, 
the  reafon  of  both  being  the  fame. 

Of  the  Rule  of  Proportion  in  Fraflions. 

15.  The  rule  of  proportion  in  fraclions  is  fo  much 
the  fame  with  the  rule  of  proportion  in  whole  num- 
bers, that  nothing  more  needs  to  be  laid  of  it,  except 
to  illustrate  it  by  an  example  or  two. 

Examples  of  the  Rule  of  Proportion  in  Fr a fi 'ions. 

i/2,  If  I  give  4,  what  will  4  give  ?  Here  4  and  -I 
multiplied  together  give  T~  ;  and  this  divided  by  |, 
(or  multiplied  by  4)  quotes  T~3  or  -t9  which  is  an 
anfwer  to  the  queftion. 

2dly,  If  2  4  give '3  i>  what  will  ^  \give?  Thefe 
mixt  numbers,  being  by  the  3d  art.  reduced  to  im- 
proper fractions,  will  Itand  thus:  If  |  give  y,  what 
will  y  give .?     Here  y   and  V4   multiplied  together 

D  3  give 
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give  \£?  or  18;  and  this  divided  by  •£,  quotes  6  |3 
which  is  an  anfwer  to  the  queftion. 

$dly,  Jf  \  a  yard  coft  7  of  a  pound,  what  will  4 
of  an  ell  cojl  ?  Here  it  mud  be  obferved,  that  an  ell 
is  4-  of  a  yard,  and  consequently  that  4  of  an  ell  is  4 
of  4  or  t-4-  of  a  yard  J  fo  that  the  queftion  may  be 
ftated  thus :  If  \  of  a  yard  cojl  \-  of  a  pound,  what 
will  T-§-  of  a  yard  cojl  ?  Here  4  and  ^  multiplied 
together  make  -^4,  and  this  divided  by  1  quotes  ^4 
of  a  pound,  or  4  (hillings  and  2  pence ;  which  there- 
fore is  an  an  anfwer  to  the  queftion. 

Fhe  Reduclion  of  Proportion  from  fraclional  to  integral 

Terms, 

Whenever  two  fractions  are  propofed,  as  4  and  4S 
whofe  proportion  is  dejired  in  whole  numbers,  re- 
duce the  fractions  firfi  to  the  fame  denomination  by 
the  8th  art.  that  is,  in  the  prefent  cafe,  to  44  anc* 
44 ;  then  you  will  have  4  to  4  as  44  's  t0  44  9  but 
4|  is  to  44  as  10  to  12,  or  as  5  to  6;  therefore  4  is 
to  4-  as  5  to  6  :  here  we  may  obferve,  that  though  the 
finding  of  the  common  at  nominator  be  neceffary  for  un- 
demanding the  reafon  of  the  rule,  yet  it  is  not  at  all 
nece£ary  for  the  praclice  of  it  -,  for  to  what  purpofe  is 
it  to  find  the  common  denominator,  to  throw  it  away 
again  when  we  have  dpne  ?  In  praclice,  therefore, 
multiply  the  numerator  of  the  fraction  which  is  the 
firft  in  the  proportion,  by  the  denominator  of  the 
fecond,  and  then  the  numerator  of  the  fecond  frac- 
tion by  the  denominator  of  the  firft,  and  the  two 
produces  will  exhibit  refpe&iyely  the  proportion  of 
the  firft  fraction  to  the  fecond  in  whole  numbers,  as 
was  evident  in  the  foregoing  example. 

Of  the  Extraction  of  Roots  in  FraBions, 

16.  As  every  fraction  is  fquared,  or  multiplied  into 

itfelf,  by  Jauarin^  both  the  numerator  and  dewmi*. 

natcr. 
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nator  (fee  art.  11.),  fo,  e  .converfe,  the  fquare  root  of 
every  fraction  will  be  obtained  by  extracting  the  fquare 
root  both  of  the  numerator  and  denominator :  thus  the 
fquare  of  |  is  T|,  and  the  fquare  root  of  T-|  is  f . 
But  here  care  mufi  be  taken,  whenever  the  fquare  root 
of  a  fraction  is  to  be  extracted,  that  the  fraction  itfelf 
be  firft  reduced  to  its  Jimplefi  terms,  by  the  7th  art. 
otherwife  the  fraction  may  admit  of  a  fquare  root, 
and  yet  this  root  may  not  be  difcovered  :  thus,  if  it 
was  required  to  extract,  the  fquare  root  of  the  fraction 
4-I-,  it  would  be  impoffible  to  obtain  the  root  either 
of  18  or  32;  and  yet  when  this  fraction  is  reduced 
to  its  lead  terms  ^  its  fquare  root  will  be  found  to 
be  .£.. 

When  the  fquare  root  of  a  number  cannot  be  ex- 
tracted exaclly,  it  is  ufual  to  make  an  approximation 
by  the  help  of  decimals,  or  otherwife,  and  fo  to 
approach  as  near  to  the  value  of  the  true  root  as 
occafion  requires.  Now  in  the  cafe  of  a  fraction,  if 
the  fquare  root  of  neither  the  numerator  nor  deno- 
minator can  be  exactly  obtained,  there  will  be  no 
necejfty  however  for  two  approximations,  becaufe 
fuch  a  fraction  may  be  eafily  reduced  to  another  of 
the  fame  value,  whofe  denominator  is  a  known 
fquare  :  as  for  inftance ;  fuppofe  the  fquare  root  of 

4«5},  or  —  was  required  :  I  multiply  both  the  nu- 
merator and  denominator  of  this  fraction-  by  5,  and 

fo  reduce  it  to  i*&*i  Here  the  denominator   2  c  is 

2S 
a  known  fquare  number,  whofe  root  is  5  ;  and   the 

fquare  root  of  1155  is  34  nearly;  therefore,  the 
fquare  root  of  the  fra&ion  propofed  is  nearly  3T*»  or 
6  *..  But,  after  all,  the  beji  way  of  extracting  the 
fquare  root  of  a  vulgar  fraction,  is  by  throwing  it  in- 
to a  decimal  fraction,  as  will  be  (hewn  hereafter. 

Jtote,  That  whatever  has  here  been  f aid  concerning 
the  extraction   of  the  fquare   root   of  fractions    may 

D  4  eafily 
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eafily  be  applied,  mutatis  mutandis,  to  the  eglraclion  of 
the  cube  root,  &c. 


Of  Decimal  Fraclions. 

Andjirfi  of  their  "Notation. 

J  J.  A  decimal  fraBion  is  a  fratlion  ivhofe  deno- 
minator is  10,  or  ioo,  or  iooo,  or  ioooo,  &c.  and 
this  denominator  is  never  exprefled,  but  always  un- 
derflood  by  the  place  of  the  figure  it  belongs  to : 
for  as  all  figures  on  the  left  hand  of  the  place  of 
units  rife  in  their  value,  according  to  rheir  diflances 
from  it,  in  a  decuple  proportion  ;  lb  all  figures  on 
the  right  hand  of  the  place  of  units  fink  in  their 
value  in  a  fubdecuple  proportion  ;  as  for  inftance  ; 
the  number  345*6789,  where  5  (lands  in  the  place 
of  units,  is  to  be  read  thus  ;  three  hundred  forty-five) 
fix  tenths^  feven  hundredth  parts,  eight  tbcufandtb 
parts,  nine  ten  thoufandth  parts  :  or  the  decimal  parts 
may  be  read  thus ;  fix  thoufand  [even  hundred  eighty 
nine  ten  thoufandth  parts  \  the  denominator  being  ten 
thoufand,  becaufe  the  laft  figure  9,  according  to  the 
former  way  of  reckoning,  (lands'  in  the  place- of  ten- 
thonfandth   parts.      The    reafon  of  this  latter    way 

of  reading  is  plain  ;  for   —   are   - — — ,  and  —    are 

0  '  '  IO  IOOOO  103 

700           ,      8                  80  ,    6000       700          80 

and are  ,  and 


IOOOO      IOOO      10000'     ioooo  ioooo  ioooo 

and  — — ,  all  added  together,  make  . 

1 000©  °  ioooo 

Cyphers  are  ufed  in  the  expreilion  of  decimals  as 
well  as  whole  numbers,  and  for  the  fame  reafon, 
Thus  "067  may  be  read  either  no  tenths,  fix  hundredth 
farts,  feven  thoufandth  parts  ;  or  fixty  fz'en  thou- 
fandth parts.  But  cyphers  on  the  right  hand  of  a  deci- 
mal number  (if  nothing  follows  them)  are  as  infign'ificani 
as  cyphers  on  the  left  hand  of  a  whole  number  ;  and 
yet   cyphers  are  fometimcs  placed  after  decimals,  for 

the 
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the  Jake  of  regularity ;  or  when  we  want  to  hicreafe  the 
number  of  decimal  places. 

From  what  has  here  been  faid,  it  will  be  eafy  to 
multiply  or  divide  any  number  by  ip,  100,  1000, 
&c.  only  by  removing  the  feparating  point  towards 
the  right  or  left  hand.  Thus  the  number  345*6789 
being  multiplied  by  10,  becomes  3456  789  ;  and 
being  multiplied  by  ico,  becomes  34567*89:  and 
the  fame  number  345*6789  being  divided  by  10, 
becomes  34*56/89  ;  and  being  divided  by  ioo, 
becomes  3*456789  :  thus  again,  the  number  345 
being  divided  by  10000,  becomes  '0345  ;  for  to  di- 
vide by  1 0000,  is  the  fame  thing  as  to  remove  the 
feparating  point  4  degrees  towards  the  left  hand,  if 
there  be  any  feparating  point  in  the  number  given  ; 
but  if  there  be  none,  as  in  the  prefent  cafe,  then  to 
put  a  feparating  point  four  degrees  towards  the  left 
hand,  which  in  this  example  cannot  be  done,  but  by 
she  help  of  a  cypher  in  the  firft  decimal  place. 

Of  the  Addition  and  Subtraction  of  Decimal  Fractions. 

18.  The  chief  advantage  of  decimal  arithmetic  above 
that  of  common  fr  ad  ions,  confijls  in  this,  thai  in  deci- 
mals all  operations  are  performed  as  in  whole  numbers  ; 
this  will  prefently  appear  from  the  feveral  parts  of 
decimal  arithmetic,  as  they  come  now  to  be  treated 
of  in  order;  and  fir  ft  of  addition  and  fubtracrion. 

Addition  and  fubtratlion  in  decimals  are  performed 
after  the  fame  manner  as  in  whole  numbers,  care  being 
taken,  that  like  parts  be  placed  under  one  another :  as 
for  example,  '567  are  added  to  '89  thus  • 

•89  '89  -890. 

•567  fubtracled  thus  j     '567  \  or  thus ;     '567. 


j-457? 


j^- 
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Of  the  Multiplication  of  Decimal  Fractions* 

19.  Multiplication  of  decimals  is  alfo  performed  as 
in  whole  numbers,  no  regard  being  had  to  the  deci- 
mals as  fuch,  till  the  product  is  obtained  ;  but  then, 
fo  many  decimal  places  mufl  be  cut  off  from  the 
right  hand  of  the  producl,  as  are  contained  both  in 
the  multiplicator  and  multiplicand:  as  for  inltance  ; 
let  it  be  required  to  multiply  4*56  by  2*3  :  here, 
confidering  both  factors  as  whole  numbers,  I  mul- 
tiply 456  by  23,  and  find  the  producl:  to  be  10488  ; 
but  then,  confidering  that  there  was  one  decimal  in 
the  multiplicator,  and  two  in  the  multiplicand,  I  cut 
off  three  decimal  places  from  the  right  hand  of  the 
product,  and  the  true  product  ftands  thus ;   10*483. 

To  Ihew  the  reafon  of  this  operation,  let  the  two 
factors  be  reduced  to  fimple  fractions  according  to 
the  common  way,  and  we  fliall  have   2*3  equal  to 

— ,  andA*c6  equal  to  - — ,  and  thefe   two  fractions 

multiplied  together  make ;    divide    by    1000, 

which  is  done  by  cutting  off  the  three  lafl  figures, 
according  to  art.  the  17th,  and  the  quotient  will  be 
10*488.  Another  example  may  be  this:  let  it  be- 
required  to  multiply  45600  by  2*3  :  the  producl:  of 
45600  multiplied  by  23  is  1048800  :  but  as  there 
were  two  decimals  in  the  given  multiplicator,  and 
none  in  the  multiplicand  ;  I  cut  off  two  decimal 
places  from  the  lalt  product,  and  the  true  product 
will  be  found  to  be  10488-00,  or  10480.  Laftly, 
let  it  be  required  to  multiply  '000456  by  '23  :  here, 
neglecting  the  initial  cyphers  in  the  multiplicand,  I 
multiply  456  by  23,  and  the  product  is  10488  : 
then  I  conhder,  that  there  are  two  decimal  places  in 
the  multiplicator,  and  fix  in  the  multiplicand,  and 
confequently  that  eight  decimal  places  are  to  be  cut 
off  from  the  laft  product  ;  but  the  lalt  produdt 
5  coofifts 
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confifts  of  only  5  places;  therefore  I  place  three  cy- 
phers to  the  left  hand,  with  the  feparating  point  be-? 
fore  them,  and  fo  make  the  true  product  '000104^8. 
There  are  various  compendium?  of  this  fort  of  mul- 
tiplication to  be  met  with  in  Oughtred  and  others*;  but 
they  arefuch  as,  by  a  little  exercife,  any  one  tolerably 
well  grounded  in  this  part  of  Arihmetic  will  eafily 
difcover  of  himfelf  as  they  lie  in  his  way. 

Of  the  Divifon  of  Decimal  Fractions. 

•20.  Divifon  in  decimal  fractions  is  performed,  firfl 
by  confidering  them]  as  zvhole  numbers,  and  dividing 
accordingly  ;  and  then  cutting  off  from  the  right  hand 
of  the  quotient,  as  may  decimal  places  as  the  dividend 
hath  more  than  the  divifor.  The  realbn  whereof  is 
manifeft  from  the  19th  article:  for  lince  the  divifor 
and  quotient  multiplied  together  are  to  make  the  di- 
vidend, the  divifor  and  quotient  ought  to  have  as 
many  decimal  places  between  them,  as  there  are  in 
the  dividend  ;  therefore  the  quotient  alone  ought  tQ 
have  as  many  decimal  places  as  the  dividend  hath  more 
than  the  divifor. 

Example  the  if  ;  Let  it  be  propofed  to  divide 
10*488  by  2*3 ■";  here  dividing  the  whole  number 
10488  by  the  whole  number  23,  I  find  the  quotient 
to  be  456  :  but  then  confidering  that  there  were  3 
decimal  places  in  the  dividend,  and  but  one  in  the 
fhvifor,  I  cut  off  two  places  from  the  right  hand  of 
the  quotient,  and  fo  make  the  true  quotient  4'56, 

Example  2d;  Let  it  be  propofed  to  divide  5678*9 
by  *o6  :  here,  becaufe  there  are  two  decimal  places  in 
the  divifor,  and  but  one  in  the  dividend,  I  fupply 
the  deficient  place  by  putting  a  cypher  after  the  di- 
vidend, thus,  5678-90  ;  then  dividing  the  whole 
number  56789c  by  the  whole  number,  6  (for  lince 
6  is  now  confidered  as  a  whole  number,  the  cypher 

*  See  Dr.  Hutton's  Pra&ical  Arithmetic,  j?.  Sqj  or  fee  Win* 
gate's  Arithmetic,  ft&ion,  «r  article,  39*0,, 

before 
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before  it  may  be  neglected),  I  find  the  quotient  to 
be  94648,  which  is  not  to  be  funk,  becaufe  the  di- 
vidend was  made  to  have  as  many  decimal  places  as 
the  divifor  •,  but  as  this  quotient  is  not  exacV'if  for  a 
greater  degree  of  exa&nefs  I  would  continue  it  to  any 
number  of  decimal  places,  fuppofe  2,  inflead  of  one 
cypher  after  the  dividend,  1  would  have  put  three, 
and  then  the  quotient  would  have  come  out  94648.33, 
and  this  quotient  is  much  more  exaft  than  the  former, 
as  lying  between  94648*33  and  94648-34  :  but  it 
ought  further  to  be  obferved  concerning  this  quo- 
tient, that  if  the  divifion  was  to  be  continued  in  infi- 
nitum, the  figures  in  the  decimal  places  would  be  all 
3's :  this  is  evident  from  the  work  ;  for  the  two  laft 
dividuals  are  the  fame,,  and  therefore  they  muff,  all 
be  the  fame. 

To  reduce  a  Vulgar  Fraction  to  a  Decimal  Fraction. 

21.  Since  every  fraclion  may  be  confidered  as  the 
quotient  of  the  numerator  divided  by  the  denomina-* 
tor  (fee  art.  13th),  we  have  an  eafy  rule  for  reducing 
a  vulgar  fraclion  to  a  decimal  fraction,  which  is  as  fol- 
lows ;  put  as  many  cyphers  after  the  numerator  as  are 
equal  in  number  to  the  number  of  decimal  places  whereof 
you  intend  your  reduced  fratlion  to  confft,  and  call  th&fe 
cyphers  decimal-,  and  then  dividing  the  numerator  by  the 
denominator ■,  the  quotient  will  be  a  decimal  number  equal 
to  the  fratlion  firft  propefed,  or  perhaps  a  mixt  number, 
tf  the  fraction  propofed  was  an  improper  one. 

Example  Xfti  Let  this  fraction  -.§.  be  propofed  to 
be  reduced  to  a  decimal  one  confiding  of  four  decimal 
places;  here  putting  4  decimal  cyphers  after  the  nu- 
merator 3,  I  divide  3*0000  by  49,  and  the  quotient 
uncorrected  is  612  :  but  now  confViefing  that  there 
were  4  decimal  places  in  the  dividend,  and  none  in 
the  divifor,  and  confequently  that  four  decimal  places 
are  to  be  cut  off  from  the  quotient,  whereas  it  confitts 
but  of  three  ;  I  fupply  this  defect  of  places  by  a  cy- 
pher at  the  left  hand,  and  fo  make  the  quotient  -0612. 

Example 
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Example  id;  Let  this  fra&ion  5|  be  propofed  to 
be  reduced  to  a  decimal  fraction,  confiding,  if  poi- 
fible,  of  fix  places  :  here  dividing  7*000000  by  16, 
I  find  the  true  quotient  to  be  '4375,  the  two  laft  cy- 
phers in  the  dividend  being  ufelels. 

Note.  When  this  divifion  runs  ad  infinitum,  it  will 
be  irripoffible  for  the  reduction  to  be  exact  in  a  finite 
number  of  terms ;  but  an  approximation  may  be 
made,  that  (hall  come  nearer  to  the  quotient  than  the 
leaf!  affignable  difference,  by  taking  more  and  more 
terms, 

To  reduce  the  decimal  Parts  of  any  Integer  to  fucb 
other  Parts  as  that  Integer  is  ufually  divided  into. 

22.  To  explain  this  rule,  and  to  give  an  example 
of  it  at  the  fame  time ;  let  '345  of  a  pound  fterling, 
that  is,  three  hundred  forty-five  thoufandth  parts  of 
a  pound,  be  given  to  be  reduced  into  Ihillings,  pence, 
and  farthings :  here  then  I  obferve,  that  as  any  num- 
ber of  pounds,  multiplied  by  20,  Will  give  as  many 
ihillings  as  are  equal  to  the  pounds,  fo  any  decimal 
parts  of  a  pound,  multiplied  by  20,  will  give  as  many 
Ihillings,  and  decimal  parts  of  a  milling,  as  are  equi- 
valent to  the  decimal  parts  of  a  pound ;  and  fo  on 
as  to  pence  and  farthings  :  multiplying  therefore 
•345  by  20,  the  product  is  6  and  '900,  or  6*9, 
which  fignifies,  that  -345  of  a  pound  are  equivalent 
to  fix  (hillings  and  nine  tenths  of  a  (hilling,  which  is 
ufualiy  written  thus  •  6*9  ihillings :  again,  multi- 
plying this  lalt  decimal  '9  by  12  for  pence,  I  find 
that  '9  of  a  (hilling  are  equivalent  to  io*8  pence: 
laftly,  multiplying  -8  by  4  for  farthings,  I  find  that 
*8  of  a  penny  are  equivalent  to  3*2  farthings  ;  as 
for  the  *2  of  a  farthing,  I  neglect  it,  there  being  no 
lower  denomination,  or  at  lead  not  intending  to  dc- 
fcend  any  lower ;  and  fo  I  find  '345  of  a  pound  to 
amount  to  fix  ihillings  and  ten  pence  three  farthings. 

To 
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2$  reduce  the  common  Parts  of  any  Integer  into  equi- 
valent decimal  Farts  of  the  fame, 

23.  This  redu&ion  being  the  reveffe  of  the  former, 
it  might  be  performed  by  divifion,  as  that  was  by 
multiplication  ;  but,  when  all  things  are  confidered,  I 
do  not  know  whether  the  following  method  may  not 
be  thought  as  eafy  and  as  intelligible  as  any  :  let  it 
then  be  required  to  reduce  2  hours  34  minutes  56 
feconds  into  equivalent  decimal  parts  of  a  day. 
Now  in  one  day  there  are  86400  feconds ;  and  in 
2  hours  34  minutes  56  feconds  there  are  9296 
Seconds ;   therefore  2   hours  34  minutes  56  feconds 

are  equivalent  to  ~~-    of   one   day:    reduce   this 

vulgar  fraction  to  an  equivalent  decimal,  by  the  laft 
article  but  one,  and  you  will  find  it  to  be  '10759; 
therefore  2  hours  34  minutes  56  feconds  are  equi- 
valent to  -10759  of  one  day.  But  there  is  one  ar- 
ticle flili  remains  to  be  adjufted,  and  that  is,  to 
how  many  decimal  places  the  foregoing  fraction  muit 
be  reduced,  fo  as  to  exprefs  accurately  enough  the 
parts  of  a  day  to  a  fecond  of  time.     Now  to  know 

this,  I  confider  that  one  fecond  of  time  is  777 —  of 

064C0 

one    day  ;   therefore    I   reduce   ~ —   to  a  decimal 
J  86400 

fra&ion,  at  leaft  as  far  as  to  the  firlt  fignificant  figure, 
and  find  it  to  be  *oooor ;  whence  I  conclude,  that 
to  exprefs  the  parts  of  a  day  to  a  fecond  of  time  by 
any  decimal,  that  decimal  mud  not  confift  of  fewer 
than  5  places,  becaufe.  there  were  5  places  in  the  de- 
cimal fraction  *ooooi.  Now  to  ihew  that  the  deci- 
mal fraction  above  found,  to  wit,  "10759  exprefies 
the  time  propnfed  to  a  fecond,  reduce  it  back  again, 
by  the  laft  art.  and  you  will  find  it  amount  to  2  hour* 
34  minutes  ^^  8  feconds. 

For  another  example,  let  us  take  the  reverfe  of 
that  ia  the  laft  art,  that  is,  let  it  be  pr'opofed  to  re- 
duce 
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duce  6  (hil lings  10  pence  3*2  farthings  into  equi- 
valent decimal  parts  of  a  pound :  one  pound  con- 
tains  960  farthings,  or  9600  tenths  of  a  farthing; 
and  6  (hillings  10  pence  3*2  farthings  contain  3312, 
tenths  of  a  farthing;  therefore  6  (hillings  10  pence 

3*2   farthings  are  equivalent  to  -~-of  a  pound; 

but  -— -   being  reduced  to  a  decimal,  is,  •0001,  &c* 
9600  ° 

therein  the  fir  ft  fignirkant  figure  is  in  the  4th  place  ;■ 

therefore  I  reduce  the  fraction  ~^,  to  four  decimal 

9600 

places,  and  they  amount  to  *345°>  that  is,  '345  of 

a  pound  ;  fo  that  in  this  particular  cafe  three  decimal 

places  are  fufficient  to  exprefs  exactly  the  fura  pro- 

pofed. 


Of  the  Extraction  of  the'  Square  Root  in  Decimal 
Fractions, 

24.  Having  treated  of  the  multiplication  and  divi- 
sion of  decimal  fractions,  it  would  be  altogether 
needlefs  to  fay  any  thing  concerning  the  rule  of  pro- 
portion, which  is  but  a  particular  application  of  both : 
therefore  I  (hall  now  pafs  on  to  the  extraction  of  the 
fquare  root,  at  lead  fo  far  as  it  concerns  decimal  frac- 
tions. There  are  but  few  fquare  numbers,  or  fuch 
as  will  admit  of  an  exact  fquare  root,  in  comparifon 
of  the  reft ;  and  therefore,  whenever  a  number  is  pro- 
pofed  to  have  its  fquare  root  extracted,  the  artift 
muft  firft  determine  with  himfelf,  to  how  many  de~ 
timal  places  it  is  proper  the  root  jhould  be  continued ; 
and  then,  by  annexing  decimal  cyphers,  if  need  be, 
to  the  right  hand  of  the  number  propofed,  he  muft 
make  twice  as  many  decimal  places  there  as  the  root 
is  to  conjift  of;  after  this,  he  muft  put  a  point  over 
the  place  of  units,  and  then,  pafjing  by  every  other 
figure,  he  muft  point  in  like  manner  all  the  reft, 
both  to  the   right  hand,  and  to  the  lefts    by  this 

means 
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means  the  number  will  be  prepared j  and  the  fquare 
root  may  be  extracted  as  in  whole  numbers,  provided 
that  fo  many  decimal  places  be  cut  off  from  the  root 
when  obtained,  as  were  firjl  defigned. 

Example  ijl;  Let  the  root  of  2345*6  be  required 
to  two  decimal  places.    The  number,  when  prepared, 

Hands  thus,  2345*6000,  or  as  a  whole  number,  thus, 

234560^0 ;  and  its  fquare  root,  when  extracted,  wilt 
be  4843  nearly  5  and  therefore  48*43  will  be  the  root 
fought.  To  try  this  root  48*43,  multiply  it  into 
itfelf,  and  the  four  firft  figures  of  the  fquare  will  be 
2345,  which  are  all  true  ;  nor  can  it  be  expected  any 
more  mould  be  fo,  becaufe  there  were  but  four  places 
true  in  the  root,  no  notice  being  taken  of  the  reft; 
but  had  the  root  been  extracted  true  to  5  places,  that 
is,  to  as  many  places  as  the  original  fquare  confided 
of,  it  would  then  have  been  48*431  ;  multiply  this 
number  into  itfelf,  and  5  of  the  firfl  figures  of  the 
product,  taken  with  the  lead  error,  will  be  2345*65, 
which  is  the  original  fquare  itfelf. 

Example  2d;  Let  the  root  of  -0023456  be  re- 
quired to  5  decimal  places.  Here  putting  a  cypher 
in  the  place  of  units  to  direct  the  pun&uation  thus, 

0*0023456000, 1  extract  the  fquare  root  of  23456000 
as  of  a  whole  number,  and  find  it  to  be  4843,  as 
above  :  but,  confidering  that  this  root  is  to  be  funk  5 
places,  I  put  a  cypher  to  the  left  hand,  and  fo  make 
the  true  root  '04843. 

That  the  fuppofed  fquare  ought  to  have  twice  as 
many  decimal  places  as  the  root,  is  evident,  both  a 
priori,  and  a  pojleriori :  a  prion,  becaufe  in  extract- 
ing the  fquare  root,  two  figures  are  brought  down 
from  the  fquare  for  every  fingle  figure  gained  in  the 
root ;  and  a  pofieriori,  becaufe  the  root  multiplied 
into  itfelf  is  to  produce  the  fquare ;  and  therefore, 
from  the  nature  of  multiplication,  the  fquare  ought 
to  have  twice  as  many  decimal  places  as  the  root. 

THE 
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ELEMENTS     of     ALGEBRA. 


BOOK        I. 


The  Definition  of  Algebra. 

Art.  i.  T  SHALL  not  here  detain  the  young  flu- 
JL'  dent  with  a  long  hiftorical  account  of  the 
rife  and  progrefs  of  Algebra ;  nor  even  fo  much  as 
with  either  the  etymology  or  fignification  of  the 
word  ;  which  would  contribute  but  very  little  to  his 
information,  till  he  has  made  a  further  progrefs  in 
the  fcience  itfelf,  and  whereof  he  will  find  enough  in 
Dr.  Wallis,  and  others.  Nor  indeed  is  it  a  fubjecl  al- 
together fo  proper  at  this  time  to  be  infifted  upon ; 
this  art,  like  many  others,  having  now  confiderably 
outgrown  its  name,  and  being  often  employed  in 
arithmetical  operations  very  different  from  what  its 
name  imports.  All  I  {hall  advance  then,  by  way  of 
definition,  is,  that  Algebra,  in  the  modern  fenfe  of 
the  word,  is  the  art  of  computing  by  fymboh,  that  is, 
generally  fpeaking,  by  letters  of  the  alphabet ;  which, 
for  the  fimplicity  and  diilinctnefs  both  of  their  founds 
and  characters,  are  much  more  commodious  for  this 
pnrpofe  than  any  other  fvmbols  or  marks  whatever.  * 

E  In 
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In  this  Way  of  notation,  it  is  ufual  to  fubftitute  let- 
ters not  only  for  fuch  quantities  as  are  unknown,  and 
confequently  fuch  as  cannot  well  be  reprefented  other- 
wife,  but  alfo  for  known  quantities  themfelves,  in  or- 
der to  keep  them  diftinft  one  from  another,  and  to 
form  general  conclufions.  As  for  inftance  ;  fuppofe 
it  was  demanded  of  me,  what  two  numbers  are 
thofe,  whofe  fum  is  48,  and  whofe  difference  is  14 : 
here,  if  I  only  put  x,  or  fome  other  letter,  for  one 
of  the  unknown  quantities,  and  ufe  the  known  ones 
48  and  14  as  I  find  them  in  the  problem,  I  {hall 
only  come  to  this  particular  conciufion,  to  wit,  that 
the  greater  number  is  3 1 ,  and  the  lefler  1 7,  which 
numbers  will  anfwer  both  the  conditions  of  the  prob- 
lem. But  if,  inltead  of  the  known  numbers  48  and 
14,  I  fubftitute  the  general  quantities  a  and  b  refpec- 
tively,  and  fo  propofe  the  problem  thus ;  What  tws 
numbers  are  thofe,  whofe  fum  is  a,  and  whofe  difference 
is  b  ?  I  mall  then  come  to  this  general  conciufion, 
viz,  that  Half  the  fum  of  a  and  b  will  be  the  greater 
number,  and  half  their  difference  will  be  the  lefs :  which 
general  theorem  will  fuit  not  only  the  particular  cafe 
abovementioned,  but  alfo  all  other  cafes  of  this  pro- 
blem that  can  poffibly  be  propofed.  Howl  come  by 
thefe  two  conclufions,  will  be  fufficiently  fhewn  in 
the  courfe  of  this  work  ;  as  alfo  many  other  advan- 
tages attending  this  way  of  fubflituting  letters  for 
known  quantities,  befides  thofe  already  mentioned. 

What  I  have  here  faid,  was  only  to  illuftrate  m 
fome  meafure  the  definition  already  given  of  Alge- 
bra, and  to  (hew,  that  letters  are  there  ufed,  not  fo 
much  to  fignify  particular  quantities  as  fuch,  as  to 
fignify  the  relation  they  have  to  one  another  in  any 
problem  or  computation.  From  all  which  it  may  be 
obferved,  that  letters  reprefent  quantities  in  Algebra 
juft  in  the  fame  manner  as  they  do  perfons  in  com- 
mon life,  when  two  or  more  perfons  are  diftinclly  to 
be  confidered,  with  regard  to  any  compact,  iaw-fuit, 
®r  in  any  other  relation  whatever. 

N.B. 
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N.  B.  A  Jingle  quantity  is  fometimes  reprefenied  by 
two  or  more  letters,  when  it  is  considered  as  the  product 
of  the  quantities  Jignified  by  thofe  letters  Jingly  :  thus 
ab  is  the  product  of  the  multiplication  of  a  and  b ; 
and  abc  is  the  produd:  arifmg  from  the  continual 
multiplication  of  a,  b,  and  c.  But  of  this  more  parti- 
cularly under  the  head  of  Multiplication. 

Of  affirmative  and  negative  Quantities  in  Algebra,, 

2.  Algebraic  quantities  are  of  two  forts,  affirmative 
and  negative:  an  affirmative  quantity  is  a  quantity 
greater  than  nothing,  and  is  known  by  this  fign  + :  a 
negative  quantity  is  a  quantity  lefs  than  nothing,  and  is 
known  by  this  fign  — :  thus  -j-  a  fignifies  that  the 
quantity  a  is  affirmative,  and  is  to  be  read  thus,  plus 
a,  or  more  a:  —  b  fignifies  that  the  quantity  b  is  ne- 
gative, and  mufl  be  read  thus,  minus  b9  or  lefs  b. 

The  poffibility  of  any  quantity's  being  lefs  than 
nothing  is  to  fome  a  very  great  parodox,  if  not  a 
downright  abfurdity  ;  and  truly  fo  it  would  be,  if  we 
fhould  fuppofe  it  poffible  for  a  body  or  fubftance  to 
be  lefs  than  nothing.  But  quantities,  whereby  the 
different  degrees  of  qualities  are  eftimated,  may  be 
eafily  conceived  to  pafs  from  affirmation  through 
nothing  into  negation.  Thus  a  perfon  in  his  for- 
tunes may  be  faid  to  be  worth  2000  pounds,  or  1 000, 
or  nothing,  or  —  1000,  or  —  2000;  in  which  two 
laft  cafes  he  is  faid  to  be  1000  or  2000  pounds  worfe 
than  nothing:  thus  a  body  may  be  faid  to  have  two 
degrees  of  heat,  or  one  degree,  or  no  degree,  or  — 
one  degree,  or  —  two  degrees  -:  thus  a  body  may  be 
faid  to  have  two  degrees  of  motion  downwards,  or 
one  degree,  or  no  degree,  or  —  one  degree,  or  — 
two  degrees,  &<:.  Certain  it  is,  that  all  contrary 
quantities  do  neceffarily  admit  of  an  intermediate  ftate, 
which  alike  partakes  of  both  extremes,  and  is  bed 
reprefented  by  a  cypher  or  o  :  and  if  it  is  proper  to 

E  a  fay, 
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fay,  that  the  degrees  on  either  fide  this  common  limit 
are  greater  than  nothing;  I  do  not  fee  why  it  fhould 
not  be  as  proper  to  fay  of  the  other  lide,  that  the 
degrees  are  lefs  than  nothing;  at  leaft  in  comparifon 
to  the  former.  That  which  mod  perplexes  narrow 
minds,  in  this  way  of  thinking,  is,  that  in  common 
life  mojl  quantities  lofe  their  names  when  they  ceafe 
to  be  affirmative,  and  acquire  new  ones  fo  foon  as 
they  begin  to  be  negative  :  thus  we  call  negative 
goods,  debts ;  negative  gain,  lofs  ;  negative  hear, 
cold;  negative  defcent,  afcent,  csV. :  and  in  this  fenfe, 
indeed,  it  may  not  be  fo  eafy  to  conceive  how  a 
quantity  can  be  lefs  than  nothing,  that  is,  how  a 
quantity  under  any  particular  denomination  can  be 
laid  to  be  lefs  than  nothing,  fo  long  as  it  retains  thai 
denomination.  But  the  queftion  is,  whether  of  two 
contrary  quantities  under  two  different  names,  one 
quantity  under  one  name  may  not  be  faid  to  be  lefs 
than  nothing,  when  compared  with  the  other  quan- 
tity, though  under  a  different  name?  whether  any 
degree  of  cold  may  not  be  faid  to  be  further  from 
any  degree  of  heat,  than  is  lukewarmth,  or  no  heat 
at  all  ?  Difficulties  that  arife  from  the  impofition  of 
feanty  and  limited  names,  upon  quantities  which  in 
themfelves  are  actually  unlimited,  ought  to  be  charged 
upon  thofe  names,  and  not  upon  the  things  them- 
felves, as  I  have  formerly  obferved  upon  another  oc- 
cafiori  ;  fee  Introduction,  art.  n.  In  Algebra,  where 
quantities  are  abftracledly  confidered,  without  any 
regard  to  degrees  of  magnitude,  the  names  of  quan- 
tities are  as  extenfive  as  the  quantities  themfelves;  fo 
that  all,  quantities  that  differ  only  in  degree  one  from 
another,  hoio  contrary  foever  they  may  be  one  to 
another,  pafs  under  the  fame  name;  and  affirmative 
and  negative  quantities  are  only  diftinguifhed  by  their 
figns,  as  was  obferved  before,  and  not  by  their  names; 
the  fatne  letter  reprefenting  both  :  thefe  figns  there- 
fore in  Algebra  carry  the  lame  diftincYion  along  with 
them  as^do  particles  and  adjecl-ives  fometimes  in  com- 
mon 
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mon  language,  as  in  the  words  convenient  and  incon- 
venient, happy  and  unhappy,  good  health  and  bad 
health,  &c. 

Thefe  affirmative  and  negative  quantities,  as  they 
are  contrary  to  oue  another  in  their  own  natures,  fb 
likewife  are  they  in  their  effects ;  a  confederation 
which,  if  duly  attended  to,  would  remove  all  difficul- 
ties concerning  the  figns  of  quantities  arifing  from 
addition,  fubtraction,  multiplication,  divifion,  &c. : 
for  the  refult  of  working  by  affirmative  quantities  in 
all  thefe  operations  is  known  ;  and,  therefore,  like 
operations  in  negative  quantities  may  be  known  by 
the  rule  of  contraries. 

Before  we  proceed  any  further,  it  may  not  be  amifs 
to  advertife,  that  if  a  quantity  has  no  fign  before  it, 
it  mufi  always  be  taken  to  be  affirmative ;  and  that 
if  it  has  no  numeral  coefficient  before  it, ,  unity  mufi  al- 
ways be  underfiood :  thus  2a  iigniftes  +  2a,  and  a 
lignifies  1a  or  -f-  1a. 

By  the  numeral  coefficient  of  a  quantity,  /  mean, 
the  number  or  fraction  by  which  that  quantity  is  mul- 
tiplied :  thus  20  lignifies  twice  a,  or  a  taken  twice, 

and  the  coefficient  is  2  :  \a,  or  —  lignifies  f  of  the 

4 
quantity  a,  and  the  coefficient  is  f . 

N.  B.  The  fign  of  a  negative  quantity  is  never  emit' 
.  ted ;  nor  the  fign  of  an  affirmative  one,  except  when 
inch  an  affirmative  quantity  is  confidered  by  itfelf  or 
happens  to  be  the  fir Jl  in  aferies  of  quantities  fucceeding 
one  another :  thus  we  do  not  often  mention  the  quan- 
tity -1-  a,  but  the  quanty  a  ;  nor  the  feries  +a  —  b  — 
t  +  d,  but  the  feries  a  —  b  —  c-\-d.  We  (hall  now  con- 
sider the  feveral  operations  of  algebraic  quantities. 


Of  the  Addition  of  algebraic  Quantities* 

3.    This    article  I  fliall  divide   into  feveral  para- 
graphs: as,      ; 


E  3  "iA 
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ifl,  Whenever  two  or  more  quantities  of  the  fame 
denomination,  and  which'  have  the  fame  fign  before 
them,  are  to  be  added  together,  put  down  the  fum 
of  their  numeral  coefficients  with  the  common  fign 
before  it,  and  the  common  denominator  after  it :  thus 
+  ia  and  +  %a  added  together  make  +  $a,  for  the 
fame  reafon  as  2  dozen  and  3  dozen  added  together 
make  5  dozen  :  thus  again,  —  %ab,  —  ^ab,  and  —  5^, 
when  added  together,  make  —nab\  for  the  fame 
reafon  as  feveral  debts  added  together  make  a  greater 
debt. 

id,  If  two  quantities  of  the  fame  denomination 
which  have  different  figns  before  them  are  to  be  added 
together,  put  down  only  the  difference  of  their  nu- 
meral coefficients,  with  the  common  denominator  after 
it,  and  the  fign  of  the  greater  quantity  before  it :  for 
in  this  cafe,  the  quantities  to  be  added  being  contrary- 
one  to  another,  the  lefs  quantity,  on  which  fide  foe* 
ver  it  lies,  will  always  deftroy  fo  much  of  the  other 
as  is  equal  to  itfelf.  Thus  +  Sa  added  to  —  za 
makes  +%a;  as  if  a  perfon  owes  me  5000  pounds 
upon  one  account,  to  whom  I  owe  2000  upon  ano- 
ther, the  balance  upon  the  whole  will  be  3000  pounds 
on  my  fide.  If  it  be  objected,  that  this  is  fubtra&ion, 
and  not  addition  ;  I  anfwer,  that  the  addition  of  —  2a 
will  at  any  time  have  the  fame  effect  as  the  fubtraclion 
of  -\-za  :  but  I  deny  that  the  addition  of  —2a  is  the 
fame,  or  will  have  the  fame  effect  as  the  fubtraction  of 
—  2a.  Other  examples  of  this  cafe  may  be  thefe  ; 
+  70  added  to  -^a  gives  o ;  +3^  added  to  —\za 
gives  —90:  -\-a  added  to  —  §a  gives  —4a;  +50 
added  to  —a  gives  -f4#  J  -f-jtf  added  to  -\a  gives 

'id,  When  many  quantities  of  the  fame  denomina- 
tion are  to  be  added  together,  whereof  feme  are  affir- 
mative and  feme  negative,  reduce  them  firft  to  two, 
by  adding  ail  the  affirmative  quantities  together,  and 
all  the  negative  ones,  and  then  to  one  by  the  laft  pa- 
ragraph.    Thus  -f  1 00 -q#  + 80-70,  when  added 

together, 
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together,  make  2a;  for  -f-io£  and  4-8#  make  4- 
i$a-,  ~ga  and  —7^  make  —  16a;  and  +  180  and 
—  16a  make  -\-ia, 

j\.th,  Quantities  of  different  denominations  will  not 
incorporate,  and  therefore  cannot  otherwife  be  added 
together,  than  by  placing  them  in  any  order  one  after 
another,  with  their  proper  figns  before  them,  except 
the  firft,  whofe  fign,  if  affirmative,  may  be  omitted* 
Thus  +za  and  —  $  and  +4^  and  —  $d,  when  ad- 
ded together,  make  ia  —  3b +  40  —  $d :  thus  a  and  b 
added  together  make  a+b-,  and  hence  it  is,  that 
whenever  two  quantities  are  found  with  thisfign  -f  be- 
twixt them,  it  fignifies  the  fum  arifing  from  the  addi- 
tion of  thofe  two  quantities  together :  thus  if  a  (lands 
for  7,  and  b  (lands  for  3,  a  +  b  will  ftand  for  10, 
and  fo  of  the  reft :  but  if  —  b  is  to  be  added  to  a,  the 
fum  rnufl  be  written  down  thus,  a  —  b;  for  to  add  —  b, 
is  the  lame  as  to  fubtracl:  -\-b. 

$th,  Compound  quantities,  whofe  members  are  all 
of  different  denominations,  are  likewife  incapable  of 
being  added  any  other  way  than  by  being  placed  one 
after  another  without  altering  their  figns :  thus  %a-\- 
4^  added  to  $c  —  6d  can  only  make  2>a  +  A-b  +  $c-6d. 
But  if  the  members  are  not  all  of  different  denomina- 
tions, it  may  then  be  convenient  to  place  one  com- 
pound  quantity  under  another,  with  like  parts  under 
like,  as  far  as  it  can  be  done,  as  in  the  following  ex- 
amples ; 

a-\-b        -J-  For  a  and  a  added  together  make 

a  —  b  za\  and  +  b  and  —  b  added  together 

!   ■         deftroy  one  another,  and  fo  make  o 

2<z  *  \        or  *;  which  character  in  Algebra  is 

always  ufed  to  fignify  a  vacant  place* 

2^-3^  +  4^—    5e+6d—']e    # 
iox  +  $a-8b  —  yc-6d    *-$/ 

i2X  + 6a- 4b-  12c     *-7*-5/. 

-     E  4  Note> 
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Note,  That  in  the  addition,  fubtraclion,  and  mul- 
tiplication of  compound  algebraic  quantities,  it  mat- 
ters little  which  way  the  work  is  carried  on,  whether 
from  right  or  left,  or  from  left  to  right,  becaufe  here 
are  no  referves  made  for  higher  places. 

Of  the  Subtraction  of  algebraic  Quantities. 

4.  Whenever  a  Jingle  algebraic  quantity  is  to  be 
fubtratled  from  another  quantity,  whether  fimple  or 
compound,  firfl  change  the  fign  of  the  quantity  to  be 
fubtratled,  that  is,  if  it  be  affirmative,  make  it,  or 
at  leaft  call  it,  negative,  and  vice  verfa,  and  then  add 
it  fo  changed ,  to  the  other  :  for  fince  (as  was  before 
hinted)  the  fubtracling  of  any  one,  quantity  from  ano- 
ther, is  the  fame  in  effedt  as  adding  the  contrary  \  and 
fince  changing  the  fign  of  the  quantity  to  be  fubtracl- 
ed,  renders  that  quantity  jufl  contrary  to  what  it  was 
before,  it  is  evident,  that  after  fuch  a  change  it  may 
be  added  to  the  other,  and  that  the  refnlt  of  this  ad- 
dition will  be  the  fame  with  that  of  the  intended  fub- 
traclion. Thus  may  the  rule  of  fubtraclion,  by. 
changing  the  fign  of  the  quantity  to  be  fubtradled, 
be  at  any  time  changed  into  that  of  addition,  jufl  as 
the  rule  of  diviiion  in  fraclions,  by  inverting  the  terms 
of  the  divifor,  was  changed  into  that  of  multiplica- 
tion. As  for  example,  -\-b  fubtracled  from  a  leaves 
a  —  b,  becaufe  —  b  added  to  a  makes  a  —  b ;  fo  that 
a  —  b  may  be  confidered  either  as  the  fum  of  a  and  —  b 
added  together,  or  as  the  remainder  of  -f  b  fubtracled 
from  #,  or  as  the  difference  between  a  and  b,  or  as  the 
excefs  of  a  above  b,  all  which  amount  to  the  fame 
thing  :  as  \i  a  fignifies  7,  and  £  3,  a-b  mud  ftand 
for  4,  and  fo  of  the  reft. 

The   rule  of  fubtraclion  here   given   is  univerfal, 

though  there  will  not  be  alwaj^s  occafion  to  have  re- 

courfe  to  it :  for  fuppofe  30  is  to  be  fubtracled  from 

7<z,  every  one's  common  fenfe  will  inform  him,  that 

4  there 
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there  mud  remain  4a,  juft  as  threefcore  fubtracted 
from  fevenfcore  Jeaves  fourfcore. 

Other  Examples  of  algebraic  Subtraction  may  be  thefe 
that  follow. 

1/?,  ya  fubtradled  from  5*2  leaves  —ia,  becaufe 
—  ya  added  to  -\- $a  makes  —2a,  by  the  2d  para- 
graph of  the  lafl  article. 

zd,  ga  fubtradled  from  o  leaves  —  ya,  becaufe  -9^ 
added  to  o  makes  —  90. 

^d,  \za  fubtradled  from  —  o,a  leaves  —  i$a,  be- 
caufe —  i2#  added  to  —  ^a  makes  —  15^,  by  the  firft 
paragraph  of  the  lafl  article. 

4?£,  —  3*3  fubtradled  from  —  Za  leaves  —5^,  be- 
caufe +  30  added  to  —  %a  makes  —  $a. 

$th,  —ja  fubtra&ed  from  —  3*2  leaves  4-4*7,  be- 
caufe 4-7*2  added  to  —  3a  makes  +4^. 

6th,  —6a  fubtradled  from  o  leaves  +6a,  becaufe 
-\-6a  added  to  o  makes  -\-6a. 

jth,  —  $a  fubtradled  from  +5^  leaves  +  ioa,  be- 
caufe -\-  $a  added  to  +5^  makes  4-  10a. 

8th,  —b  fubtradled  from  a  leaves  a  +  b,  becaufe 
+  b  added  to  a  makes  a-^-b,  by  the  4th  paragraph 
of  the  laft  article, 

gtb,  —2  fubtradled  from  7  leaves  9,  becaufe  -{-2 
added  to  7  makes  9.  . 

From  the  fiirft  of  thefe  examples  it  appears,  that 
a  greater  quantity  may  be  taken  out  of  a  lefs,  but 
then  the  remainder  will  be  negative;  juft  as  a 
gamefter  that  has  but  5  guineas  about  him  may 
lofe  7,  but  then  there  will  remain  a  debt  of  2 
guineas  upon  him.  By  the  lafl  example  it  appears, 
that  —  2  fubtradled  from  7  leaves  9,  that  is,  that 
if  a  negative  quantity  be  fubtracled  from  an  affirma- 
tive one,  the  affirmative  quantity  will  be  fo  far  from 
being  diminifhed  thereby,  that  it  will  be  increafed  ; 
a  principle  which  I  fear  will  be  found  fomewhat 
hard  of  digeftion5  efpecially  by  weak  constitutions : 

therefore, 
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therefore,  to  flrengthen  my  patient  as  far  as  lies  in 
my  power,  I  mall  iuggeft  to  him  the  following  confi- 
derations : 

ift,  In  any  fubtraftion,  if  the  remainder  and  the 
lefs  number  added  together  make  the  greater,  the 
fubtraction  is  juft  :  but  in  our  cafe,  the  remainder  9 
added  to  the  lefs  number  —  2  makes  the  greater  num- 
ber 7  ;  therefore  —  2  fubtra£ted  from  7  leaves  9. 

idly.  In  all  fubtraction  whatever,  the  remainder  is 
the  difference  betwixt  the  greater  number  and  the 
lefs  ;  but  the  difference  between  +  7  and  -  2  is  9  ; 
therefore  —  2  fubtracled  from  +7  leaves  9. 

$dly9  7  is  equal  to  9  —  2  by  the  fecond  paragraph 
of  the  laft  article  ;  therefore  —  2  fubtra£red  from  7 
will  have  the  fame  remainder  as  —  2  fubtra&ed  from 

9  —  2  :  but  —  2  fubtracled  from  9  —  2  leaves  9  ; 
therefore  —2  fubtracted  from  7  leaves  9.  In  fhort, 
the  taking  away  a  defecl,  in  any  cafe  whatever,  will 
amount  to  the  fame  as  adding  fomething  real :  as  if 
an  eftate  be  incumbered  with  a  mortgage  or  a  rent- 
charge  upon  it,  whoever  takes  off  the  incumbrance 
juft  fo  much  encreafes  the  value  of  the  eftate. 

4.thly,  The  lefs  there  is  taken  from  7,  the  more 
will  be  left:  if  nothing  be  taken,  there  will  remain 
7 ;  therefore  if  lefs  than  nothing  be  taken,  there 
ought  to  remain  more  than  7. 

$tbly,  If,  after  all  that  has  been  faid,  or  perhaps 
all  that  can  be  faid  in  this  abftracled ,  way,  fome 
fcruples  dill  remain,  let  us  apply  the  principle  we 
tiave  already  advanced,  and  try  whether  we  (hall  meet 
with  any  better  fuccefs  that  way.  Let  it  then  be 
required  to  fubtraft  the  compound  quantity  a  —  2 
from  the  compound  quantity  6^  +  7  :  in  order  to 
this,  I  place  a  under  6at  and  —2  under  7,  and 
then  fubtraft  as  follows;  a  from  6a  and  there  re- 
mains 50,  -  2  from  7  and  (if  our  affertion  be  true) 
there  remains  9  ;  therefore  the  whole  remainder  is 
5^  +  9.    Now  I  dare  appeal  to  every  one's  common 

fenfe^ 
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fenfe,  whether  this  fubtraclion  be  not  juft  :  for  cer- 
tain it  is,  that  if  a  be  fubtrafted  from  6a  -f  7,  the  re- 
mainder will  be  $a  +  J  ;  and  if  fo,  then  it  is  as  cer- 
tain, that  if  a  —  2  be  fubtra&ed,  which  is  lefs  than 
the  former  by  2,  the  remainder  will  be  greater  by  25 
that  is,  5-3  +  9.     But  to  proceed: 

Other  Examples  of  the  Subtraclion  of  compound  alge- 
braic quantities  may  be  thefe  : 

a  +  b  J  Thus  7  -  3,  or  4,  fubtra&ed  from  7  *-f  12 
a-b         4-3,  or  10,  leaves  twice  3,  or  6.        3^  +  7 


*  +  2^t  -3^  +  5 

From         i2x  +  6a  —  4b—i2c      *  —  71?  —  5/ 
Take  2x  —  3*2  4-  4^  —    ^£  +  6^/  —  7^  —  * 

Remains     iox  +  ga  —  Sb  —    yc  —  6d      *  —  sf 

Proof        iix  +  ba  —  4b  —  12c       *  — 7<?—  5/ 

if  ?z£wr  #  member  of  the  fubtrahend  be  found  to  be 
of  the  fame  denomination  zvitb  any  member  of  the  num- 
ber from  whence  the  fubtraclion  u  to  be  made,  change 
the  fign  of,  every  member  of  the  fubtr abend,  and  then 
add  it  to  the  other.  As  if  £c  —  6d  is  to  be  fubtracled 
from  3<z  — 4#,  firfl  change  the  fign  of  $c-6d,  and 
make  it  —  $c-\-6d,  and  then  add  it  to  the  other,  and 
you  will  have  %a  —  4b—  $c-\-6d  for  the  remainder. 

Of  the  Multiplication  of  algebraic  Quantities. 

And  firft,  how  to  find  the  fign  of  the  produSt  in  multi- 
plication, from  thofe  of  the  multiplied  tor  and  multipli- 
cand given* 

5.  Before  we  can  proceed  to  the  multiplication 
of  algebraic  quantities,  we  are  to  take  notice,  that 

if 
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if 'the  ftgns  of  the  multiplicator  and  multiplicand  be  both 
alike,  that  is,  both  affirmative,  or  both  negative, 
the  product  will  be  affirmative,  otherwije  it  will  be  ne- 
gative ;    thus  +4    multiplied   into  -I-3,  or  —  4  into 

—  3,  produces  in  either  cafe- +  12:  but  —4  multi- 
plied into  4-3,  or  +4  into  —3,  produces  in  either 
cafe  —  12. 

If  the  reader  expects  a  demonftration  of  this  rule, 
he  muff  firft  be  advertifed  of  two  things  :  firft,  that 
numbers  are  faid  to  be  in  arithmetical  progreffion 
"when  they  increafe  or  decreafe  with  equal  differences, 
as  o,  2,  4,  6  j  or  6,  4,  2,  o;  alio  as  3,  o,  — j$J 
4,  0,  —  4;  12,  o,  —  12  ;  or  —  12,  o,  +  12  : 
•whence  it  follows,  that  three  terms  are  the  -fewest 
that  can  form  an  arithmetical  progreffion  ;  and  that 
of  thefe,  if  the  two  'firft  terms  be  known,  the  third 
will  eafily  be  had  :  thus,  if  the  two  firft  terms  be  4 
and  2,  the  next  will  be  o  :  if  the  two  firft  be  12  -and 
o,  the  next  will  be  — 12  ;  if  the  two  firft  be  —  12 
and  o,  the  next, will  be  4- 12,  &c. 

zdly,  If  a  fet  of  numbers  in  arithmetical  progref- 
fion., as  3,  2,  and  1,  be  fucceffively  multiplied  into 
one  common  multiplicator,  as  4,  or  if  a  fmgle  num- 
ber, as  4,  be  fucceffively  multiplied  into  a  fet  of  num- 
bers in  arithmetical  progreffion,  as  3,  2,  and  1,  the 
products  12,  8,  and  4,  in  either  cafe,  will  be  in  arith- 
metical progreffion. 

This  being  allowed  (which  is  in  a  manner  felf-evi- 
dent),  the  rule  to  be  demonftrated  refolves  itfelf  in- 
to four  cafes  : 

1/2,  That  4-  4  multiplied  into  4-3  produces 
-J-  1 2. 

zdly,    That    -  4    multiplied   into   +  3    produces 

—  12. 

3tf'/y,    That  -4-  4  multiplied    into    -  3    produces 

—  12. 

And  laftly,  that  -4  multiplied  into  -3  produces 
+  12.  Thefe  cafes  are  generally  expreffed  in  fliort 
thus  :    firft  -f  into  -f  gives  4-  j  fecoiidly  -  into  .4- 

gives 
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g-ives  _  ;    thirdly  +  into   -  gives  -  ;    fourthly  — 
into  -  gives  +  . 

Cafe  \Jl,  That  +  4  multiplied  into  +  3  produces 
4-12,  is  felf-evident,  and  needs  no  demonflration  ; 
or,  if  it  wanted  one,  it  might  receive  it  from  the  iirft 
paragraph  of  the  third  article-,  for  to  multiply  +4 .by 
4-  3  is  the  fame  thing  as  to  add  4  +  44-4  into  one 
.fum  ;  but  4  +  4  +  4  added  into  one  mm  gives  +12, 
therefore  +4  multiplied  into  -{-3  gives  +12. 

Cafe  id.  -And  from  the  fecond  paragraph  of  the 
3d  art.  it  might  in  like  manner  be  demonftrated, 
that  —4  multiplied  into  +3  produces  —12:  but  I 
fhall  here  demonftrate  in  another  way,  thus :  multiply 
the  terms  of  this  arithmetical  progreffion  4,  0,-4, 
into  +3,  andXthe  produces  will  be  in  arithmetical 
progreffion,  as  above  ;  but  the  two  firft  products  are 
12  and  o  i  therefore  the  third  will  be  -  12;  there- 
fore —  4  multiplied  into  +3  produces  —  12. 

Cafe  %d.  To  prove  that  +  4  multiplied  into  —  3 
produces  -  12  ;  multiply  +  4  into  +  3,  o,  and  -3 
fucceffively,  and  the  products  will  be  in  arithmetical 
progreffion  ;  but  the  two  firft  products  are  12  and  o, 
therefore  the  third  will  be  -  12  ;  therefore  +4  mul- 
tiplied into  —3  produces  -  12. 

Cafe  4th.  Laftly,  to  demonftrate,  that  -4  mul- 
tiplied into  —3  produces  +12,  multiply  —4  into 
3,  o,  and  —  3  fucceffively,  and  the  producls  will  be 
in  arithmetical  progreffion  ;  but  the  two  firft  pro- 
ducts are  —  12  and  o,  by  the  fecond  'cafe  ;  therefore 
the  third  product  will  be  +125  therefore  —  4  mul- 
tiplied into  —3  produces  +12. 
•   Caf.  2d,  +   4,     0,-4     Caf  ^d,   +   4, +4,+   4 


+  31  +  3'+  3 

+  3' 

0,- 

"    3 

4-12,     0,  —  12 

Caf.  4//?,  -   4,-4,- 
+   3>     °»~ 

+  12, 

4 
3 

°>- 

- 12 

12,       0,4-1-2 

Thjcft 
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Thefe  4  cafes  may  be  alfo  more  briefly  demon- 
flrated  thus :  +4  multiplied  into  +3  produces  4- 12  ; 
therefore  —  4  into  4-  3,  or  4-4  into  —  3  ought  to 
produce  fomething  contrary  to  4-12,  that  is,  —  12  : 
but  if  -4  multiplied  into  4-3,  produces  —  12,  then 
—  4  multiplied  into  —  3  ought  to  produce  fomething 
contrary  to  —  12,  that  is,  4-12;  fo  that  this  laft 
cafe,  fo  very  formidable  to  young  beginners,  appears 
at  laft  to  amount  to  no  more  than  a  common  principle 
in  Grammar,  to  wit,  that  two  negatives  make  an 
affirmative  ;  which  is  undoubtedly  true  in  Grammar, 
though  perhaps  it  may  not  always  be  obferved  in 
languages. 

Of  the  Multiplication  of  fimple  Algebraic  Quantities. 

6.  Thefe  things  premifed,  the  multiplication  of 
Jimple  algebraic  quantities  is  performed,  firjl  by  mul- 
tiplying the  numeral  co-efficients  together,  and  then 
putting  down,  after  the  product,  all  the  letters  in 
both  fatlors,  the  fign  (when  occafion  requires)  being 
prefixed  as  above  diretled.  Thus  4  b  multiplied  into 
3  a  produces  12  a  b. 

Though  this  kind  of  language  (for  it  is  no  more), 
like  all  others,  be  purely  arbitrary,  yet  that  a  more 
rational  one  could  not  have  been  invented  for  this 
purpofe,  will  appear  by  the  following  confederation. 
If  any  quantity,  as  b,  is  to  be  multiplied  by  any  num- 
ber, as  2,  3,  or  4,  the  product  cannot  be  better  re- 
prefented  than  by  2  b,  3  b,  4  b,  &c. ;  therefore  if  b  is 
to  be  multiplied  by  a,  the  product  ought  to  be  called 
ab;  but  if  b  multiplied  into  a  produces  ab,  then  4^ 
multiplied  into  a  ought  to  produce  4  times  as  much, 
that  is,  4. a  b  :  laflly,  if  4  b  multiplied  into  a  produces 
40  b,  then  4^  multiplied  into  $a  ought  to  produce 
3  times  as  much,  that  is,  12  a  b. 

Hence  it  is,  that  whenever  in  Algebra  two  or  more 

letters  are  found  together,  as  they  Jland  in  a  %vord% 

without  any  thing  between  them,  they  fgnify  the  pro* 

7  ducf 
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duel  arifing  from  a  continual  multiplication  of  the 
quantities  reprefented  by  them :  thus  a  b  fignifies  the 
product  of  a  and  b  multiplied  together  ;  and  a  b  c  fig- 
nifies the  product  of  the  quantity  a  b  multiplied  into 
c :  thus  a  a  fignifies  the  product  of  a  multiplied  into 
itfelf,  or  the  fquare  of  a,  and  not  2  a;  and  therefore 
whoever  fhews  himfelf  unable  to  diftinguifh  betwixt 
2  a  and  a  a,  difcovers  as  great  a  weaknefs  as  one  that 
is  not  able  to  diftinguifh  betwixt  2  dozen  and  a  dozen 
dozen  or  12  times  12. 

//  is  a  matter  of  no  great  confequence  in  what  or- 
der the  letters  are  placed  in  a  produtl ;  for  a  b  and  b  a 
differ  no  more  from  one  another  than  3  times  4,  and 
4  times  3  :  and  yet  it  is  convenient  that  a  method  be 
©bferved,  left  like  quantities  be  fometimes  taken  for 
unlike  :  therefore  the  beft  way  will  be,  to  give  thofe 
letters  the  precedency  in  a  producl,  that  have  it  in 
the  alphabet ;  except  when  an  unknown  quantity  is 
multiplied  by  fome  known  one,  and  then  it  is  ufual 
to  place  the  known  quantity  before  it. 

Note.  For  the  fignification  of  this  mark  x ,  fee  in- 
troduce, at  the  clofe  of  the  7th  article.  Note  alfo, 
that  this  mark  =  is  a  mark  of  equality,  Ihewing  that 
the  quantities  between  which  it  ftands  are  equal  to 
each  other,  and  muft  be  read  as  the  fenfe  requires ; 
thus  2x6  =  3x4=12  may  be  read  thus ;  2  x  6  equal 
3x4  equal  to  12  :  or  thus ;  2  x  6  is  equal  to  3  x  4, 
which  is  equal  to  12. 


Examples  of  finple  Algebraic  Multiplication, 

1  ft,  \ab  x  50  =  loaab*         2d,  —  $ab  x  6bc  =  —  %oafo* 
3d,6#cx  —  ybd—  —  qzabcd.^th,  —yax  ~b—-\-^ab> 
5th,  x  x  3#  =  3tf*.  6th,  *=#  x  —  x=.  +xx. 

7th,  -  $ab  x  +  3  —  -  i$ak  8th,  £«  x  *.b=Jrab. 


Difiinclions 
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Diflinclions   to  be  obfierved  betwixt   Addition  and 
Multiplication. 

That  the  young  algebraift  may  not  confound  the 
operations  of  addition  and  multiplication,  as  is  fre- 
quently done  5  I  (hall  here  fet  down  fome  marks  of 
diftinction,  which  he  ought  to  attend  to. 

As  firfi,  a  added  to  a  makes  2a,  but  a  multiplied 
into  a  makes  aa. 

zdly,  a  added  to  o  makes  as  but  a  multiplied  into 
o  makes  o. 

^dly,  a  added  to  —  a  makes  o,  but  a  multiplied  into 
—  a  makes  —  a  a. 

4thly,  —  a  added  to  —  a  makes  ~  z  as  but  —  a 
multiplied  into  —  a  makes  +  aa. 

$tbly,  a  added  to  J  makes  a  -j-  1,  but  a  multiplied 
into  1  makes  a. 

■  6thly,  2  a  added  to  —  3  b  makes  2  a  —  ^b,  but  2  a 
multiplied  into  —  3  b  makes  -6ab. 

For  a  further  confirmation  of  the  learner,  I  have 
added,  by  way  of  exercife  in  his  algebraic  language, 
the  following  equations ;  which  I  defi're  he  would 
compute  after  me.  Suppofe  #  =  7,  and  £  =  3  :  then 
we  mall  have  ifr,  a  4-  b  =  10.  2dly,  a  -  b  —  4. 
3dly,  4^-1-5^  =  43.  4thly,  4^-56  =  13.  5thly, 
a  a  —  49.  6thly,  ab—z\.  ythly,  bb  =  g.  8thly, 
aaa  —  %^.  cattily,  aab  =  147.  lothly,  ab  £  =  63. 
nthly,  bbb  —  z1].  i2thly,  aa  4-  zab 4- bb  =  49  4-  42 
4-9  =  100.  i^thly,  ##- 2tf£+ ££  =  49 -424-9  = 
I'd.  i4thly,  ^^^4-3^^^4-3^^^4-^  =  3434-441 
4-1894-27  =  1000.  ifthly,  aaa  —  %  aab  +  $  abb 
,-bbbcz  343  -  441  -1- 1 89  -  27  =  64. 

Of  Towers  and  their  Indexes. 

7.  Whenever  in  multiplication  a  letter  is  to  be  re* 
peated  oftener  than  once,  it  is  ufual,  by  way  of  com- 
pendium, to  write  down  the  letter  with  a  final  I  figure 

after 
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after  it,  Jhewing  how  often  that  letter  is  to  be  re- 
peated:  thus  inftead  of  xx  we  write  x29  inftead  of 
xxx  we  write  x7,  inftead  of  xxxx  we  write  x*,  <&c. 
Thefe  producls  are  called  powers  of  x ;  the  figures 
reprefenting  the  number  of  repetitions  are  called  the 
indexes  of  thofe  powers  \  and  the  quantity  x,  from 
whence  all  thefe  powers  arife,  is  called  the  root  of 
thefe  powers,  or  the  firfl  power  of  x  ;  x~  is  called  the 
fecond  power  of  x,  x3  the  third  power,  x4  the  fourth 
power,  &c .  Vieia,  Oughtred,  and  fome  Fother  ana- 
lyfts,  inftead  of  fmall  letters,  ufed  capitals;  and 
inftead  of  numeral  indexes,  diftinguilhed  thefe  pow- 
ers by  names :  thus  Viet  a  in  particular  called  xz,  X 
fquare  ;  #3,  X  cube  \  x4,  X  fquare -fquare  ;  Xs,  X  fquare- 
cube  \  x6,  X  cube- cube ;  x7,  X  fquare-fquare- cube,  8cc : 
which  names  Oughtred  contracted,  and  wrote  them 
thus ;  Xq,  Xc,  Xqq,  Xqc,  Xcc,  Xqqc,  Sec.  :  but  now 
thefe  names  are  pretty  much  out  of  ufe,  except  the 
two  firft,  when  applied  to  a  line  fquared  or  cubed. 

If  wefuppofe  x  —  $9  weftiall  have  ix—  io,  x2~z$9 
3^=15,  x3=.iz$,  4,?  =  20,  r*  — 625,  &c. 

The  multiplication  of  thefe  powers  is  eafy  :  thus 
x1  x  x*  =zxs,  becaufe  xx  x  xxx  —  xxxxx:  whence  it  may 
be  obferved,  that  the  addition  of  indexes  will  always 
anfwer  to  the  multiplication  of  powers,  provided  they 
he  powers  of  the  fa?ne  quantity ;  for  as  2  +  3  =  5,  fo 
x2  x  a;3  =xs,  &c. :  but  if  they  be  powers  of  different 
quantities,  their  indexes  muft  not  be  added:  thus 
a2  x.x3^a2x39  and  a2x3  x  a4xs  zza6xs.  And  here  it 
muft  be  obferved,  that  if  a  number  be  found  between 
two  letters,  it  muft  always  be  referred  to  the  former 
letter  j  thus  a2x3  does  not  fignify  ax  2x39  but  a2  x  x\ 

The  Multiplication  of  Surds* 

8.  This  mark  \f  fignifies  the  fquare  root  of  the 
number  to  which  it  is  prefixed,  and  is  generally  pre- 
fixed to  numbers  whefe  fquare  root  cannot  be  other- 
wife  expreffed,  either  by  whole  numbers  or  'fractions : 

F  thus 
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thus  \;2  fignifies  the  fquare  root  of  2  ;  \!a  the  fquare 
root  of  &,  Sic.  The  ft  roots  are  commonly  called  furd 
roots,  or  irrational  roots,  becaufe  their  proportion  to 
unity  cannot  be  exprejfed  in  numbers. 
,  Whenever  two  furd  numbers  are  to  he  multiplied 
together,  the  fhorteit  way  will  be,  to  multiply  the 
numbers  tkemfelves  one  into  the  other  without  any 
regard  to  the  radical  fign,  and  then  to  prefix  the  ra- 
dical fign  to  the  product.  Thus  if  *Ja  is  to  be  mul- 
tiplied into  Jb,  the  product  will  be  \Jab ;  which  I 
thus  demonft rate:  let\/<2  —  x,  zn&  \fb=y  ;  then  wilt 
ocz  —  a,  and  yz  —  b,  and  x^—ab,  and  xy zz sjab j  but 
xy,  or  x  xy  —  s/a  x  \/b  by  the  fuppofition  ;  therefore, 
*jax  \Jb~\/ab.     Thus  V2  x  \J«<zzs/6. 

Thefe  multiplications  are  of  confiderable  ufe,  not 
only  in  matters  of  fpeculation,  but  alfo  in  practice  : 
for  fuppofe  I  had  occafion  to  multiply  the  fquare  root 
of  2  into  the  fquare  root  of  35  if  1  had  not  this  rule, 
T  muft  firffc  extract  the  root  of  2,  to  what  degree  of 
exaftnefs  1  think  proper  for  my  purpofe  :  then  again 
I  muft  extract  the  root  of  3  to  the  fame  degree  of 
exadtnefs  ;  and  laftly  I  mull  multiply  thefe  two  roots 
together,  before  I  can  obtain  the  number  wanted  : 
but  after  it  is  known  that  V2  x  s/$—*/6t  the  whole 
operation  will  then  be  reduced  to  the  extra&ion  of 
the  root  of  6  only  :  nay,  it  fometimes  happens,  that 
two  roots,  though  both  irrational,  (hall  have  a  ra- 
tional product:  thus  V2  x  V#  =  4/16—4.,  and  sjah% 
x  s/ac2  ~  \/a-b2c2  ~  abc. 


Of  the  Multiplication   of  Compound  Algebraic 
Quantities. 

9.  The  multiplication  of  compound  algebraic  quan-^ 
iities  is  performed,  firfi  by  multiplying  the  multiplicand 
into  every  particular  member  of  the  midtiplicator,  and 
then  reducing  the  whole  produtt  into  the  leaft  compafs 
pojfibk. 

As 
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As  for  example  ;  let  it  be  required  to  multiply  this 
compound  quantity  6x  —  ja  —  8b  into  this  compound 
quantity  2X-^a-\~\b:  here  having  put  down  the 
multiplicand,  and  the  niultiplicator  under  it,  and 
beginning  at  the  left  hand  (for  it  is  all  one  which 
way  the  operation  is  carried  on),  I  multiply  the  whole 
multiplicand  into  2x,  the  firft  member  of  my  multi- 
plicator,  and  the  product  is  I2.##—  i^ax  —  i6bx, 
which  I  put  down:  then  I  multiply  the  multiplicand 
into  —  3<rz,  the  next  member  of  the  multiplicator, 
and  the  product  is  —  i8ax-Jr2iaa-\-24&b ;  whereof 
the  firft  member  —  i$ax,  I  place  under  —  14^  be- 
fore found,  being  of  the  fame  denomination,  for  the 
conveniency  of  adding;  the  reft,  to  wit,  -\-11aa-\- 
2$.ab,  I  place  in  the  firft  line  :  this  done,  I  now  mul- 
tilpy  by  4^,  the  laft  member  of  the  multiplicator,  and 
the  product  is  24^-28^  —  32^;  whereof  I  place 
24&V  under  —  i6bx,  and  —  28^  under  4- 24^,  and 
the  lad  member  —  $ibb  I  place  in  the  firft  line,  as 
having  no  quantity  of  the  fame  denomination  to  join 
with  it :  laitly  I  reduce  the  whole  product  into  the 
leafl  compafs  poMible;  and  it  ftands  thus:  izxx-t 
g2ax  +  Sbx-}-2iaa  —  ^.ab  —  ^zbb*     See  the  work  ;" 

6x     -  ya      -  &b 
2X      —  %a      +  4^ 

1 2xx  —  i  $ax  —  i6bx-\-2iGaJr  2\ab  —  3  zbb 
—  1  Sax  -\~  2\bx  —  2  Sab 


sum  izxx—tiax  +Sbx-\-2iaa  —  ^ab  —  ^zbh 
Example  2d. 

<$x     —4a     +5# 

gxx  4- 1  iax  —  1  $bx  —  1 6aa  +  zoab  —  2$bk 

—  l2axJti$bx  -\-2oab 

oxv       *         *•      —i6aa-\-Atoab  —  2§bb 
F  %  Example 
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Example  3d. 
6xx     —  jax-b-8aa 
q.xx     -r-^ax-\-^aa 


I2#4-  i/\.ax>  +  i6a~xz  —  24a3x  +  32a* 
—  i8ax3-{-  2ia~xz  —  2&a3x 
-\-i\a"x% 


i2#4  -  ^2axz  +  6i«'a?z  -  $2a3x  +  32a* 
Example  4th.    Example  5th.     Example  6th. 


a-\-b 
a  —  b 

aa+ab  —  bb 
—  ab 

a  +  b 
a+b 

aa-\-ab-\-  bb 
-\-ab 

a  —  b 
a  —  b 

aa  —  ab-\-  bb 
—  ab 

aa      *  -  bb 

aa-\-2ab-\-bb 

aa  —  lab  +  bb 

N.  B.  A  dajh  over  two  or  more  quantities  fignu 
jies  that  all  thofe  quantities  are  to  be  taken  into  one 
conception,  or  to  be  conftdered  as  making  up  but 
on:  compound  quantity:  thus  a  +  bxc  —  d  does  not 
fignify  that  which  arifes  from  multiplying  b  x  c,  and 
then  adding  a  —  d  to  the  product,  as  it  might  be  mif- 
taken  without  the  dam ;  but  it  fignifies  the  product 

of  the  whole  quantity  a  +  b  multiplied  into  the  whole 
quantity  c  -  d. 

The  Proof  of  Compound  Multiplication, 


10.  In  the  3d  example  we  multiplied  6xx  —  yax  +  Baa 

into  2xx  —  ^ax  +  Aaa,  and  the  produft  amounted  to  1 2x* 
—  32ax2-\-6ia2xz-~$2a*x  +  32a4:  let  us  try  this  in 
numbers,  and  fee  how  it  will  anfwer.  In  order  to  which, 
we  may  fuppofe  a  and  x  equal  to  any  two  numbers 
whatever;  but  the  fimpleft  way  of  trial  will  be  to 

make 
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make  a  equal  1,  and  x=zi ;  and  then  we  fhall  have 
in  the  multiplicand  6tf#:=6,  —jaxzz  —  7,  and  +  Saa 
=:  +  8,  and  6-7  +  8  =  7:  therefore  the  multiplicand 
is  7  :  again,  in  the  mukiplicator  we  have  ixx  —  2,  — 
3«a;=  -3,  Ar^aa  —  -^-^  and  2-  3-f-4  =  3  ;  therefore 
the  mukiplicator  is  3 :  and  7  the  multiplicand,  mul- 
tiplied into  3  the  mukiplicator,  gives  21  for  the  pro- 
duct. Let  us  now  examine  the  feveral  parts  of  the 
product  as  they  are  here  reprefented  in  letters,  and  fee 
whether  they  will  amount  to  that  number:  12#4:=I2,  — 
320*3  —  —32,  -\-&\dlxL  —  '\-(dii  —  $2a?x—  —52,  -J- 
g2«4— -j-32;  and  12 -32+61 —  52-7-32  amount  to 
juft  21.  This  may  ferve  as  a  proof  to  the  work, 
though  not  a  neceffary  one  :  for  it  is  not  Impoffible 
but  there  may  be  a  confiftency  this  way,  and  yet  the 
work  be  falfe ;  but  this  will  rarely  happen,  unlefs  it 
be  defigned.  But  the  work  may  Itill  be  confirmed 
by  making  <*=  1,  and  x  —  —  1 ;  for  then  the  multipli- 
cand will  be  6-f-7  4-  8  =  2 1 ;  and  the  mukiplicator  2-f-$ 
-{-4^:9;  and  the  product  i2-]-32-|-6i-|-52-}-32  = 
189,  which  is  the  fame  with  the  product  of  21  the 
multiplicand  multiplied  into  9  the  mukiplicator. 

liow  general  theorems  may  he   obtained  by 
Multiplication  in  Algebra. 

1 1 .  From  thefe  algebraic  multiplications  are  derived 
and  demonstrated  many  very  ufeful  theorems  in  all  the 
parts  of  Mathematicks ;  whereof  I  mall  juft  give  the 
learner  a  tafte,  and  then  proceed  to  another  fubject. 

In  the  fourth  example  of  compound  multiplication 
we  found,  that  a-\-b  multiplied  into  a  —  b  produced 
aa  —  bh\  whence  I  infer,  that  The  fum  and  difference  of 
any  two  numbers  multiplied  together  will  give  the  dif- 
ference of  their  fquares,  and  vice  versa :  for  a  and  h 
will  reprefent  any  two  numbers  at  pleafure;  a-\-bx\itv: 
fum,  a  —  b  their  difference,  and  aa  —  bb  the  difference 
of  their  fquares :  thus,  if  we  afTume  any  two  numbers 
whatever,  fuppofe  7  and  3,  the  difference  of  their 

F  3  fquares 
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fquares  is  49  —  9,  or  40  ;  and    10  their   fum,  multi- 
plied into  4  their  difference,  makes  alfo  40. 

But  here  I  am  to  give  notice  once  for  all,  that  in- 
flances  in  numbers  ferve  well  enough  to  illuftrate  a 
general  theorem,  but  they  mult  not  by  any  means  be 
looked  upon  as  a  proof  of  it ;  becaufe  a  proportion 
may  be  true  in  fome  particular  cafes  inftanced  in,  and 
yet  fail  in  others ;  but  whenever  a  propofition  is 
found  to  he  true  in  fpeciebus,  that  is,  in  letters  or 
fymbols,  it  is  a  fufHcient  demonftration  of  it,  becaufe 
thefe  are  univerfai  reprefentarions. 

In  the  5th  example  it  was  (hewn,  that  a-]-b  multi- 
plied into  itfelf  produced  aa-\-2ab-[~bb;  whence  I  in- 
fer, that  If  a  number  be  refolved  into  any  two  parts 
whatever,  the  fquare  of  the  whole  zuill  be  equal  to  the 
fquare  of  each  parti  and  the  double  rectangle,  or  product 
of  the  multiplication  of  thofe  parts,  added  together  : 
thus,  if  the  number  10  be  refolved  into  7  and  3,  100 
the  fquare  of  10  the  whole,  will  be  equal  to  49  the 
fquare  of  7,  and  9  the  fquare  of  3,  and  42  the  dou- 
ble product  of  7  and  3  multiplied  together :  for  49-}- 
9-^42  =  100. 

In  the  6th  example  we  found,  that  a  —  b  multiplied 
into  itfelf,  produced,  ,aa  —  zab-]~bb  ;  whence  I  infer, 
that  If  from  the  fum  of  the  fquares  of  any  two  numbers 
be  fubtrabled  the  double  product  of  thofe  numbers,  there 
will  remain  the  fquare  of  their  difference  ;  for  aa-\-bh 
is  the  ium  of  the  fquares  of  a  and  b,  and  iab  is  their 
double  product,  and  aa  —  2ab~\-bb  was  found  to  be 
the  fquare  of  a  —  b,  that  is,  the  fquare  of  the  differ- 
ence of  a  and  b:  thus,  in  the  numbers  7  and  3,  the 
fquare  of  7  is  49,  the  fquare  of  3  is  nine,  and  the 
fum  of  their  fquares  is  58  ;  and  if  from  this  be  fub- 
tra&ed  the  double  product  42,  the  remainder  will  be 
16,  the  fquare  of  4,. that  is,  the  fquare  of  the  differ- 
ence of  the  numbers  7  and  3. 

Thefe  two  laft  theorems  are  in  fubftance  the  fourth 
and  ieventh  proportions  of  the  fecond  book  of  Euclid* 

Of 
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Of  the  Divifwn  of  fimple  Algebraic  Quantities. 

13.  The  divifion  of  fimple  algebraic  quantities,  where 
it  is  pojfible  in  integral  terms,  is  performed,  firji,  by 
dividing  the  numeral  coefficient  of  the  dividend  by  the 
numeral  coefficient  of  the  divifor,  and  then  putting  down 
after  the  quotient  all  the  letters  in  the  dividend  that 
are  not  in  the  divifor  ;  the  fign  of  the  quotient  in  divi- 
fion being  determined  by  thofe  of  the  divifor  and  divi- 
dend, juji  in  the  fame  manner  as  the  fign  of  the  pro  duel: 
in  multiplication  is  determined  by  thofe  of  the  multi- 
plicator  and  multiplicand  ;  that  is>  if  the  fign  of  the 
divifor  and  dividend  be  both  alike,  whether  they  be 
both  affirmative,  or  both  negative,  the  quotient  will 
be  affirmative,  otherwije  it  will  be  negative:  thus  if 
the  quantity  —  \iab  is  divided  by  —  %a,  the  quotient 
will  be  -\-\b%  which  I  thus  demonftrate  :  In  all  di- 
vifion whatever,  the  quotient  ought  to  be  fuch  a 
quantity  as,  being  multiplied  by  the  divifor,  will 
make  the  dividend ;  therefore,  to  enquire  for  the 
quotient  in  our  cafe,  is  nothing  eife  but  to  enquire 
what  number  or  quantity  multiplied  into  —  3^,  the 
divifor,  will  produce  —nab,  the  dividend.  Firft 
then  I  afk,  what  fign  multiplied  into  — ,  the  fign  of 
the  divifor,  will  give  — ,  the  fign  of  the  dividend  ? 
and  the  anfwer  is  -j-  ;  therefore  -j-  is  the  fign  of  the 
quotient :  in  the  next  place  I  enquire,  what  number 
multiplied  into  3,  the  coefficient  of  the  divifor,  will 
give  12,  the  coefficient  of  the  dividend  ?  and  the  an- 
fwer is  4;  therefore  4  is  the  coefficient  of  the  quo- 
tient :  laftly  I  enquire,  what  letter  multiplied  into  a, 
the  letter  of  the  divifor,  will  produce  ah,  the  deno- 
minator, or  literal  part  of  the  dividend  ?  and  the  an- 
fwer is  b  ;  therefore  b  is  the  letter  of  the  quotient : 
and  thus  at  lad  we  have  the  whole  quotient,  which 
is  -\~^b.  And  this  way  of  reafoning  will  carry  the 
learner  through  all  the  other  cafes. 

¥  4  Examples 
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Examples  of  Jimp le  Divifion  in  Algebra. 

Example  ill:,  ^ab  )  liable  (  6bc. 

2d,  +7  )  ~35^(  -Sab* 

3d,   -x)  -3'**  (+3*. 

4th,   —  yab  )  -(-72^  (  -  8. 

£th,    ~4#3 )  —  6o#8  (  — ]— 15<25. 

6th,  4A?a  )  6ojc9  (  —J— 1 5-v7- 

7  th,  -]~4^r*  )  T  6o#V  (  -  I5tf5#7, 

8th,  £  )  lab  (  f  #. 

9%  UP  (#. 

0/  /&*  Notation  of  Algebraic  Fractions. 

Whenever  a  divifion  according  to  the  foregoing 
method  is  found  impoffible,  the  quotient  cannot  be 
otherwife  expreffed  than  by  a  fraction,  whofe  nume- 
rator is  the  dividend y  and  denominator  the  divifor  ; 
fee  the  Introduclion,  art,  130  As,  if  it  was  required 
to  divide  a  by  b,  which  divifion  is  impoffible  ao 
cording  to  the  foregoing  rule,  the  quotient  rauft  be 

expreffed  by  this  fraction  - ,  which  is  ufually  read 

thus,  a  by  b,  that  is,  a  divided  by  b,  or  the  quotient 
of  a  divided  by  b  :  for  in  Algebra  the  word  by  is, 
generally  fpeaking,  appropriated  to  divifion,  as  the 
word  into  is  to  multiplication. 

If  the  numerator •,  or  denominator,  or  both,  be  compound 
quantities,  the  refpeclive  fractions  mujl  be  written  thus  ; 
a~\-b       a       a-\-b 

c        b-\-c     c  —  d' 

If  a  divifion  be  partly  poffible  according  to  the 
foregoing  rules,  and  partly  impoffible,  it  mujl  be  pur- 
fued  as  far  as  it  is  poffible,  and  the  reft  mujl  be  repre- 
fented  by  a  fraction,  as  in  common  divifion  :  thus  if 
ad-\-bd\c  was  to  be  divided   by  d,  the  quotient 

Would  be  a~\-b-\-— f 
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Of  the  Dhifion  of  Compound  Algebraic  Quantities. 

14.  The  divifion  of  compound  algebraic  quantities 
is  performed,  firft,  by  ranging  the  feveral  members 
both  of  the  divifor  and  dividend  according  to  the  di- 
mensions of  fome  letter  common  to  them  both,  and 
then  proceeding  as  in  common  arithmetick. 

N.  B.  A  quantity  is  faid  to  be  difpofed  according 
to  the  dimenfions  of  any  letter  in  it,  when  the  higheft 
power  of  that  letter  is  placed  firft,  and  the  next  in 
order,  and  fo  on,  as  in  the  following  example ; 
where  both  the  divifor  and  dividend  are  ranged  ac- 
cording  to  the  dimenfions  of  the  letter  x. 

Of  this  compound  divifion,  take  the  following  ex- 
ample :  Let  it  be  required  to  divide  this  quantity 
48^-'  —  j6axz  -  64a~x-\~io$a3  by  this  quantity  2x~2,a. 
Here,  as  my  divifor  confiih  of  two  members,  I  take 
the  two  firft  members  of  the  dividend  for  a  firft; 
dividual ;  then  I  divide  the  firft  member  of  the  divi- 
dual by  the  firft  member  of  the  divifor,  to  wit,  48^ 
by  2.x,  and  the  quotient  is  z^\xx,  which  I  put  down 
in  the  quotient :  this  done,  I  multiply  the  divifor  zx 

—  30  by  the  quotient  24x1*,  and  the  product  is  48#3 

—  jzaxz,  which  I  place  under  my  firft  dividual 
48^  _  *]6axz,  and  then  fubtracting  the  former  from 
the  latter,  I  find  the  remainder  to  be  —  ^axz ;  to  this 
remainder  I  bring  down  the  next  place  of  my  divi- 
dend, which  is  —  6^.a2x9  and  fo  have  a  fecond  divi- 
dual, to  wit,  —  \axz  —  64.a"x :  here  again  I  divide  the 
firft  member  of  this  dividual,  by  the  firft  member  of 
the  divifor,  viz.  —  $axz  by  2x9  and  the  quotient  is 
y-zax,  which  I  put  down  in  the  quotient ;  then  mul- 
tiplying the    divifor  zx  —  ^a  by  this  laft   quotient 

—  2 ax,  the  product  is  —  4.axz-\~6azx,  which  being  fub- 
tracted  from  the  fecond  dividual  —  ^axz  —  6^.a2x  leaves 

—  7o*nr  for  a  remainder ;  to  this  remainder  I  bring 
down  -f~i°5fl?  the  laft  place  in  the  dividend,  and  fo 

have 
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have  a  third  dividual  —  joa-x-\-io^a3  ;  the  firit  mem- 
ber whereof,  divided  by  the  firfl  member  of  the  di- 
vifor,  quotes  —  350*7,  which  being  put  down  in  the 
quotient,  and  the  divifor  multiplied  by  it,  the  pro- 
duct is  —  ^ocfx-^io^a*,  wkJch  being  fubtracted  from 
the  laft  dividual  leaves  no  remainder;  fo  that  the 
whole  quotient  at  laft  amounts  to  24.XX  --  2ax  —  %$aa. 
See  the  work  : 

Example  ift. 

2x  —  %a  )  48a-3  —  7 Sax7,  —  64^ 4-  105a3  (  24**—  %ax~- 35a2 
48^  —  J2axz 

*       —  \ax"~  —  64<32^ 
— ^axz    + bazx 

*     ~  70fl2*+ 105a3 

—  JQc>ix  +  I05«3 


Example  2d. 

4*— 5#  )  48.V3  —  'jbax2  —  6^azx-{-io^a3   (  :2#B  — 4**-- 2itf<* 

48  *3  —  6c#  A,a 

*    —16^  —  64^ 
—  i6;Va:?-}-20^2*' 


,'*     —  84«2^4"I05fl3 
—  84^4-  105a3 


This,  as  I  take  it,  is  the  moft  intelligible  way  oi 
working  thele  divifions,  as  being  the  neareft  of  kin 
to  common  divifion  ;  but  it  may  be  fomewhat  con- 
tracted, as  will  eafily  be  feen  by  working  the  fore- 
going examples  over  again  thus : 

!  Example 
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Example  ift* 

2#~3«  )  48*3-76a#s— b^xi-  105a3  (  24**  —  2** - 350* 
48a-3—  72tf#a 

*     —  4'W2' 


—  70a  x 

—  lOcfx-hlOSa* 


Example  2d. 

4x—$a  )  48^  —  tj6axz  —  64azx-{-io$a3  (  I2xz  — 4<w  — 2i< 
48^  —  boaxz 


—  l6<v#2  +  20fl3# 


*    -84«a* 

—  84^+  105a3 


This  fort  of  divifion  may  be  proved  the  fame  way 
as  in  common  divsfion,  to  wit,  by  multiplying  the 
divifor  into  the  quotient,  or  the  quotient  into  the  di- 
vifor,  and  adding  the  remainder,  if  there  be  any  ;  for 
then,  if  the  produft,  or  fum,  be  equal  to  the  divi- 
dend, the  diviiion  is  right,  otherwife  not:  thus  if 
inftead  of  dividiflg48.r3  --  y6axz  —  6^.a2x-\- 10503  by  ix 

—  $a,  as  in  the  fir*  example,  we  divide  48A;3  —  j6axz 

—  6^a2x~\-noa3  by  2x—  30,  the  quotient  will  be  the 
fame  as  before,  to  wit,  24^  —  2^^  —  35^%  but  then 
there  will  be  a  remainder  of  50%  therefore,  e  converfo, 
if  the  quotient  24a?*  —  lax  —  3 $cr  be  multiplied  into 
the  divifor  ix-^a,  the  product,  together  with  the  re- 
mainder 
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mainder  5a3 9  will  make  the  dividend  48a;3  -  *]6ax*  — 
64.a7x-\-noa*.    See  the  proof: 

24**—  2ax  —  35«ft 
2#— 3*2 


48a?3—  4a*2—  yoazx-{-  105a3 
48#3  —  7  6a*2  -  646^  + 1  (K<23 

48**  —  7  tax*  —  64<22#  +  1 1  oa J. 

If,  when  the  divifor  and  dividend  are  placed  ao 
cording  to  the  dimenfions  of  fome  common  letter, 
there  be  any  places  wanting,  thefe  may  be  fupplied 
by  ftars :  as  if  it  was  required  to  divide  i6#4  -  yia-x* 
4-8i#4  by  2x  —  3a;  there  are  Wanting  two  places 
in  the  dividend,  to  wit,  the  places  where  the  third 
and  fimple  powers  of  x  are  concerned  :  thefe  there* 
fore  being  fupplied,  the  dividend  will  Hand  thus  £ 
1 6x4* — 7 2tf\r*-j-8 itf4.     See  the  work : 

2x—  30)16**  *  -72<*V*  +  8i«4(8#3  +  i2tf#s—  i8a2*— 27a5 
5  6*4—  24a;k;3 


-f  24«*3 


—  ^6azxz  +  54fl3-*' 


S^x 
—  S4-a3x  +  8 1  a* 


Of 
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Of  Proportion  in  Numbers. 

15.  The  rule  of  proportion  in  Algebra  is  fo  very 

little  different  from  the  rule  of  proportion  in  common 

arithmetick,  that  one  example  of  it  will  be  fufficienr. 

Let  then  the  following  queflion  be  put :  If  a  gives 

b,  what  will  c  give  ?    Here  the  fecond  and  third  terms 

multiplied  together  produce  be ;  and  the  quotient  of 

this,  divided  by  the  firft  term  tf,  cannot  otherwifc 

be 
be  expreffed  than  by  the  fraction  -  :    this  is  evident 

from  the  notation  of  fractions  explained  in  the  13th 
article.  But  as  I  have  hitherto  purpofely  avoided 
all  confideration  of  proportion,  chufing  rather  to 
appeal,  upon  all  occafions,  to  the  common  idea  every 
one  has  or  thinks  he  has  of  it,  than  to  be  more  par- 
ticular, it  may  not  be  improper,  now  we  come  to 
reafon  more  clofely  upon  things,  to  enter  more  dif- 
tinclly  into  the  particular  nature  of  proportion,  fo 
far  at  leaft  as  it  relates  to  numbers,  and  fhew  wherein 
it  confifts. 

According  to  Euclid,  four  numbers  are  faid  to  be 
proportionable,  that  is,  the  firft  number  is  faid  to 
have  the  fame  proportion  to  the  fecond,  that  the 
third  hath  to  the  fourth  ;  or  the  firft  is  faid  to  be  to 
the  fecond,  as  the  third  is  to  the  fourth,  when  the 
firft  number  is  the  fame  multiple,  part  or  parts, 
of  the  fecond,  that  the  third  is  of  the  fourth  :  but  it 
will  be  afked  perhaps,  How  can  we  know,  what 
parts,  part,  or  multiple,  any  one  number  is  of  ano- 
ther ?  To  which  I  anfwer,  by  a  fraction,  whofe  nu- 
merator is  the  former  number,  and  denominator  the 
latter  :  thus  the  fraction  £  exprefsly  ihews,  that  the 
numerator  2  is  two  third  parts  of  the  denominator  3  ; 
for  this  is  certain,  that  1  is  I  parr  of  3,  and  therefore 
2  mull:  be  £  of  it  :  for  the  fame  reafon  the  fraclion  */ 
(hews  that  the  number  1 2  is  \z  or  4.  of  the  number 
8 ;  and  laftly,  the  fraftion  V2  ihews  that  the  num- 
ber 
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ber  12  is  *Ta  of,  or  3  times  the  number  4;  and  con- 
fequently,  that  12  is -a  multiple  of  4,  as  containing 
it  juft  3  times  without  any  remainder :  therefore,  to 
any  one  who  underftands  fractions,  Euclid's  defini- 
tion of  proportion  may  be  more  diftinttly  expreffed 
thus  :  Four  numbers  are  fa'id  to  be  proportionable, 
when  a  fraclion  whofe  numerator  is  the  Jirji  number,, 
and  denominator  the  fecond,  is  equal  to  a  fraction  whofe 
numerator  is  the  third  number,  and  denominator  the 
fourth.  Thus  2  is  to  3  as  4  is  to  6,  becaufe  ^  is  equal 
to  4  >  thus  12  is  to  8  as  15  is  to  10,  becaufe  XT*  equals 
44,  both  being  reducible  to  -| ;  thus  2  is  to  6  as  4  is 
to  12,  becaufe  -§■  equals  -■£■,  for  each  is  equal  to  -i; 
laftly,  6  is  to  2  as  12  is  to  4,  becaufe  ■£  =  V  —  3- 

From  this  idea  of  proportionality  may  be  demon- 
ftrated  a  very  ufeful  theorem  in  Algebra  ;  which  is, 
that  Whenever  four  numbers  are  proportionable ,  the 
pro  duel  of  the  extreme  terms  multiplied  together  will 
be  equal  to  the  produtl  of  the  two  middle  terms  fo  mul- 
tiplied :  for  let  a,  b,  c,  and  d}  be  four  proportionable 
numbers  in  their  order;  that  is,  let  a  be  to  b  as  c  is 
to  d\  I  fay  then  that  ad  the  product  of  the  extremes 
will  be  equal  to  bo  the  product  of  the  two  middle  terms: 
for  ftnee  a  is  to  b  as  c  is  to  d,  it  follows,  from  what  has 

already  been  laid  down,  that  the  fraction  ~  is  equal 

to  the  fraclion  —  ;  multiply  both  of  the  terms  of  the 

a 

fraction  —  into  d,   and  both  thofe  of  the  fraction 

b 

—  into  b  (which  multiplications  may  be  made  without 

d 

altering  the  values  of  the  fractions),  and  then  you 

will  have  —  =  — . ;    that  is,    the  quotient   of  ad  di- 
bd    bd 

vided  by  bd,  is  equal  to  the  quotient  of  be  divided 

by  bd;  therefore  ad  muft  be  equal  to  bc3  that  is,. 

the 
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the  product  of  the  extremes  mufr.  be   equal   to  the 
product  of  the  middle  terms.     ^  E.  D. 

The  converfe  of  this  proportion  is  alfo  true,  to 
wit,  that  Whenever  we  have  an  equation  in  numbers^ 
wherein  the  product  of  two  numbers  on  one  fide  is  found 
equal  to  the  product  of  two  numbers  on  the  other,  fuch 
an  equation  may  be  refolved  into  four  proportionals,  by 
making  the  two  numbers  on  either  fide,  the.  extremes  % 
and  thofe  on  the  other  fide,  the  middle  terms :  thus 
if  ad—bc,  by  making  a  and  d  the  extremes.,  and 
b  and  c  the  middle  terms,  we  iliall  have  a  to  h  as  c 
to  d  1  if  this  be  denied,  let  a  be  to  b  as  c  to  e  -,  thee 
we  fhall  have  ae  —  bc  by  the  laft;  but  ad— be  by 
the  fuppofition  ;  therefore  ae  —  ad;  therefore  e  equals 
d,  and  a  is  to  b  as  c  is  to  d,     £^  E.  D. 

Corollary. 

Whence  if  a,  b\  and  c,  be  continual  proportionals, 
that  is,  if  a  is  to  b  as  b  is  to  c,  we  iliall  have  bz  ~  ac  1 
and,  e  converfo^  if  bz  —  ac,  then  a,  b,  and  c,  will  be 
continual  proportionals. 

The  common  Properties  of  Proportionality  in  Numbers 
demonftraled. 

16.  From  what  has  been  delivered  in  the  laft  arti- 
cle may  be  demonstrated  all,  or  mod  of  the  common 
properties  ■  of  proportionable  numbers  with  a  great 
deal  of  eafe  ;  fome  of  the  moft  ufeful  whereof  I  mail 
here  throw  together  into  one  fmgle  article,  for  the 
reader  to  perufe,  either  at  prefent,  or  hereafter*  as 
he  (hall  fee  occafion. 

Firft  then,  from  what  has  been  faid,  may  the  rule 
of  three,  which  confifts  in  finding  a  fourth  propor- 
tional, be  moft  diftinctly  demonftrated :  for  let  a,  b9 
and  c,  be  three  numbers  given?  in  order  to  find  d,  a 
fourth  proportional ;  then  fince  a  is  to  b  as  c  is  to  d, 
you  will  have  ad,  the  product  of  the  extremes,  equal 

to 
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to  be,  the  produft  of  the  middle  terms  ;  divide  both 

fides  of  the  equation  by  a,  and  you  will  have  d^ 

be 

—  :  which  is  as  much  as  to  fay,  that  if  three  num- 

a 

bers  be  given,  a  fourth  proportional  may  be  obtained 

by  multiplyingthe  fecond  and  third  numbers  together, 

and  dividing  the  product  by  the  firft. 

In  the  rule  of  three  inverfe,  let  the  numbers,  when 

difpofed  according  to  form,  be  a,  bf  and  e;  then  who- 

foever  attentively  confiders  the  nature  of  that  rule, 

will  eafily  fee,  that  the  fourth  number  there  fought 

for  is  not  to  be  a  fourth  proportional  to  the  three 

numbers  given  as  they  are  difpofed  in  the  order  a,  by 

c,  but  as  they  (land  in  the  order  c,  b,  a,  or  c>  a,  b, 

and  therefore,  in  this  cafe,  the  fourth  number  will  be 

ab 

c 

Secondly,  if  two  proportions  be  equal  to  a  third, 
they  mull  be  equal   to  one  another,  becaufe  if  two 
fractions  be  equal  to  a  third,  they  mufl  be   equal  to- 
one  another  :  thus  if  a  is  to  b  as  c  is  to  d,  and  c  is  to 
d  as  e  is  to  /,  we  (hall  have  a  to  b  as  e  to  f. 

Thirdly,  if  a  is  to  b  as  c  is  to  d\  then  £  will  be 
to  a  as  d  to  ct  which  is  called  inverfe  proportion  :  for 
if  a  is  to  b  as  c  is  to  d,  we  (hall  have  ad  — be ;  make 
b  and  c  the  extremes,  and  you  will  have  b  to  a  as  d 
to  c. 

Fourthly,  if  a  is  to  b  as  c  is  to  d;  we  mall  have, 
by  permutation,  a  to  c  as  b  to  d :  for  fmce  a  is  to  b 
as  c  is  to  d>  and  confequently  ad—  be,  make  a  and 
d  the  extremes,  and  c  and  b  the  middle  terms,  and 
you  will  have  a  to  c  as  b  to  d. 

Fifthly,  if  a  is  to  b  as  c  is  to  d,  and  any  two 
multiplicators  whatever  be  afmmed,  as  e  and  /;  I 
fay  then,  that  ea  is  to  fb  as  ec  is  to  fb  :  for  fince  a 
is  to  b  as  c  is  to  d,  and  fo  ad  — be  -,  multiply  both 
fides  of  the  equation  by  the  product  efs  and  you  will 
4  have 
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have  ad  x  ef—  be  x  ef ;  but  ad  x  ef—  ea  xfd,  and  be  x 
ef—fb  x  ec ;  therefore  ea  xfd—fb  x  ec  ;  make  ea  and 
fd  extremes,  and  the  proportion  will  Hand  thus ;  ea 
is  to  fb  as  ec  to  fd.  In  like  manner,  mutatis  mutan- 
dis, it  may  be  demonftrated,  that  if  a  is  to  b  as  c  is 

,      ,         a     .,,  ,  Z>        f   .        2/"" 

to  a  ;  then  —  Will  be  to  —  as  —  is  to  — . 
e  J-        e  f 

Sixthly,  if  a  is  to  b  as  c  is  to  d ;  then  a1  is  to  h~  as 
t2  is  to  dz :  for  fmce  a  is  to  £  as  e  is  to  <i,  and  fo 
ad—bc\  fquare  both  fides  of  the  equation,  and 
yOu  will  have  a2  d1  —bz  c2 ;  make  a-  and  d2  extremes, 
and  you  will  have  a%  to  bz  as  c2  to  d2»  And  be- 
taking there  fleps  backwards,  it  will  alfo  appear, 
that  if  a"-  is  to  bz  as  c2  is  to  dz  ;  a  is  to  b  as  c  is  to  df 
and  \l a  is  to  v^  as  \/c  is  to  aA/. 

Seventhly,    if  a  is  to  £  as  c   is   to  J;    then    by 

composition   (as  it  is  called)  a-\-b  is  to   b  as   c-\-d 

is  to  d  i  or  <3  +  £  is  to  a  as  £.-|-J  is  to  f:  for 
fmce  a  is  to  b  as  £  is  to  ^,  and  confequendy 
ad—bc')  add  <W  to  both  fides  of  the  equation,  and 
you  will  have  ad-i-bd  —  bc-f-bd;   but  ad-\-bd  is  the 

product  of  a-\~b  multiplied  into  d}  as  is  eafiiy 
(een  ;    and   bc-\-bd  is    the   produ^  of  b    multipied 

into<:  +  <i;  therefore  a-\-b  x  d~b  x  c-\-d;  make  a-\-b 

and  d  extremes,  and    you  will  have  a-\-b  to  b  as 

c-\-d  to  i.  Again,  (ince  bc  —  dd,  add  ^  to  both 
fines,    and  you   will   have  ac-\-bc  —  acJtad>  that  is, 

^-fhfr^xf  +  i;  make  aJrb  and  f  extremes,  and 
you  will  have  a +  b  to  a  as  c-\-d  to  c, 

Eighthly,  if  a  is  to  b  as  c  is  to  d ;  then  by  divi- 

fion  a  —  b  is  to  £  as  c  —  d  is  to  J;  or  #  —  £  is  to  a 

zsc~d  toe.  This  proportion  is  demonflrated  by 
fubtra&ion3  juft  in  the  fame  manner  as  the  laft  was 
by  addition, 

JSlinthly,  if  to  or  from  two  numbers  in  any  given 
proportion,  be  added  or  fubtra£ted  other  two  numbers 

&  io 
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in  the  fame  proportion,  the  furas  or  remainders  will 
ftill  be  in  the  fame  proportion  with  the  numbers  firfr. 
propofed  :  thus  if  the  numbers  c  and  d  be  in  the  fame 
proportion  with  the  numbers  a  and  hi  that  is,  if  as 
a  is  to-£  fo  is  c  to  d,  and  if  to  or  from  the  former  two 
numbers  be  added  or  fubtrafted  the  latter,  we  fhall 

have  not  only  a-\-c  to  b\d  as  a  to  £,  but  alio  a  —  c 
to  b  —  d  as  a  to  b  :  for  fince,  by  the  fuppofition,  a  is 
to  b  as  c  is  to  d;  it  follows  by  permutation,  that  a  is 

to  c  as  b  is  to  </;  and  by  compofition  that  #-|-£  is  to 
a  as  £-}-</  to  b ;  and  again  by  permutation,  that  a-\~c 
is  to  b-\-d  as  #  is  ro  b :  in  like  manner  by  permuta- 
tion and  divifion  we  fhall  have  a  —  c  to  b  —  d  as  a 
to  b. 

Tenthly,  if  there  be  three  numbers  a,  b,  and  c, 
and  other  three  numbers  d,  e,  /,  proportionable  to 
them,  and  in  the  fame  order,  that  is,  if  as  a  is  to  b 
fo  d  is  to  e,  and  as  b  is  to  c  fo  is  *  to/;  I  fay  then, 
that,  ex  <?quo>  the  extremes  will  be  in  the  fame  pro- 
portion, (viz.)  that  a  will  be  to  c  as  d  is  to/:  for 
fince  by  the  fuppofition,  a  is  to  b  as  ^  is  to  e ;  by 
permutation  we  fhall  have  a  to  d  as  £  to  £ ;  and  for 
the  fame  reafon,  fince  b  is  to  c  as  e  is  to  /;  we  fhall 
have  £  to  e  as  £  to  /:  fince  then  a  is  to  d  as  £  to  e, 
and  £  to  £  as  c  to  /;  it  follows  from  the  fecond  pro- 
pofition,  that  a  is  to  d  as  c  to/;  and  by  permutation, 
that  a  is  to  c  as  ^  to  /. 

Eleventhly,  if  there  be  three  numbers,  a,  b,  and  c, 
and  three  other  numbers  d,  e,  and/,  proportionable 
to  them,  but  in  a  contrary  order,  fo  that  a  is  to  b  as 
*  to  /,  and  b  10  c  as  J  to  e ;  I  fay,  that  the  extremes 
will  ftill  be  proportionable,  to  wit,  that  a  will  be  to 
c  as  d  to  /:  for  fmce  a  is  to  £  as  e  to  /,  we  have 
afi=.be ;  moreover,  fince  b  is  to  £  as  d  to  £,  we  have 
cd—be\  therefore  afzzcd;  make  &  and/  extremes, 
and  you  will  have  a  to  f  as  d  to/. 

JV.  i>.  If  there  be  two  feriefes  of  numbers,  as  a,  b, 
c,  &c.\  df  e,f9  &c, ;  each  feries  confifting  of  the  fame 

cumber 
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number  of  terras;  and  if  all  the  proportions  between 
Contiguous  terms  in  one  feries  be  respectively  equal 
to  all  thofe  in  the  other,  that  is,  each  to  each,  as 
they  ftand  in  order  ;  as  if  a  be  to  b  as  d  to  e,  and  b  to 
c  as  e  to  f,  &c  ;  then  the  extreme  terms  of  one  feries 
will  be  proportionable  to  the  extreme  terms  of  the 
other  :  for  the  demonstration  of  the  tenth  proposition 
may  be  extended  to  as  many  terms  as  we  pieafe  ;  and 
this  proportionality  of  the  extremes  is  fa-id  to  follow 
■ex  cequo  ordinate,  or  barely  ex  aqua,  that  is,  from  a 
refpective  equality  of  all  the  proportions  in  one  feries 
to  their  correfpondents  in  the  other,  in  an  orderly 
manner.  But  if  every  proportion  in  one  feries  has  an 
equal  proportion  to  anfwer  it  in  the  other,-  but  not  in  a 
correfpondent  part  of  the  feries;  as  if  a  be  to  b  as  e  to 
f,  and  b  to  c  as  d  to  e,  &c. ;  then  though  the  extremes 
will  ftill  be  proportionable,  as  will  be  evident  by  con- 
tinuing the  demonftration  of  this  eleventh  propor- 
tion;  yet  now  the  proportionality  of  the  extremes  is 
,faid  to  follow  ex  tzquo  peturbate,  that  is,  from  an  equa- 
lity of  all  the  proportions  in  one  feries  to  all  thofe  in 
the  other,  but  in  a  diforderly  manner. 

Twelfthly,  if  a  is  to  b  as  c  is  to  d;  we   fnall  have 
aAr-b  to  a  —  b  as  c-\-d  is  to  c  —  d :  for  fince  a  is  to 


b  as  c  is  to  d>  we  (hall  have  by  compofition  a-\-b 
to  a  as  c-\-d  is  to  c  ;  we  {hall  have  alfo  by  divilion, 
a  —  b  to  a  as  c  —  dtoc\  and  by  inverfion,  a  to  a  —  b 
as  c  to  c  —  d ■■'.  fince  then  we  have  a-\-b  to  a  as  c-\-d 
to  c ;  and  a  to  a  —  b  as  c  to  c  —  d,  that  is,  fince  we 
have  three  numbers,  a-[-b,  a,  and  a  -  b}  and  other 
three  numbers  proportionable  to  them  in  the  fame 
order,  to  wit,  c~\-d,  c,  and  c-d ;  it  follows  ex  aquo 
that  the  extremes  will  be  proportionable,  that  is,  that 
aAj-b  will  be  to  a  —  b  as  c-\-d  is  to  c  -  d. 

Thirteenthly,  if  there  be  a  feries  of  numbers,  k, 
h  Wj  n}  whereof  k  is  to  /  as  a  to  b,  and  /  to  m  as  c 

G  2  to 
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to  d,  and  m  to  n  as  e  to  /;  I  fay  then  that  k  the  firft 
term  will  be  to  n  the  laft,  as  <?££  the  product  of  all  the 
other  antecedents  to  bdf  the  product  of  all  the  other 
confequents ;  for  k  is  to  /  as  /  to  b,  by  the  fuppoft- 
tion  ;  and  we  fhall  find  that  a  is  to  b  as  ace  to  bee  by 
multiplying  extremes  and  means ;  therefore  k  is  to  / 
as  ace  to  bee  j  and  for  a  like  reafon  /  is  to  m  as  bee 
to  bde,  and  m  is  to  n  as  bde  to  £<^;  therefore,  £# 
aquo^,  k  is  to  «  as  dee  to  bdf* 


Of  the  Extraction  of  the  Square  Roots  of  fimple 
Algebraic  Quantities. 


17.  The  extraction  of  the  fquare  root  of  fimple  al- 
gebraic quantities  is  fo  very  eafy  that  it  needs  not  to 
be  infilled  on.  Thus  the  fquare  root  of  aa  is  +  or  —  a$ 
the  fquare  root  of  gaa  is -for—  $a9  and  that  of  ^aabb 
is-r-or  —  iab  .\this  is  plain  from  the  definition  of  the 
fquare  root ;  for  :  he  fquare  root  of  any  quantity,  fup- 
pofe  of  Aaabb,  is  that  which,  being  multiplied  into 
irfelf,  will  produce  /\aabb  :  now  —  zab  multiplied  into 
itfelf  will  produce  ^aabb,  as  well  as-|-2tf£,  and  there- 
fore one  quantity  is  as  much  its  fquare  root  as  the 
other. 

When  the  fquare  root  of  a  quantity  cannot  be  ex- 
tracted, it  is  ufual  to  fignify  it  by  this  mark  V :  thus 

»Jzaa  fignifies  the  fquare  root  of  zaa;  thus  tJaa  —  Ajh 

fignifies  the  fquare  root  of  the  whole  quantity  aa  -  /\b\ 

thus     aa~ <*t    (ignifies  a  fraction  whofe  numerator  is 

za 

the  fquare  root  of  the  whole  quantity  aa  -  4^,  and 

fies 
the 


whofe  denominator  is  2a;  thus  V~ fignifies 

12a 
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the  fquare  root  of  the  whole  fraction,  ,  rhat 

1  12a     ' 

is,  the  fquare  root  of  both  the  numerator  and  deno- 
minator. 

When  the  fquare  root  of  a  quantity  cannot  he  ex- 
tracted, the  quantity  may  fome times  however  be  refolved 
into  two  factors,  whereof  the  one  is  a  fquare,  and  the 
other  is  not ;  and  whenever  this  is  poffible,  the  root  of 
the  fquare  may  be  extracled,  and  the  radical  fign  may 
be  prefixed  to  the  other  faclor',  thus  lza  —  ^aax^  ; 
therefore  «fi2aa  =  2a  x  V3. 

'The  feveral  Rides  of  Fractions  exemplified  in  Algebraic 
Quantities, 

22.  Fractions  in  Algebra  are  treated  juffc  in  the 
fame  manner  as  in  common  arithmetic,  oniy  ufing  al- 
gebraical inftead  cf  numeral  operations  ;  as  will 
plainly  appear  from  the  following  examples. 

JLxamples  of  the  Redutlion  of  Fractions  fro?n  higher  to 
lower  Terms,  according  to  Introduction,  art.  jth. 

4-db 
The  fraction  -r— ,  dividing;  both  the  numerator  and 
obc  ° 

denominator  by  the  fame  quantity  2b,   will  be  re- 

2a 

duced  to  the  fraction  — ,  a  fraction  of  the  fame  value 

3C 
with  the  former,  but  expreifed  in  more  fimple  terms  : 

whence  we  may  infer,  that  whenever  a  common  letter 

or  faclor  is  to  be  found  in  every  member  both  of  the 

numerator  and  denominator,  it  may  be  cancelled  every  *> 

where,    without  offering  the   value  of  the  fmtlian ; 

1     r    «.      ac  +  bc  .  ,  a-\-b 

thus  the  traction  —7-. — ?  expunpin?  c,  becomes  ~r— % 

cd-\-ce  d+e* 

a  fraction  of  the  fame  value.   But  if  there  be  any  one- 
member  wherein  the  factor  is  not  concerned,  it  mufc 

G  2  not 
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ac-\-bc 
not  be  expunged  at  all  :  thus  the   fraction 


cd-\-e 

cannot  be  reduced,  becaufe  the  factor  c  is  not  to  be 
found  in  e. 

Note,  That  cancelling  here,  is  not  fubtracling,  hit 
dividing  :  thus  to  cancel  the  letter  b  in  the  quantity 
ah,  fo  as  to  reduce  it  to  a,  is  not  to  fubtract  b  from 
ab,  but  to  divide  ab  by  b,  in  which  cafe  the  quotient 
will  be  a. 


Examples  of  Fratlions  reduced  to  the  fame  Denorn'ma- 
tion,  according  to  JnirodutHon,  art.  $th, 


a    b  c 

ill.  The  fractions  -,  -sand-,  when  reduced  to  the 

fame  denomination,  will  (land  thus : — ■,  and  — 

24    24  24 

.a         c 
2d.   The  fractions    7  and  -„  fo  reduced,   will  Hand 

thus ;  7-3  and  7-},     2d.  The  fractions  -,  -,  — ,  and  -, 
•  '  bd         bd     °  q'  s  .u  y 

,        ...        .,,  n    1   1       p-fwy    9ruy   ysty 

after  reduction,  will  itand  thus;    ,   ,    — , 

qsuy     qsuy'    qsuy 

qsux 
and  — — .     And  here  I  cannot  but  obferve,  that  now 
qsuy  7 

the  rule  for  this  reduction  dempnfirates  itfelf :  for  in 

this  example  it  is  impoffible  not  to  fee,  that  all  thefe 

fractions,  notwithstanding  this  reduction,  ftill  retain 

their  former  values :  thus  the  firft  fraction  - — ,  by 

qsuy     * 

P 

cancelling  common  factors,  is  reduced  to  — ,  its  for- 
ts q* 

mer  value  :  and  the  fame  may  be  obfervcd  of  all  the 
reft  :  and  this  example  amounts  to  a  demonitration, 
becaufe  it  is  comprehended  in  general  terms.  But  to  go 

on  : 
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on  :  4th.  The  fractions  —,    7-,  and  -,  being  reduced 

,  ...  be      ac  ah 

to  the  fame  denomination,  become  -7-,   -7-,  and  -7- 

c;^.  And  laftly,  — 7—,  and :   when  thus  reduced, 

D  J    a-\-b         a-b 

a-b  aA-b 

become  77  and 77  :    for    1   the   numerator 

aa  —  bo         aa  —  bb 

of  the  firft  fraction  multiplied  into  a-b,  the  deno- 
minator of  the  fecond,  makes  a  —  b;  and  1  the  nu- 
merator of  the  fecond  fraction  multiplied  into  a~\-b, 
the  denominator  of  the  firft,  makes  a-\-b ;  and  the 
product  of  the  two  denominators  a-\-b  and  a  —  b  mul- 
tiplied together  is  aa  —  bb,  as  in  the  4th  example  of 
the  9th  article. 

Examples  of  Addition  in  Fractions,  according  to  bitro- 
duclion,  art.  gth, 

1  ft.  Thefe  fractions  — ,  — ,  and ,  when  added 

2'    2  2  \ 

together,  make  . 

2d.  The  fraction  -^— -  added  to  the  fraction  

2  2 

,         2tf      , 

makes  —  or  a, 

2 

a      —b         -\-c 
qd.  The  fractions — ,   — -  and  — ,    when   added 

12a—  8b-\-6c 

together,  make — -. 

0  24 

a  c 

4th.  The  fraction  -7-  added  to  the  fra&ion  -7 makes 

ad+bc 

hd    • 

G  4  5th. 
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5th.  a  added  to  — ,  that  is,  —added  to  -,  makes 

ac-\-b 

c 

1  1  b  —  a 

6th.  -  added  to  —  t  makes  — r~. 
a  b  ab 

.    _ .        p    r     t  x      .         , .    . 

7th.  The  fractions  -,  — ,   -.  and  -,  when  abided  to- 
'  q  .  s     u         y 

gether,  make^   J  T^    ;iWij — . 

tf  I        .  dT-j-£ 

8th.   -r  added  to  —  eives  — $ — . 
b  c  °  »c 

1  1       .  .         2#  ~       . 

oth.    — t-t  added  to — —  gives  -rr-     oee  the 

y         a-\-b  a  —  b^         aa-bb 

5th  example  of  fractions  reduced  to  the  fame  deno- 
mination. 


Examples,  of  Subtraction  in  "Fraclions,  according  to  h%- 
troduclion,  art.  10th, 

Note  firft^  If  the  figns  of  both  the  numerator  and 
denominator  of  any  fra&ion  be  changed,  which  is  no, 
more  than  multiplying-  both  terms  into  —I,  the  va- 
lue of  the  fraction  will  ilill  remain. 

Secondly,  The  denominator  of  a  fraction  is  always 
fuppofed  to  be  affirmative  ;  and  therefore  if  at  any- 
time it  happens  to  be  otherwife,  it  mud  be  made  af- 
firmative by  changing  the  ligns  of  both  terms. 

Thirdly,  -\-y   and  —  -7-  are  the  fame  in  effect  as 

~  and -7-,  as  is  evident  from  the  nature  of  di- 
b  b 

vifion :  and  fometimes  this  latter  way  of  notation  is 

more  convenient  than  the  former. 

Fourthly, 
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Fourthly,  Therefore  the  fign  of  the  numerator  is 
the  fign  of  the  whole  fraction;  and  to  change  the  fign 
of  the  former,  is  the  fame  in  effect  as  to  change  the 
fign  of  the  latter. 

Fifthly,  Whenever  one  algebraic  fraction  is  to  be 
fubtracted  from  another,  the  fafeft  way  will  be  to 
change  the  fign  of  the  numerator  of  the  fraction  to  be 
iubtracted,  and  to  place  it  after  the  other,  and  then 
to  reduce  them  at  lad  into  one  fraction :  for  if  the 
fubtraction  be  deferred  till  after  the  reduction  is  over, 
one  may  make  a  miftake,  and   fubtract  the  wrong 

quantity.     Thus,  ill,  —  fubtracted  from  —   gives 
za     4b  _\ca-izb 

r  .        p     .       p  —  rps  —  qr 

2d.  —  fubtracted  from  —  gives  —   -  = » 

s  q   °         q     s  qs 

h  ■■■'■'  a  —  b    ac—b 

id.  —  fubtracted  from  a  gives  —    -= 


c  1      c        c 

4th.  — j-?  fubtracted  from  — r  gives 7  —7-7  \ 

n      a-f-b  a—b  P        a—b  a-\-b 

lb  1 


aa 


-bb' 


Examples  of  Multiplication  in  Fractions. 

The  multiplication  of  fractions  is  performed  by 
multiplying  the  numerator  and  denominator  of  the 
multiplicand  into  the  numerator  and  denominator  of 
the  muitiplicator  refpectively. 
p       r      pr 

Thus  lft.  -  x-=— . 
q       s       qs 

,  3?     5?  _*SM_SP 
42     or     24qr     tir 
a  a       c      ac 

3d.  -r  xror-p  x  -"  =T« 

J      b  bib 

4th. 
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a  ab 

4th.  jxbzzj  =  a. 

%a  6oab 

sih.-x2ob=-^r  =  iSa. 

4^z     7      zU      7 

6th.  —  x  5-= — -  =  —  • 
5      8a     4.0a     10 

'        4^  '  4^—  16^' 
ace     ace 

m\jxlx7=Jif 


b                ac-\-b      d     acd-\-hd 
9th.  a-\ —  x  a,  or  x  —  =• •. 


10th.  i+^xj,  or  —  Xj=-—m 


nth.  *-}--  xJ+Tj  or  * "X-^-F"  = 

?        • 

This  multiplication  might  alfo  be  performed  thus : 

d+7 

aAr~c 

,  .    ae     bd      be 

«H-  7+7+  ?• 


1 2th.  #4--  x#4--=  — ! —  ' 

k  c         '   c  cc 

zab         bb 
Or,  aa-\-  —  4-  — .     See  the  work  : 
'     c      '    cc 


<?-}" 
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tf-f-- 


^     bb 

aaA <-4- — 

1    c   *cc 


ab 
'     c 


lab     bb 

aaA X-— 

1     c     '  cc 


Examples  of  Dhifion  in  Fractions* 

Divifion  in  fractions  is  performed  by  multiplying 
the  direct  terms  of  the  dividend  into  the  inverted  terms 
of  the  divifor  ;  thus, 

s        1        f  c        a    '•   r* 

■     1  \    a    fac  .     ■  \    a    (  a 

1  \    ab    fabc 

&~V  t  v-  orab- 

e  \       ,   b    /acfA-bf 

6th.  d+-f)   *+"   {-jfr1- 

1  f'       '    c    xcdf-\-ce 

7th.    *Jb)   *Ja  (  — tt—kJ-j-:  for  if  we  make  #=: 


-77,  we  fhall  have  xx~  — ,  and  x=^/—. 
*Jb  b  0 


I  mall 
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I  fhal!  only  give  one  example  more,  and  that  ihali 

be  of  the  rule  of  proportion,  as  follows :  If  -  gives 

c  g  bee  c 

-r,  what  will  -?  give  ?     Anfwer,  — r> :  for  -7-  the  fe- 
ci r  6  adf  a 

e 
cond  number,  multiplied  into  -7  the  third,  produces 

/ 

■r-;  and  this  divided  by  the  fir£l  -7-  quotes  — r>, 
df  0  ^  adj 


Of  Equations  in  Algebra  \  and  -particularly  of  Jimp  le 
Equations,,  together  with  the  Manner  of  refolving 

them, 

23.  An  equation  in  Algebra  is  a  proportion  wherein 
one  quantity  is  declared  equal  to  another,  or  where  one 
expreflion  of  any  quantity  is  declared  equal  to  another 
expreflion  of  the  fame  quantity  :  as  when  we  fay  ^ 
z=\  5  where  i  is  faid  to  poffefs  one  fide  of  the  equa- 
tion, and  i-  the  other. 

An  affecled  quadratic  equation  is  an  equation  con- 
fiding of  three  different  forts  of  quantities;  one  where- 
in the  fquare  of  the  unknown  quantity  is  concerned, 
another  wherein  the  unknown  quantity  is  fimply  con- 
cerned, and  a  third  wherein  it  is  not  concerned  at 
all :  as  if  xxr?'zx±:$  ;  fuppoiing  x  to  be  an  unknown 
quantity. 

If  either  the  term  wherein  the  fimple  power  of  x 
is  concerned,  as  —  zxt  or  that  which  is  called  the 
abfolute  term,  to  wit,  g,  be  wanting,  the  equation 
is  ftill  a  quadratic  equation,  though  incomplete. 
Some  indeed  there  are,  who  rank  this  latter  fort  of 
equations  under  the  denomination  of  fimple  equa- 
tions ;  and  fo  fhall  we,  upon  account  of  their  eafy 
refoiiuion  *,  '  though,  properly  fpeajdng,  a  fimple 
equation  is  that  wherein  feme  fimple  power  of  the 

unknown 
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unknown  quantity  is  concerned,  all  others  being  ex- 
cluded: as  if  33?  =  6;  2ff  +  3=4*-5,  &c* 

The  ufe  of  thefc  equations  is  for  reprefenting  more 
conveniently  and  more  difhin<ftly  the  conditions  of  pro- 
blems, when  tranflated  out  of  common  language  into 
that  of  Algebra.  As  for  example  ;  let  it  be  propofed 
to  find  a  number  with  the  following  property,  to 
wit,  that  ■§-  of  it  with  4  over  may  amount  to  the 
fame  as  -^  of  it  with  9  over  :  here,  putting  x  for 
the  unknown  quantity,  the  condition  of  this  problem* 
when  tranflated  out  of  common  language  into  that 
of  Algebra,  will   be   reprefented  by   the  following 

2.X  IX 

equation,  to  wit, \%  =  ~^rS:  *"or  f  of  *>  tnat 

3  I2 

X         IX  IX 

is,  4  of  —  is  —  ;  therefore 1-4  fienifies  4  of  x 

1       3  .3 

with  4  over  :  and  fince  this  expreffion,  according  to 
the  problem,  amounts  to  the  fame  with  the  other,  to 

wit,  —  -[-95  hence  it  is  that  we  pronounce    tinea 

equal  to  one  another. 

Now  fince,  in  the  foregoing  equation,  as  well  as  in 
almoit  all  others  arifing  immediately  from  the  con- 
ditions of  problems  themfelves,  the  unknown  quan- 
tity is  embarraffed  and  entangled  with  Jnch  as  are 
known,  the  way  to  difengage  it  from  fuch  known 
quantities,  fo  that  iifelf  alone  pfjeffing  one  fide  of 
the  equation  may  be  found  equal  to  fuch  as  are  en- 
tirely known  on  the  other,  that  is,  in  the  prefent  cafe, 
to  determine  the  value  of  the  unknown  quantity  x,  is 
what  is  commonly  called  the  refolution  of  an  equation; 
for  the  effecting  of  which,  feveral  axioms  and  pro* 
celTes  are  required ;  fome  whereof,  namely,  fuch  as 
moft  frequently  occur,  I  fhall  here  put  down  ;  the 
reft  I  fhall  take  notice  of  occasionally,  as  they  offer 
themfelves. 

Of 
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Of  the  Rcfoluiion  of  fimple  Equations* 

Axiom    i* 

Whenever  a  fratlion  is  to  be  multiplied  by  a  whole 
number,  it  will  be  fufjicient  to  multiply  only  the  numeral- 
tor  by  that  number,  retaining  the  denominator  the  fame 
as  before.  Thus  4-  multiplied  into  2,  gives  -f,  for 
the  fame  reafon  that  4  (hillings  multiplied  into  2  gives 
8  fhillings  :    thus    in    the  fir  ft   example   following, 

ix        .  .  v.    r  .  .        iix 

—  multiplied  into  2,  Pives  — . 

12  l  '  r  12        . 

Axiom     2, 

But  if  the  whole  number,  into  which  the  fraElion  is 

io  be  multiplied,  be  equal  to   the  denominator  of  the 

fratlion,  then  throw  away  the  denominator,  and  the 

numerator  alone  zvill  be  the  product.  Thus  the  fraction 

a  ab 

—  multiplied  into  b,  gives  -—  or  a  :  thus  in  the   fir  ft: 

2X  .      .  .  ,  2I;V 

example,  —  multiplied   into  3,  gives  2x ;  and  

3  *  ^ 

multiplied  into  12,  gives  iix. 

Axiom     3. 

If  the  two  fides  of  an  equation  be  multiplied  or 
divided  by  the  fame  number •,  the  two  producls,  or  quo- 
tients, will  Jlfll  be  equal  to  each  other.     Thus  in  the 

ix  ix 

firft  example,  where 1~4  — — \~9  »  ^  ^^  ^des 

of  the  equation  be  multiplied  into  3,  we  mall  have 

2  itf 
2x-\-i2  = —J— 2,7  ;  and  if  agam  this  lafl:  equation 

be  multiplied  into  12,  we  (hall  have  24x^14.4  =  2 ix 

+324« 

Axiom 
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Axiom     4. 

If  a  quantity  be  taken  from  either  fide  of  an  equation, 
and,  placed  on  the  other  with  a  contrary  fign,  zvhich  is 
commonly  called  tranfpofition,  the  two  fides  will  be  equal 
to  each  other.  Thus  if  7 --{-3  —  10,  tranfpofe  -j-3,  and 
you  will  have  7  =  10  —  3  ;  thus  if  7  —  3  =  4,  tranfpofe 
—  3,  and  you  will  have  7=4-1-3  :  thus  if  (as  in  the 
firft  example)  24»Y-f-i44  =  zix -{-3 2 4,  tranfpofe  2i,v, 
and  you  will  have  24^  —  21^-1-1443:324,  that  is, 
3^-1-144  =  324;  and  if  again  in  this  lad  equation  you 
tranfpofe  144,  you  will  have  3^9^324—  144=  i8oi 

Tranfpofition,  therefore,  as  it  is  here  delivered,  is 
nothing  but  a  general  name  for  adding  or  fubtracting 
equal  quantities  from  the  two  fides  of  an  equation  5 
in  which  cafe  it  is  no  wonder  if  the  fums  or  differences 
(till  continue  equal  to  each  other.  As  for  inllance,  ia 
this  equation  a—b  —  c,  tranfpoling  —b  we  have  a~c 
-\~b :  and  what  is  this,  after  all,  but  adding  b  to  both 
fides  oi'  the  equation  ?  for  if  b  be  added  to  a—  b,  the 
fura  will  be  d\  and  if  b  be  added  to  c,  the  fum  will 
be  c-^-b ;  therefore  a  —  c-\-b:  again  in  the  equation 
a-\-b=zc,  tranfpofmgr'-|-£,  we  have  a  —  c  —  b,  which 
is  nothing  elfe  but  fubtracting  b  from  both  fides  of 
the  equation. 

The  1  ft  Procefs. 

If,  when  an  equation  is  to  be  refohed,  fraffions  he 
found  on  cne  or  both  fides,  it  muft  be  freed  from  than 
by  multiplying  the  whole  equation  into  the  denominators 
of  thofe  fractions  fucceffively. 

The  2d  Procefs. 

After  the  equation  is  thus  reduced  to  integral  terms, 
if  the  unknown  quantity  be  found  on  both  fides  the  equa- 
tion, let  it  be  brought  by  tranfpofition  to  one  and  the  fame 
fide,  viz.  to  that  fide  which  after  reduction  will  exhibit 
it  afiinnatives 

M  The 
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The  3d  Procefr* 

.  After  this,  if  any  loofe  known  quantities  he  found  on 
the  fame  fide  with  the  unknown,  let  them  alfo  be  brought 
by  tranfpofition  to  the  other  fide  of  the  equation. 

The  4th  Procefs. 

If  now  the  unknown  quantity  has  any  coefficient  before 
it,  divide  all  by  that  coefficient,  and  the  equation  will 
be  refohed. 

The  5th  Procefs. 

If  the  whole  equation  can  be  divided  by  the  unknown 
quantity,  let  fuch  a  divifon  be  made,  and  the  equation 
will  be  reduced  to  a  morefmiple  one.  Thus  in  the  16th 
example  you  have  6i$x~-jxxx  —  48^5  divide  the  whole' 
equation   by  x,  and   you  will  have  615  —  7^  =  480 

A.2.X  "2  ? X 

In  the  1 2  th  example  you  have  ~ —  ~  — —  •,  divide 
J  J  x  —  2     ,r  -  3 

the  whole  by  x,  which  is  done  by  dividing  only   the 

numerators  of  the  two  fraelions,  and  you  will  have 

42   _   35 

Si—  2~  X  —  5* 

The  6th  Procefs. 

If  at  loft  thefquare  of  the  unknown  quantify,  and  not 
the  unknown  quantity  itfelf,  appears  to  be  equal  to  fome 
known  quantity  on  the  other  fide  of  the  equation,  then 
the  unknown  quantity  mufi  be  made  equal  to  the  fquare 
root  of  that  which  is  known.  Thus  in  the  14th  ex- 
ample we  have  xx  =  o6',  therefore  x~6,  and  not  18  i 
in  the  15th,  we  have  #,%'=:  64;  therefore  x~S,  thtf 
fquare  root  of  64,  and  not  32,  its  half. 

Examples  of  the  Rcfoluiion  of  fimple  Equations* 

24.  This  preparation  being  made,  I  fhall  now  give 
fame  examples  of  the  refolution  of  iimple  equations ; 

and 
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and  my  firfl:  example  fhall  be  the  equation  given  in 
the  laft  article,  in  order  to  trace  out  the  number  there 
defcribed. 

Example  1. 

2  x  nx 

3  12     y 

In  this  equation  it  is  plain,  that  there  are  two  frac» 

IX  IX 

tions,  — ,  and  — ,  which  muft  be  taken  off  at  two 
'    3>  12 

feveral  operations,  thus  :  as  3  is  the  denominator  of 

the  firft  fraction,  multiply  the  whole  equation  by  3, 

21X 

and  you  will  have  2£-j-i2  =  - —  +  27  :  again,  as  the 

denominator  of  the  remaining  fraction  is  12,  multiply 
all  by  12,  and  you  will  have  24*-}- 144  =  21^  +  324; 
which  is  an  equation  free  from  fractions. 

idly,  It  mult  in  the  next  place  be  confidered,  that 
in  this  laft  equation  24^+144  =  21^  +  324,  the  un- 
known quantity  is  concerned  on  both  fides,  to  wit, 
24^  on  one  fide,  and  2i#  on  the  other;  tranfpofe 
therefore  2i#,  and  you  will  have  24^  —  21^  +  144  = 
324,  that  is,  3*+ 144=324..  If  it  be  ailed  why  I 
chofe  to  tranfpofe  2.1*  rather  than  24a  ;  my  anfwer 
is,  that  had  24^  been  tranfpofed,  the  unknown  quan- 
tity, or  its  coefficient  at  lead,  after  reduction,  would 
have  been  negative,  contrary  to  the  rule  in  the  fecond 
procefs;  for,  refuming  the  equation  24^  +  144  =  21* 
+  324,  if  24#  be  tranfpofed,  we  mail  have  144.  =  2i# 
—  24^  +  324,  that  is,  144=  —3^  +  324:  but  even  in 
this  cafe,  another  tranfpolition  will  let  all  right ;  for 
if  —  3#  be  tranfpofed  in  this  laft  equation,  we  lliall 
then  have  3^+  144  =  324  as  before  :  all  that  can  be 
faid  then  againft  this  laft  way  is,  that  it  creates  mine- 
cellary  tranfpolitions,  which  an  artift  would  always 
endeavour  to  avoid. 

%dly,  Having  now  reduced  the  equation  to  a  much 
greater  degree  of  fimplicity  than  before,  to  wit,  $x-\- 
144  =  324-,  becaufe   the  unknown  quantity  3.V  has 

H  *     ftill 
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ft  ill  a  loofe  quantity,  viz.  144  joined  with  it,  tranfpofe 
that  quantity  144  to  the  other  fide  of  the  equation, 
and  you  will  have  3^  =  324-  144,  that  is,  %x=  180. 

N.  B.  By  a  loofe  quantity  I  mean  fuch  a  one  as  is 
joined  with  the  unknown  by  the  fign  +  or  — ,  and 
not  by  way  of  multiplication,  as  is  the  coefficient  3  in 
the  laft  equation. 

4tbly9  By  this  time  the  quantity  x  is  very  near  being 
discovered:  for  if  g#=i8o,  it  is  but  dividing  all 
by  3,  and  we  ihall  have  x—60 :  60  therefore  is  the 
number  defcribed  in  the  laft  article  by  this  property, 
to  wit,  that  i-  of  it  with  4  over,  will  amount  to  the 
fame  as  t-l  of  it  with  9  over  :  and-  that  60  has  this 
property  will  now  be  eafily  made  to  appear  fyntbe- 
tically ;  for  |  of  60  is  40,  and  this  with  4  over  is  44 ; 
moreover  xl  of  60  is  35,  and  this  with  9  over  is 
alfo  44. 

JV".  B.  A  demonftration  that  proves  the  connection 
between  any  number  and  the  property  afcribed  to  it, 
is  either  analytical  or  fynthetical :  if  this  connection 
is  (hewn  by  tracing  the  number  from  the  property,, 
the  demonftration  of  it  is  called  an  analytical  demon- 
ftration ;  but  if  it  is  fliewn  by  tracing  the  property 
from  the  number,  the  demonftration  is  then  faid  to 
be  fynthetical. 

Example  2. 

2X  4.x 

1-  12= l-o. 

3  5        .    t 

Here  multiply  by  3,  and  you  will  have  2^  +  36^ 

I  2.X 

— — -f 18;  multiply  again  by  5,  and  you  will  have 

10^  +  180=:  12^  +  90;  tranfpofe  io#,  and  you  will 
have  i8o  =  i2#-  iox  +  90,  that  is,  180  =  2^  +  90,  or 
rather  2^+90=180,  for  I  generally  choofe  to  have 
the  unknown  quantity  on  the  firft  fide  of  the  equa- 
tion :  tranfpofe  90,  and  you  will  have  2#  =  180  —  90, 
that  is,  2,^  =  90,  divide  by   2,  and  you  will  have 

*  =.45, 

The 
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The  Proof. 

2X  AX 

The  original  equation  was 1-  12  =  —  +  6:  now 

3  5 

2.X  2X 

if  a;  =  45,  we  have— =30,  and — ■  + 12  =  42:  again, 

AX  .    AX  ■  ,  r  2X 

we  have  —  =  30,  and  — 1-6  =  42  :  therefore  —  -f 
5  '  S  3 

12=      4-6,  becaufe  the  amount  of  both  is  42. 

5 

•  Example  3. 

bx  $x  .       r  2o# 

—  4- 4  =  77- +  2:  therefore   2^+20  =  ^7^4.  8; 
4^0  o 

therefore  18x4-120=20^4-48;  therefore  120  =  20^ 

—  18^4-48,  that  iss  120  =  2^-1-48;  therefore  120*- 

48  =  2^,  that  is,  2^  =  72;  therefore  #  =  36. 

The  Proof. 
The  original  equation  was  —.+  5=:  ^-  +  2  :  now  IF 

"        2  X  ^  iS? 

#  =  36,  we  fhall  have  — =27,  and  —  +  5  —  32:  we 

4  4 

(^x  ix 

lhall  alfo  have  ~z=2o,  and  -^4-2  =  52  ;    therefore 
6      J  6  ° 

%x  $x 

if  #=26,  we  fhall  have  - — f-  5  =  —  4-2. 

3  4^6 

Example  4. 

7*            9*v     o      t       r  72*       x 

•—  -  s  = 8  :  therefore  7a?  -  40  =  - —  -  04  : 

8      J       10  '  10 

therefore  70a"  —  400  =  72^  —  640  ;  therefore  —400  = 
72a,-  —  *]ox  —  640,  that  is,  —  400  =  2x  —  6a6,  or  rather 
ix  —  640  —  —  400  :  therefore  ix  =  640  —  400,  that  is, 
2^=240;  and  #=120. 

H  2  The 
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The  Proof. 

The  original  equation,  2-  -  5  =2 8;    but  *  = 

*j  x  IX 

120;   therefore  ^  =  105;  therefore  -%-  -  5  =  100  : 
o  o 

moreover  —  =  108 ;  therefore  - 8  =  100  ;   there- 

10  10 

fore  ^-5=^-8. 

8      D     10 

Example  $.§ 
*   -8=74-—:  therefore  car- 72  =  666* —  ; 

9     ;•■..-"      1-2  J         /  I2 

therefore  6o#- 864  =  7992 -63a; ;  therefore  6o*4- 
63a:  — 864  =  7992,  that  is,  123a*  — 864=  7992  ;  there- 
fore 123^  =  7992  +  864,  that  is,  123^  =  88565  and 
#  =  72. 

The  Proof. 


ca?                            5# 
therefore  —  =  40;  therefore 8  =  32:  again, 


C,X  7 X 

The  original  equation, 8  =  74 ;  #  =  72; 

5X     o  •'_   7* 

ia 

7  a? 
=142;  therefore  74-  —  =  74 -42  =  32.:    therefore 

- 8   =   74-—.  j^::* 

Example  6. 

v  #  6x 

*'-  -4—24-  5  :  therefore  #-24  =  144  —  -^- ;  there- 
fore 8.v— 192  =  1152  —  6#  ;  therefore  8#-f6#— 192 
~i  152,  that  is,  14a:— 192  =  1152,;  therefore  14*33 
11524-192,  that  is,  14a?  ==1344.;  and  *  =  96. 

The 
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The  Proof. 


.  •  x  x 

The  original  equation,  —  -  4  =  24  —  £•  ;   #  =  96  ; 


7-=i6;  t  -4=12  :  again,  ^-=12;  therefore  24 

X  x  X 

£-  =  24-12  =  12;  therefore  7-4=124  —  —. 


Example  7. 

nX  Cx 

56  -; —  =  48-^7-:    therefore   224  —  3.V  =  192 — 

20# 

—x~ ;  therefore  1792  —  24^=1536  —  20^;  therefore 

1792  =  15364-24^  —  20^,  that  is,  1792  =  15364-4^; 
therefore  1792  —  1536  =  4^,  that  is,  4,^  =  256;  and 

x  =  64. 

1 

The  Proof. 

The  original  equation,  56-  —  =  48-^  *    x  = 

4  o 

n  x  IX 

64;   therefore  —  =  48  ;  therefore  56-—  =56  - 

48  =  8:  again,  ^=40;  therefore  48  — -±  =48  -40 
o  o 

=  8;  therefore  56-^-  =  48-y« 

Example  8. 

4X 
36- — =8:    therefore    324  — 4^  =  72;   therefore 
9 
324  =  724-4^;  therefoie   324  —  72=4*,  that  is,  4* 
=  252 ;  and  ^  =  65. 

H  3  The 
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The  Proof. 
The  original  equation^  36  -  —  =  8;  x~6y,  there- 

A.%  A-X 

fore  —  =  28  ;  therefore  26  —  —  =96-28=8. 
9  D        9      ° 

Example  9. 

2tf         176-Atf  ■  C28r-I2tf 

____ , .   therefore  2#  = ;  there- 

3  5  5 

fore    10^=528  —  I2.r;    therefore    io#+ 1 2^  =  528 ; 

that  is^  22^=528;  and,v  =  24. 
The  Proof. 

__,  ...  .  2X        176  — 4.X 

The  original  equation,  —  = ;   x  =  24  ; 

2  A." 

therefore  —  =  16:  again,  4^  =  96;  therefore  176  — 
o 
.        ,      _          .       r     ■ .  176-zta?     80 
4#=  176-96  =  80  ;   therefore u  = —  =16; 

.  2a:     176—4^ 

therefore  —  = . 

3  5 

Example  10. 

3#     x8o— cv  '  720  — 20. v 

—  + z~ —  =  29;    therefore    aaH 5 = 

46-^  J  6 

116;  therefore  18^  +  720  —  20^  =  696,  that  is,  720 

—  2^=696;    therefore    720  =  2^+696;    therefore 

720  — 696  =  2^  that  is,  2^  =  24;  and  x  =  12. 


The 
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The  Proof. 

qx      180  —  $x 

The  original  equation,  - —  +  — -7 =29;  x~ 

4     0 

2# 
12  ;  therefore  —  =  9-;  5^  =  60;  therefore  180-5.V 
4 

180  —  5^     120 

=  180 -6'o=  120 ;    therefore  7 =-t-=20j 

o  0 

qx     180  —  5» 

therefore  — -f 7 =  29. 

4  0  '       . 

Example  11. 
45    1.-5.7 


2X+3     4^  —  5 
Multiply   by   2^  +  3,    and   you   will   have  45  — 

— :   multiply  by  ax—  c,  and  you  will  have 

4K-5  *         .  "      3i  J 

1 80a? -225  =  114*+ 17 1  5   therefore    180^-114^  — 

225  =  171,  that  is  66^  —  225  =  171;  therefore  66x 

=  171  +  225,  that  is,  6607  =  396;  and  #  =  6. 

The  Proof. 

The  original   equation,  — - — = — —  ;    #  =  6; 

2#  +  3     4^  —  5 

therefore  2X  =  1 2  ;  therefore  zx  +  3  =  1 5  ;   therefore 

— —  =—  =  2:   again,  4^  =  24;    therefore  4^-5 

2^  +  3     J5 

57        57                              45 
=  19;  therefore  — —  =  —  =  2  ;  therefore ; — - 

4^-5     l9     ■  2x  +  3 

57 

4*  -£ 


H  4  Example 
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Example  12. 

128         216  ,  648^-864 

therefore   128 


3#  —  4  ~~  5#  —  6  5#  —  6 

therefore  64OA;  —  768  =  648^—  864 ;  therefore  —  768 
=  648^  —  640^—864,  that  is,  —  768  =  8^  —  864; 
therefore   +864-  768  =  8,*?,   that  is,   8^  =  96;  and 

#=  12. 

The  Proof. 

r^t  .-.-.'  .  i*8         216 

The  original   equation,   = -;  x  =  12: 

therefore  3^  =  36 ;  therefore  3^-4  =  32;  therefore 

128       128  . 

« = =  4  :  again,   c v  =  00  ;  therefore    zx  —  6 

3^-4      32      ^      &         J  J 

.         216       216                   i         128 
=  C4;  therefore r= =4;  therefore 

216 


Example  1.3. 

-J^—  =  £2— • :  divide  both  numerators  by  #,  and 
#—2     x— 3 

42        31;                            35*  —  7° 
you  will  have =  — — ;  therefore  42  = ; 

3  x  —  2,     x  —  3  *#  —  3 

therefore  42a;-  126  =  35^-70;  therefore  42^- 35^ 
—  126=— 70,  that  is,  7#— 126=—  70;  therefore 
7^=126-70,  that  is,  7^  =  56;  and  #  =  8. 

The  Proof. 
The  original  equation,  =  — -;  #  =  8;  there- 

.  A2X        336 

fore  #-2  =  o;    42^  =  336;    therefore    ——r~ 

•■^  #  —  20 

=56  = 
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=  56:    again  x—2=$;  and   35^  =  280;  therefore 

-^— =  56;  therefore— — =—2— . 

a;  -3       5       J  x—2     x- $ 

Example  14. 

xx  —  1 2     ##  —  4       ,       r  3##  —  1 2 

— :    therefore    xx—  12= —  t 

3  4  4 

therefore  4^a;  —  48  =  $xx  —12;  therefore  ^xx  —  3x2:  — 
48=1—12,  that  is,  ^x-48=r— 12;  therefore  ##:= 
+  48  —  12,  that  is,  xx— 36;  and  #=6. 

The  Proof. 

XX  —  1 2        tftf  —  4  ,• 

The  original  equation,  = I    #  =  6  . 

therefore  xr  =  36 ;  therefore  xx  —  1 2  =  24 ;  therefore 

xx-12     24  . 

= —  =  0:    again,    a?  *— 4=32.5    therefore 

xx  —  4      32     „         '     .       ##  — 12     #2  —  4 

=—  =  8  ;  therefore = -. 

4  4  3  4 

Example  15. 

zxx 

——-8  =  12;  therefore  5^'- 128  =  192  ;  there- 
fore 5^  =  192  +  128,  that  is,  5^  =  320;  therefore 
##  =  64 ;  and  #  =  8. 

The  Proof. 

The  original  equation,  —7- -8  =  12;    #  =  8  ; 

therefore  ##  =  64;    therefore  5^  =  320;    therefore 

kxx     220  .       r        exx 

—  zz^-rzzioi  therefore  ^-r  -  8  =  20-  8=  12. 

16       i6  16 


Example 
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Example  16. 

615^-7^^  =  48^:  divide  the  whole  by  x,  and 
you  will  have  615  —  7^^  =  48  ;  therefore  615  —  jxx 
-f-48;  therefore,  615-  48  —  ^xx,  that  is,  7^  =  567  ; 
therefore,  xx  =  81:  and  x  =  9 . 

The  Proof. 

The  original  equation,  615^—7^x^  =  48^;  x  —  <)\ 
therefore  xx  —  $i  ;  therefore  xxx  —  72<)  ;  2XXX  = 
5103;  again,  615^  =  5535;  therefore  6\$x—yxxx 
—  5535-5103=432:  laftly,  48^=432;  therefore 
6 1 $x  —  j  xxx  =  48a?. 
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"Preparations  for  the  Solution  of  Algebraic  Problems \ 

Art.  25.  TN  folving  the  following  problems,  I  fhall 
'  j|_  make  ufe  of  a  fort  of  mixt  Algebra,  ufmg 
letters  only  in  reprefenting  unknown  quantities,  and 
numbers  for  fucb  as  are  known.  This  method,  as  I 
take  it,  will  be  the  belt,  to  begin  with  :  but  after- 
wards, when  my  young  fcholar  has  been  fufficiently 
exercifed  in  this  way,  I  fhall  then  introduce  him  into 
pure  Algebra,  which  he  will  find  much  more  exten- 
sive than  the  former,  not  only  as  it  enables  him  ana- 
lytically to  find  out  general  folutions,  taking  in  all 
the  particular  cafes  that  can  be  propoiecl  in  the  pro- 
blem to  which  the  folution  belongs,  but  alfo  as  it 
enables  him  afterwards  to  demonftrate  the  fame  folu- 
tions or  theorems  fynthetically. 

And  becaufe  I  am  not  yet  to  fuppofe  him  ikilled  in 
any  of  the  mathematical  fciences,  I  (hall  draw  ray 
problems,  generally  fpeaking,  from  numbers,  either 
coniidered  abitractediy,  or  elfe  as  they  relate  to  com- 
mon life. 

If 
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If  a  problem1^  juftly  propofed,  it  ought  to  have 
as  many  independent  conditions  comprehended  in  it, 
exprehly  or  implicitly,  as  there  are  unknown  quanti- 
ties to  be  difcovered  by  them ;  and  it  mult  be  the  chief 
bufinefs  of  an  Aigebraift,  to  fearch  out,  fift,  and  dif- 
tinguifh  thefe  conditions  one  from  another,  before  ever 
he  enters  upon  the  folution  of  his  problem. 

I  faid,  that  fo  many  conditions  ought  to  be  com- 
prehended in  the  problem  exprefsly  or  implicitly, 
becaufe  it  may  happen,  that  a  condition  may  not  be 
exprelfed  in  a  problem,  and  yet  be  implied  in  the  na- 
ture of  the  thing  :  thus  in  the  44th  problem,  where 
jfeveral  rods  are  to  be  fet  upright  in  a  ftraight  line, 
at  certain  intervals  one  from  another,  it  is  implied, 
though  not  expreffed,  that  the  number  of  intervals 
rnuft  be  lefs  than  the  number  of  rods  by  unity. 

Sometimes  a  condition  may  be  introduced  into  a 
problem,  that  includes  two  or  more  conditions :  as 
when  we  fay,  four  numbers  are  in  continual  propor- 
tion, we  mean,  not  only  that  the  firffc  number  is  to 
the  fecond  as  the  fecond  is  to  the  third,  but  alfo, 
that  the  fecond  number  is  to  the  third  as  the  third  is 
to  the  fourth. 

Whenever  a  problem  is  propofed  to  he  folved  alge- 
braically, the  Aigebraift  mud  fubjlituie  feme  letter  of 
the  alphabet  for  the  unknozvn  quantity  :  and  if  there 
be  more  unknozvn  quantities  than  one,  the  reft  mufi 
receive  their  names  from  fo  many  conditions  of  the 
problem  :  and  if  the  problem  be  juftly  ftated  and  ex- 
amined, there  will  Jtill  remain  a  condition  at  lafl, 
which,  tranfl ated  into  algebraic  .language ,  will  afford 
him  an  equation,  the  refolution  whereof  zvill  give  the 
unknown  quantity  for  which  the  fubftitution  was 
made ;  and  when  this  unknown  quantity  is  once  dif- 
covered. the  reji  will  be  eafily  difcovered  by  their 
names.  Suppofe  there  are  four  unknown  quantities 
in  a  problem  -,  then  there  ought  to  be  four  conditions: 
now  the  fir  ft  unknown  quantity  receives  its  name  ar- 
bitrarily without  any  condition  ;  therefore  the  other 

three 
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three  rauft  take  up  three  of  the  conditions  of  the 
problem  for  their  names  ;  and  the  fourth  condition 
will  ftill  be  left  to  furnifh  out  an  equation. 

The  learner  muft  here  be  very  careful  to  make  no 
pofitions  but  what  are  fufficiently  juflifiable,  either 
from  the  exprefs  conditions  of  the  problem,  or  from 
the  nature  of  the  thing  ;  all  the  liberty  he  is  allowed 
in  cafes  of  this  nature  is,  that  he  is  not  obliged  to 
draw  out  the  conditions  in  the  fame  order  as  they  are 
given  him  in  the  problem,  but  may  make  ufe  of  them 
in  fuch  an  order  as  he  thinks  will  be  mod  convenient 
for  his  purpofe  ;  provided  that  he  does  not  make  ufe 
of  the  fame  condition  twice,  except  in  company  with 
others  that  have  not  been  confidered. 

My  method  in  the  forty-four  following  problems 
will  be,  to  put  down  the  anfwer  immediately  after 
the  problem,  and  then  the  fclution  :  for,  in  my  opi- 
nion, this  way  of  putting  down  the  anfwer  firil,  will 
not  only  ferve  to  illuftrate  the  following  folution,  but 
may  alfo  ferve  to  fix  the  problem  more  firmly  in  the 
minds  of  young  beginners,  who  are  but  too  apt  to 
neglect  it,  and  to  fubilitute  chimerical  notions  of  their 
own,  that  are  not  to  be  juftified,  either  from  the  con- 
ditions of  the  problem,  or  common  fenfe. 

After  the  learner  has  run  over  fome  of  thefe  prob- 
lems, and  has  got  a  tolerable  infight  into  the  method 
of  their  refolution,  it  will  be  very  proper  for  him  to 
begin  again,  and  to  attempt  the  folution  of  every 
problem  himfelf,  and  not  to  have  recourfe  to  the  folu- 
tions  here  given,  but  in  cafes  of  abfoiute  neceffity  : 
but  after  the  work  is  over,  he  may  then  compare  his 
own  folution  with  that  which  is  here  given,  and  may 
alter  or  retorm  it  as  he  thinks  fit. 

The  Solution  of  fome  P  roblems  producing  frmpk  Equations. 

Problem     i. 

26.  What  two  numbers  are  thofe,  ivbofe  difference  is  14, 

and  wbofs  fum,  when  added  together \  is  48  ? 

J'nf. 
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Anf.  The  numbers  are  31  and  17  :  for  31  -  17  = 
14  i  and  3 1 +  17:=  48. 

Solution. 
In  this  problem  there  are  two  unknown  quantities, 
to  wit,  the  two  numbers  fought ;  and  there  are  two 
conditions  j  frrft,  that  the  lei's  number  when  fuhtracted 
from  the  greater  muft  leave  14  ;  and  fecondiy,  that 
the  two  numbers  when  added  together  muft  make  48  : 
therefore  I  put  x  for  the  lefs  number  ;  and  to  find  a 
name  for  the  greater,  I  have  recourfe  to  the  firft  con- 
dition of  the  problem,  which  informs  me,  that  the 
difference  betwixt  the  two  numbers  fought  is  14  ; 
therefore,  if  I  call  the  lefs  number  x,  I  ought  to  call 
the  greater  x-\-i^  :  thus  then  I  have  jgot,  names  for 
both  my  unknown  quantities,  and  havelfill  a  condi- 
tion in  referve  for  an  equation,  which  is  the  fecond  : 
now  according  to  this  fecond  condition,  the  two  num- 
bers fought,  when  added  together,  muft  make  48  ; 
therefore  x  and  #-{-14,  when,  added  together,  muft 
make  48  ;  but  x  and  #+14,  when  added  together, 
make  2x  +  14  ;  whence  I  have  this  equation,  2x-\- 14 
=  48;  therefore  2^  =  48 —.14  =  34;  therefore  x,  or 
the  lefs  number  =  1 7,  and  #+14,  or  the  greater  num- 
ber =  31,  as  above. 

In  our  folution  of  this  problem,  the  notation  was 
drawn  from  the  firft  condition,  and  the  equation  from 
_,  the  fecond  ;  but  the  notation  might  have  been  drawn 
from  the  fecond  condition,  and  the  equation  from  the 
firft,  thus :  put  x  for  the  lefs  number  fought ;  then 
becaufe  the  fum  of  both  the  numbers  is  48,  if  you 
fubtract  the  lefs  number  x  from  48,  the  remainder 
48  —  x  will  be  the  greater  number,  fo  that  the  two 
numbers  fought  will  be  x,  and  48  —  x  :  fubtradt  the 
former  number  from  the  latter,  and  the  remainder  or 
difference  will  be  48  —  2x  ;  but,  according  to  the  firft 
condition  of  the  problem,  this  difference  ought  to  be 
14;  therefore  48  —  2^=14:  refolve  this  equation, 
and  you  will  have  xzzij,  and  48  —#=..31,  as  above. 
1  Problem 
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Problem     2. 

27.  Three  per  fons,  A,  B,  and  Q,  make  a  joint  contri- 
bution, which  in  the  whole  amounts  to  76  pounds :  of 
this  A  contributes  a  certain  fum  unknown ;  B  con- 
tributes as  much  as  A,  and  10  pounds  more ;  and  G 
as  much  as  both  A  and  B  together :  I  demand  their 

feveral  contributions. 

Anf.  A  contributes  14  pounds,  B  24,  and  C  38  : 
for"  14+10  =  24,  and  14+24  =  38,  and  14  +  24  + 
38  =  76. 

Solution. 

In  this  problem  there  are  three  unknown  quanti- 
ties, and  there  are  three  conditions  for  finding  them 
out;  firft,  that  the  whole  contribution  amounts  to  76 
pounds;  fecondly,  that  B  contributes  as  much  as  A, 
and  10  pounds  more ;  and  laftly,  that  C  contributes 
as  much  as  both  A  and  B  together. 

Thefe  things  being  fuppofed,  I  fir  ft  put  x  for  <^'s 
contribution ;  then  fmce,  according  to  the  fecond  con- 
dition, B  conttibutes  as  much  as  J,  and  10  pounds 
more,  I  put  tf+io  fork's  contribution  ;  laftly,  (ince 
C  contributes  as  much  as  both  A  and  B  together,  I 
add  x  aud  x  +  10  together,  and  fo  put  down  the  fum 
2^+10  for  C'V  contribution:  thus  have  I  got  names 
for  all  my  unknown  quantities,  and  there  remains  Mill 
one  condition  unconfidered  for  my  equation,  which 
is,  that  all  the  contributions  added  together  make  76 
pounds;  therefore  I  add  *  and  #+10,  and  ix+io 
together,  and  fuppofe  the  fum  4^  +  20  =  76  ;  there- 
fore 4^  =  76-20  =  56;  therefore  x,  or  A's  contri- 
bution, equals  14;  #+10,  orJSV  contribution,  equals 
24;  and  2* +  10,  or  Cs  contribution,  equals  38,  as 
above. 

Problem     3. 

28.  Suppofe  all  things  as  before,  except  that  now-  the 
whole  contribution  amounts  to  276  pounds ;  that  of 

this, 
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this,  A  contributes  a  certain  fum  unknown ;  that  B 

contributes  twice  as  much  as  A,  and  1 2  pounds  more  ; 

and  C  three  times  as  much  as  B,  and  1 2  pounds  more : 

I  demand  their  fever 'ai  contributions. 

Anf.  A  contributes  24  pounds,  B  60,  and  C  192  : 
for  24  x  2+ 12  =  60;  and  60x3  +  12  =  192;  and 
24  +  60+  192  =  276. 

Solution. 

Put  x  for  A's  contribution ;  then,  becaufe  B  con- 
tributes twice  as  much  as  A,  and  12  pounds  more, 
B's  contribution  will  be  2x-\- 12  ;  therefore,  if  C  had 
contributed  juft  three  times  as  much  as  B,  his  contri- 
bution would  have  amounted  to  6^  +  36  \  but,  accord- 
ing to  the  problem,  C  contributes  this,  and  12  pounds 
more ;  therefore  C's  contribution  is  6^  +  48;  add  thefe 
contributions  together,  to  wit,  x,  2^+12,  and  6x+ 
48,  and  you  will  have  9^  +  60  =  276  :  therefore  $x  = 
276  —  60=216;  and  x,  or  ^'s  contribution,  equals 
24;  whence  2#+  12,  or  B's  contribution,  equals  60; 
and  6^  +  48,  or  Cs  contribution,  equals  192,  as  above. 

Advertisement. 

I  know  not  whether  it  may  not  be  thought  imper- 
tinent here  to  put  the  learner  in  mind,  that  after  x  was 
found  equal  to  24,  the  other  two  unknown  quanti- 
ties, 2#+i2,  and  6a; +48  were  found,  by  fubftituting 
24  inilead  of  x. 

Problem     4. 

29.  One  begins  the  world  with  a  certain  fum  of  money, 
which  he  improved  fo  well  by  way  of  traffic 6,  that,  at 
the  year's  end,  he  found  he  had  doubled  his  firfi  flock, 
except  an  hundred  pounds  laid  out  in  common  expences  ; 
and  fo  he  went  on  every  year  doubling  the  lajl  year's 
flock,  except  a  hundred  a  year  expended  as.  before ; 
and  at  the  end  of  three  years,  found  himfelfjuji  three 
times  as  rich  as  at  firfi  ;  What  was  his  firfi  flock  ? 

2  Anf 
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Anf.  140  pounds :  for  the  double  of  this  is  280, 
and  280- ioorz  i3o  pounds  at  the  end  of  the  fir  ft 
year;  the  double  of  this  lafl  is  360,  and  360—  100  — 
260  pounds  at  the  end  of  the  fecond  year;  again,  the 
double  of  this  is  520,  and  520—  100—420  pounds  at 
the  end  of  the  third  year ;  and  420  pounds  is  juft 
three  times  as  much  as  140  pounds,  his  firft  ftock. 

Solution. 

Put  x  for  his  firft  ftock,  that  is,  let  x  be  the  num- 
ber of  pounds  he  began  with  ;  then  the  double  of  this 
is  2X}  and  therefore  he  will  have  2#— 100  at  the  end 
of  the  firft  year;  the  double  of  this  is  4.x  —  200' ; 
therefore  he  will  have  4*  —  200  —  100,  that  is,  ^x~ 
300  at  the  end  of  "the  fecond  year;  the  double  of  this 
is  8a? -600;  therefore  he  will  have  8>v  —  600-  100, 
that  is,  8^  —  700  at  the  end  of  the  third  year;  but 
according  to  the  problem,  he  ought  to  have  three 
times  his  firft  ftock,  that  is,  %x,  at  the  end  of  the 
third  year ;  therefore  Sx  —  700  —  %x ;  therefore  Sx  — 
3^—700  =  0,  that  is,  5^  —  700  =  0;  therefore  $x  — 
700;  and  x,  or  his  firft  ftock,  equals  140,  as  above* 

To  this  problem  I  fhali  add  another  of  a  like  kind 
for  the  learner  to  folve  himfelf. 

One  goes  with  a  certain  quantity  of  money  about  him  to 
a  tavern,  where  he  borrows  as  much  as  he  had  then 
about  him,  and  out  of  the  whole  fpends  a  Jhilling ; 
•with  the  remainder  he  goes  to  a  fecond  tavern,  where 
he  borrows  as  much  as  he  had  then  left,  and  there 
alfo  fpends  a  /hilling  ;  and  fo  he  goes  on  to  a  third, 
and  a  fourth  tavern,  borrowing  and  fpending  as  be- 
fore';  after  which  he  had  nothing  left:  I  demand  hew 
much  money  he  had  at  firft  about  him  ? 
Anf.  44-  of  one  (hilling,  that  is,  1 1  pence  farthing. 

Problem     5. 

30.  One  has  fix  fans,  each  whereof  is  four  years  older  than 

his  next  younger  brother  ;  and  the  eldejl  is  three  times 

as  old  as  the  youngejl :  What  are  their  fever  al  ages  ? 

I  *Anf. 
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Anf  10,  14,  18,  22j  26,  30:  for  30,  the  age 
of  the  eldeft,  will  then  be  juft  three  times  10,  that  is, 
three  times  the  age  of  the  youngelt. 

Solution. 
For  their  feveral  ages  put  x,  #  +  4,  #4-3,  #+12, 
tf-f- 16,  x  +  20  ;  then,  according  to  the  problem  #  +  20, 
the  age  of  the  eldeft,  ought  to  be  equal  to  3^,  that  is, 
three  times  the  age  of  the  youngeft  ;  fince  then  %x=z 
►r  +  20,  we  fhall  have  3^  —  ^  =  20,  that  is,  2x~±z'20.9 
and  x—  10,  as  above. 

Problem     6. 

3 1 .  There  is  a  certain  fijh  whofe  head  is  9  inches  ;  the 
tail  is  as  long  as  the  head  and  half  the  beck  ;  and  the 
back  is  as  long  as  both  the  head  aud  the  tail  together  : 
I  demand  the  length  of  the  back,  and  of  the  tail  f 
Anf  The   length  of  the  back   is  36  inches,  and 

that  of  the  tail  27  :  for  27  =  9  +  *4  ;  and  36  =  9  +  27. 

Solution. 

For  the  length  of  the  back  put  x  ;  then  will  x  be 

equal  to  the  length  of  both  head  and  tail  together, 

by  the  fuppofition ;  therefore  if  from  x,  the  length 

of  the  head  and  tail  together,  you   fubtract  9,  the 

length  of  the  head,  there  will  remain  x  —  g  for  the 

length  of  the  tail  •,  but  according  to  the  problem,  the 

tail  is  as  long  as  the  head  and  half  the  back  ;  there- 

x 
fore  x  —  o  —  —  -r  9  ;  therefore  2^—18=^+18;  there- 

fore  ix .  —  x  —  1 8  =  1 8,  that  is,  x —  1 8  =  1 8 ;  and  x,  the 
length  of  the  back,  equals  18  +  18  =  36;  therefore 
x  —  <)i  the  length  of  the  tail,  equals  27,  as  above. 

Problem     7. 

32.  One  has  a  leafe  for  99  years  ;  and  being  afked  how 
much  of  it  was  already  expired,  anfwered,  that  two- 
thirds  of  the  time  pajl  zvas  equal  to  four -fifths  of  the 
time  to  come  :  I  demand  the  times  fafl9  and  to  cotne  ? 

Anf. 
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Anf.  The  time  pail  was  54  years ;  and  the  whole 
term  of  years  was  99  ;  therefore  the  time  to  the  ex- 
piration of  the  ieafe  was  45  years :  now  -§-  of  54  is 

36;  and  *  of  45  is  36. 

Solution. 

Put  x  for  the  time  pail;  then,  fince  the  whole  term 

of  years  was  99,  i£,x  the  time  pad  be  fubtracted  from 

99  the  whole  time,  there  will  remain  99— „r  for  the 

ix 
time  to  come  ;  but  •§■  of  the  time  pad  is  — ;  and  4 

r    1  •      .       r  99- X  _396~4*         , 

or  the  time  to  come  is  4  or ;  there- 

1  5 

2#_396—  4#  1 1 88  —  T2# 

lore — :     therefore     2  #  =  : 

3  5  5 

therefore  loxzzii&S  —  12X  :  therefore  io.v+r2»v  = 
1 188,  that  is,  22#—  1 188  ;  and  a?  the  time  paft  =54 
years;  therefore  99— #  the  time  to  come  equals  45 
years. 

To  this  problem  1  fhall  add  two  others  of  the  fame 
nature  without  any  folution. 

Firft,  To  divide  the  number  84  into  two  fuch  parts,  that 

"  three  times  one  part  may  be  equal  to  four  times  the  other. 

Anf.  The  parts  are  48  and  36  :  for  in  the  firft  place, 

48  +  36  =  84;  and  in  the  next  place,  three  times  48 
=r  144=  four  times  36. 

Second,  To  divide  the  number  60  into  two  fuch  parts, 
that  a  feventh  part  of  one  may  be  equal  to  an  eighth 
part  of  the  other. 
Anf.  The  parts  are  28  and  32  ;  for  in  the  firft  place, 

.284-32  =  60;  and  in  the  nest  place,  ~  of  28  equals 

4-t  of  32- 

Problem     8* 

32.  //  is  required  to  divide  the  number  50  into  two  fuch 
parts,  that  f  of  one  part  being  added  to  1  of  the 
other,  may  make-Ap* 

I  2  Anf 
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Anf.  The  parts  are  20  and  30 :  for  in  the  firft  place, 
20  +  30  =  50  •,  and  in  the  next  place,  f  of  20,  which 
is  15,  added  i-  of  30,  which  is  25,  makes  40. 

Solution. 

Put  x  for  one  part,  and  confequently  50  -  x  for  the 
other  part ;  then  we  mall  have  £  of  x  =  — ,  and  4  of 

4 

2  CO  —  CX 

§o  —  x—   "-  s        ;   but,  according  to  the  problem, 
thefe  two  added  together  ought  to  make  40  ;  whence 

IX       2^0 — ^  X 

we  have  this  equation,  —  +  ~~~7 — "  —  4°  :    multiply 

IOOO  —  ZOX 

by  4,   and  you  will   have  $x-\ r =160; 

multiply  again  by  6,  and  you  will  have  iSx  +  i coo 
-  20^  =  960,    that   is,    1000-2^  =  960;    therefore 
1000  =  2#-|- 960;  and  1000  — 960  =  2,1',  that  is^  ix  — 
40  1  and  x,  which  is  one  of  the  parts  fought,  will  be 
20  ;  whence  50  -  x  or  the  other  part  will  be  30,  as 


Other  two  problems  of  the  fame  nature. 

Fir  ft  :  //  is  required  to  divide  the  number  20  into  two 
fach  parts,  that  three  times  one  part  being  added  to 
[five  times  the  other  may  make  84. 
Anf,  The  parts  are   8    and  12:  for  84-12  =  20; 

and  8x34-12x5,  that  is,  24 -f  60  =  84. 

Second  :  //  is  required  to  divide  the  number  100  into] 
two  fuch  parts ,  that  if  a  third  part  of  one  be  fub- 
iracledfrom  a  fourth,  part  of  the  other,  the  remainder 
may  be  11. 

Anf,  The  parts  are  24  and  76  :  for  fi-rft,  24.  added 
to  76  makes  100  ;  and  fecondly,  f  part  of  24,  which 
is  8,  fubtra&ed  from  \  of  76,  which  is  19,  leaves  11. 

Problem 
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Problem     9. 

34.  Two  perfons  A  and  B  engage  at  flay,  A  has  72 
guineas  and  B  52  before  they  begin  ;  and  after  a  cer- 
tain number  of  games  won  and  loft  between  them,  A 
rifes  with  three  times  as  many  guineas  as  B:  I  de- 
mand how  many  guineas  A  won  of  B  ? 

Anf.  21:    for   72  +  21  =93;    and    52  —  21=31; 
and  93  =  31  X3. 

Solution. 

Put  x  for  the  number  of  guineas  A  won  of  B,  and 

confequentlv  that  B  loft;  then  will  ^'s  lad  fum  be 

72+tf,  and  B\  lafl  fum  52  —  x-;  now,  according  to 

the  problem,  A's  lad  fum  is  three  times  as  much  as 

j5's  lafl  fum;  that  is,  three  times  $z—x,  or  156  — 
3# ;  therefore  72  +  .r  =  156  —  %x  ;  therefore  72  +  ^  + 
3^=156,  that'is,  72  +  4^  =  156;  therefore  4#  =  156 
—  72  =  84;  therefore  x,  the  money  ^  won  of  B9 
equals  21  guineas,  as  above. 

Problem     10. 

35.  One  meeting  a  company  of  beggars,  gives  to  each 
four  pence,  and  has  fiixte  en-pence  over  :  but  if  he 
would  have  given  them  fix -pence  apiece,  he  would 
have  wanted  twelve  pence  for  that  purtofe  :  I  demand 
the  number,  of  perfons  ? 

Anf.  14  :  for  14  x  4+  16  =  72=  14  x  6  —  12. 

Solution. 
Put  x  for  the  number  of  perfons ;  then  if  he  gives 
them  four  pence  apiece,  the  number  of  pence  given 
will  be  four  times  as  many  as  the  number  of  perions, 
that  is  4#;  therefore  4^+16  will  exprefs  all  the  mo- 
ney he  had  about  him  ;  and  fo  dfo  will  6x—  12  by 
a  like  way  of  reafoning  ;  therefore  4*  -f  16  =  6x  — 
12;  therefore  i6  =  6#  —  4,r—  12=  zx  —  12  ;  therefore 
2#=  16 +12  =  28;  and  x,  the  number  of  perfons, 
equal  14,  as  above. 

I  3  Problem 


134  3fo  Solution  of  Problems  Book  II. 

Problem     ii. 

36.  What  two  numbers  are  thofe,  whofe  difference  is  4, 
and  the  difference  of  thofe  fquares  is  112? 
Anf  1 2  and  1 6  :  for   16—12  =  4,  aQd   1 6  x  1 6  — 

12x12,  that  is,  256-144=112. 

Solution. 

The  lefs  number,  #..  tf  +  4 

The  greater,  #  +  4.  #4-4 


##  +  4#  4- 1 6 

+  4X 


The  fquare  of  the  greater,  Xx+8   +16 

The  fquare  of  the  lefs,  xx 

The  difference  of  their  fquares,    *     8#-j- 16  ; 
whence  8#  + 1 6  :=  1 1 2 ;  therefore  8#  ~  1 1 2  —  1 6  ==  96  j 
therefore  #  the  lefs  number  equals  12,  and  #4-4  the 
greater  equals  16,  as  above. 

Problem     12. 

37.  What  two  numbers  are  thofe,  whereof  the  greater 
is  three  times  the  lefs,  and  the  fum  of  whofe  fquares 
is  five  times  the  fum  of  the  numbers  ? 
Anf.  The  numbers  are  6  and  2,  whofe  fum  is   8  : 

now  6  =  3  times  2  j  and  6x6  +  2x2=:  40  —  5  times  8. 

Solution. 

The  lefs  number,  x.- 

The  greater,  %x. 

Their  fum,  4V. 

The  fquare  of  the  iefs,  xx. 

The  fquare  of  the  greater,     yxx* 
The  fum  of  their  fquares     i'bxx. 
But,  according  to  the  problem,  the   fum   of  their 
fquares  is  5  times  the  fum  of  their  numbers,  that  is, 
5  times  4.x  or  scat;  therefore   iqxx  —  2ox  ;  and    io.v 
1  =20 1 
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=  20;  and  x  tli e  lefs  number  —  2;  whence   3*  the 
greater  equals  6,  as  above. 

Problem     13. 

38.  What  tzvo  numbers  are  thofe,  whereof  the  lefs  is  to 
the  greater  as  2  to  3,  and  the  produEl  of  zvhofe  mul- 
tiplication is  6  times  the  fum  of  the  numbers  ? 
Anf.  The  numbers  are  10  and   15,  whofe  fum  is 
25  :  for  10  is  to  15  as  2  to  3.   This  will  be  plain  by 
putting  the  queftion  thus :  if  2  gives  3,  what  will  10 
give  ?  for  the  anfwer  will  be  15  :  thefe  numbers  will 
alfo  anfwer  the  fecond  condition  of  the  problem ;  for 
10  x  15  =  150  =  25  x  6. 

Soluti  ON. 

Put  x  for  the  lefs  number;  then  to  find  the  greater 
number  fay,  if  2  gives  3,  what  will  x  give  ?  and  the 

anfwer  is  —  ;  therefore,  if  x  Hands  for  the  lefs  num- 
2 

%x 
ber,  the  greater  number  will  be  — ,  their   fum   will 

X        %X  2.Y-f3-V  CX  r 

be  — + — ,  or ,  or —  ;  and   the  product  or 

12'  2      '        2  r 

2  X  2  XX 

their   multiplication   x  x  — ,  or  - — ;  but,  according 

22 

to  the  problem,  the   produft  of  their  multiplication 

ought   to  be    fix  times   the  fum    of  the   numbers, 

tx         3  or  zxx     zox 

that  is,  fix  times  — ,  or  — — ■* ;  therefore  —  =  :—  ; 
2 '  2  22 

and  3.v2rz30,v  ;  and  3*  =  30  ;  and.r,  the  lefs  number, 
equals  10 ;  th 
15,  as  above. 


equals  10  ;  therefore  — ,  the  greater  number,  equals 

40 


I  4  Problem 
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Problem     14 

39.  7 wo  perfons  A  and  B  were  talking  of  their  money  ; 
fays  A  to  B,  Give  me  five  fhillings  of  your  money,  and 
I  jhall  have  jujl  as  much  as  you  will  have  left  :  fays 
B  to  A,  Rather  give  me  five  jlnlli  rigs  of  your  money  ^ 
and  1  Jhall  then  have  jujl  three  times  as  much  as  you 
will  have  left :  How  much  money  had  each  ? 

Anf  A  had  15  fhillings,  and  B  25:  for  then,  if 
A  borrows  5  {hillings  of  B,  they  will  have  20  (hil- 
lings each  ;  on  the  other  hand,  if  A  lends  B  5  (hil- 
lings,  then  will  A  have  10  fhiliings  left,  and  B  will 
have  30,  which  is  three  times  as  much. 

Solution. 

Put  *  for  A's  money  ;  then  if  A  borrows  five  (hil- 
lings of  B,  A  will  have  x+.£9  and  B  by  the  fuppo- 
fition  .  will  have  the  fame  left,  to  wit,  ^  +  5  ;  but  if 
B,  after  having  lent  A  five  (hillings,  has  x  +  5  left,  he 
mud  have  had  x  +  10  before ;  therefore  if  x  reprefents 
A's  money,  x  +  ip  will  reprefent  B's :  let  us  nowfup- 
pofe  B  to  borrow  5  (hillings  of  A ;  then  will  B  have 
tf+15,  and  A  will  have  x  —  5  ;  but,  according  to  the 
problem,  B  in  this  cafe  ought  to  have  three  times  as 

much  as  A  has  left,  that  is,  three  times  x  —  $,  or 
3#  —  1 5  ;  therefore  $x  —  1 5  =  x  + 1 5  ;  therefore  3^  —  x 

—  15  =  1^,  that  is,  2X  —  -15  —  15;  therefore  2^=15+. 

15  =  30  ;  therefore  y,  or  A's  money,  equals  15  (hil- 
lings, and  x^-l.Oy  or  B's>  =25,  as  above. 

Problem     15. 

40.  What  two  numbers  are  thofe,  the  produbl  of  whofe 
multiple  anon  is  108,  and  whofe  f urn  is  equal  to  twice 
their  difference  ? 

Anf  18  and  6  :  for  the  product  of  their  multipli- 
cation is  108;  and  their  fum  24  is  equal  to  twice  their 
difference  12. 

Solution. 
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Solution. 

For  the  greater  number  I  put  x  ;  then,  had'  their 

fum  been  10B,  I  fhould  for  the  other  number  have 

put  108  —  x  ;  but  it  is  not  the  fum  of  their  addition, 

but  the  product  of  their  multiplication,  that  is  equal 

to   108  ;  therefore  if  one  number  be  called  x9  the 

108 
other  will  be  ,  which  I  thus  demonftrate :  let  y 

x  y 

be  the  other  number  ;  then  will  x  xy  or  xy  —  108  by 
the  fuppofition  ;  divide  both  fides  of  the  equation  by 

108 

Xj  and  you  will  have  y  —  —  ;  as  was  to  be  demon- 
strated.   This  being  admitted,  the  difference- between 

,      ,         ,     r      {°d  I08 

the  greater  number  x.  and  the  leis  - — ,    is  x  —  —  ; 

■  x  x 

„  .  lOO  .   . 

and  their  mm  is  x  \ :  but,  by  the  condition  of 

x 

the  problem,  this  fum  ought  to  be  equal  to  twice  the 

j-/r                  t.      •                                  lo8                       2l6 
difference,  that  is,  to  twice  x ,    or   ix -; 

x  x 

c  2l6  Ic8  1  r 

tnererore  ix —  x+  —  —  ;    therefore    2xx  —  210 

r=  xx  -f-108;  th erefore  ixx  —  xx  —  216=  1  c  8 ,  that  is, 
xx  —  2 1 6  =  io3  ;     therefore    xx  —  1 08  -f  216  —  32 4  ; 

108 
therefore  x  the  greater  number  equals   18,  and   — — 

the  iefs  equals  6,  as  above. 

Problem     16. 

41.   It  is  required  to  divide  the  number  48  into  two  fuch 
parts ,  that  one  part  may  be  three  tunes  as  much  above 
20,  as  the  other  wants  of  20. 
Anf.  The  two  parts  are  32  and  16  :  for  32  -f  16  ~ 

48  ;  moreover  32  is  12  above  20,,  aiid  16  wants  4  of 

20,  and  12  is  three  times  4. 

6  Solution. 
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Solution. 

Put  x  for  the  lefs  number  fought ;  then  will  48  -  x 
be  the  greater,  and  the  excefs  of  this  greater  above 
20  wiJl  be  28  —  x,  as  is  evident  by  fubtracling  20 
from  48—  xi  again,  the  excefs  of  20  above  the  lefs 
number  (which  is,  what  the  lefs  number  wants  of  20) 
is  20  —  x  ;  and  according  to  the  problem,  the  former 
excefs  is  three  times  the  latter,  that  is,  three   times 

2.0  —  x.-;  or  60  —  $x  ;  whence  we  have  this  equation, 
28  —  x—60  —  $x  -,  therefore  28  —  x-\-  3  a:  =60,  that  is, 
2d-\-2X—6o  ;  therefore  2^  =  60  —  28  =  32  ;  therefore 
x  the  lefs  part  =  16,  and  4.8  —  x  the  greater  =32,  as 
above. 

Another  Solution  of  the  foregoing  Problem. 

Put  x  for  what  the  lefs  number  wants  of  20  ;  then 
will  the  lefs  number  be  20  —  x,  the  greater  20  -f-  ax, 
and  their  furn  40  +  2-  ;  but,  by  the  problem,  their 
jam  is  48  ;  therefore  404-2^  =  48  ;  therefore  ix  =  48 
—  40  =  8;  therefore  x~  4;  whence  20  —  x  the  lefs 
number  =16,  and  204-3*  tne  §reater  — 32- 

Problem     17. 

42.  One  has  three  debtors.  A,  B,  and  C,  ivhofe  parti- 
cular, debts  he  has  forgot ;  but  thus  much  he  could  re- 
member from  his  account,  that  A's  and  B's  debts  to- 
gether amounted  to  60  pounds ;  A's  and  C's  to  80 
Pounds',  and  B's  and  C's  to  92  pounds :  1  demand 
the  particulars  ? 
Anf,  A's  debt  was  24  pounds,  B's  36,  and  C's  56  : 

for  244-36  =  60,  24-1-56  =  80,  and  36-1-56=92. 

Solution. 

.  Put  x  for  A's  debt ;  then,  becaufe  A's  and  B's  to- 
gether made  60  pounds,  B's  deb:  will  be  60  —  x; 
again,  becaufe  A's  and  C3s  together  made  80  pounds, 
C's  debt  muft  be  80  —  x  :  now  fince,  according  to  the 

problem, 
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problem,  B's  and  C's  debts  when  added  together 
make  92  pounds,  I  add  60  —  ,v,  and  80  —  x  together, 
and  fuppofe  the  fum  140  — 2^  =  92  ;  whence  2  #-}-$>  2 
=  140;  and  2x=  140  —  92  =  48  -,  and  x,  that  is,  A's 
debt,  =24  pounds  :  whence  60  — ,v,  or  B's  debt,  = 
36  pounds;  and  80  —  x,  or  C's,  is  56  pounds,  as  above. 

Problem     18. 

43.  One  being  afked  how  many  teeth  he  had  remaining 
in  his  head,  anfwered,  Three  times  as  many  as  he  had 
loft ;  and  being  afked  how  many  he  had  loft,  anfwered, 
As  many  as,  being  multiplied  into  \  part  of  the  number 
left,  would  give  all  he  ever  had  at  fir  ft  :  I  demand 
how  many  he  had  loft,  and  how  many  he  had  left  ? 
Anfi  He  had  loft  8,  and  had  24  left  :  for  then  24, 
the  number  left,  will   be  equal  to   3   times   8,  the 
number  loft;  and  moreover  8,  the  number  loft,  mul- 
tiplied into  4,  that  is,  into  \  part  of  24,  the  number 
left,  will  give  32  =  24  +  8,  all  he  ever  had  at  firft. 

Solution. 

Teeth  loft,  x. 

left,  3v. 

In  all,  4#. 

2  x  x 

4.  part  of  the  number  left  ~}  or  — ;  this,  mufti- 

1        ^  xx 

plied  into  the  number  loft,  makes  —  x  x,  or  — ;  but, 

according  to  the  problem,  this  product  is  equal  to  all 

x  t 

he  ever  had  at  firft  ;  whence  — =4.v;  and  xx  —  Bxi 

2 

and  x,  the  number  loft,  =8;  whence  3V,  the  number 

left,  =  24,  as  above. 

B  R  O   B   L   E  M        19. 

44.  One  rents  25  acres  of  land,  at  7  pounds  12  fhillings 
per  annum  ;  which  land  confifts  of  two  forts,  the  bet- 

ier 
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ier  fort  he  rents  at  8  Jhillings  per  acre,  and  the  worfe 
at  5  :  /  demand  the  number  of  acres  of  each  fort  ? 

Anf  He  had  9  acres  of  the  better  fort,  and  16  of 
the  worfe:  for  9  times  8  (hillings  =72  (hillings;  and 
16  times  5  (hillings  =80  (hillings ;  and  72  +  80=152 
Shillings  =  7  pounds  12  (hillings. 

Solution. 

Put  x  for  the  number  of  acres  of  the  better  fort ; 
then  will  25  —  x  be  the  number  of  acres  of  the  worfe 
fort,  becaufe  both  together  make  25  acres:  moreover, 
,iince  he  paid  8  (hillings  an  acre  for  the  better  fort,  he 
muft  pay  8  times  as  many  (hillings  as  he  had  acres, 
that  is,  8# :  and  fince  he  paid  5  (hillings  an  acre  for 
the  worfe  fort,  he  muff,  pay  5  times  as  many  (hillings 

as  he  had  acres  of  this  fort,  that  is,  25  — „rx£,  or 
125  — 5#:  put  both  thefe  rents  together,  and  they 
.  will  amount  to  Sx  -f  125  —  $x,  or  $x-\-  125  (hillings ; 
but  they  amount  to  152  (hillings  by  the  fuppoiition  ; 
therefore  3^ -f- 1 25  =  1 52 ;  therefore  %x r:  1 52  —  1 25 
=  27  ;  therefore  x,  the  number  of  acres  of  the  better 
fort,  =  9,  and  25— #,  the  number  cf  the  worfe  fort, 
=  16,  as  above. 

Prosle  m     20. 
45,  One  hires  a  labourer  into  his  garden  for  ^6  days,  upon 
the  folio-wing  conditions  :  to  wit,  thai  for  every  day  he 
laboured,  he  'was  to  receive  two  findings  and  fix-pence -9 
G'd  for  every  day  he  was  abfent,  he  was  to  forfeit  one 
filling  and  fx-tence :  now  at  the  end  of  36  days, 
after  due  deductions  made  for  his  forfeitures,  he  re- 
ceived clear  2  pounds  1 8  fillings :  I  demand  how  ma- 
ny days  he  laboured^  and  how  many  he  was  abfent  ? 
Anf  He  laboured  28  days,  and  loitered  8  :  for  28 
half-crowns  amount  to  3  pounds  10  (hillings   due   to 
bin.  for  wages  ;  and  8  eighteen-pences  amount  to  12 
Ihillings  due  from  him  in  forfeitures ;   and  this   latter 
firm,  fubrradted  from  the  former,  leaves  2  pounds  18. 
(hillings  to  be  received  clear. 

Solution, 


Art.  45 ,  47.     producing  Simple  Equations,  t$t 

Solution. 

Put  x  for  the  number  of  days  he  laboured ;  then 
will  36  —x  reprefent  the  number  of  days  he  was  ab- 
fent :  again,  fmce  he  was  to  receive  30  pence  foe 
every  day  he  laboured,  the  pence  due  to  him  in  wages 
will  be  30  x  x,  or  30*;  and  fince  he  was  to  forfeit 
iS  pence  for  every  day  he  was  abfent,  the  pence  due 
from  him  in  forfeitures  will  be  18  x  36  —  x,  or  648 
—  iSx:  fubtract  now  648  —  i8x9  the  pence  due  from 
him  in  forfeitures,  from  30^,  the  pence  due  to  him 
for  wages  5  or,  which  is  all  one,  add  18^—648  to 
gotf,  and  there  arifes  48^  —  648,  the  pence  to  be  re- 
ceived clear :  but  he  received  clear  2  pounds  1 8  {hil- 
lings, or  696  pence,  by  the  fuppofition ;  therefore 
4.$x  —  648  =  696;  therefore  48^  =  648  +  696=  1344; 
therefore  x9  the  number  of  days  he  laboured,  =28  ; 
and  36—.Y,  the  number  of  days  he  loitered,  =-8,  as 
above. 

Problem     22* 

47.  One  lets  cut  a  certain  fum  of  money  at  6  per  cent. 
fimple  inter  ejl ;  ivhich  inter  eft  in  1  o  years  time  wanted 
but  1 2  pounds  of  the  principal :  What  zuas  the  prin- 
cipal P 

Anf.  The  principal  was  30  pounds,  and  the  intereft 
18  pounds  =30—12:  for  as  100  pounds  principal 
is  to  its  annual  intereft  6  pounds,  fo  is  30  pounds 
principal  to  its  annual  intereft  i«8  pounds  ;  and 
therefore  its  10  years  intereft  will  be  18  pounds. 

Solution. 

Put  x  for  the  number  of  pounds  in.  the  principal  5 
then,  to  find  its  intereft  for  one  year,  fay,  if  100 
pound  principal  give  6  pounds  intereft,  what  will  x 

6x         .      .. 

princiDal  p-ive  ?  and  the  anfwer  will  be  • ;  this  will 

k  A  fc>  IOQ 

be  the- intereft  of  x  for  one  year,  and  therefore  its 

intereft 
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QQV  Q^  OX 

intereft  for  ten  years  will  be  ■ — -  or  — ,  or  — :  but,  ac- 

'  ioo       10'        5 

cording  to  the  problem,  this  interefl  is  to  be  x  —  12 ; 
for  it  is  to  want  juft  12  pounds  of  the  principal,  by 

3  ti- 
the fuppoiition  ;  therefore  ,v—  12=—;  therefore  51* 

5 
~6o=gtf;  therefore  5,Y —  3^  — 6o=ro,  that  is,  2v  — 
60=0  ;  therefore  2.r=6o,  and  x  the  principal  =30 

'    %x 
and  —  the  10  years  interefl  =  18  pounds,  as  above. 
5 

Problem     23. 

48.  One  lets  out  98  "pounds  in  two  different  parcels;  one 

at  5,  the  other  at.  6  per   cent.  Jimple  interejl ;  and 

the  interejl  of  the  whole  in  1 5  years  amounted  to  Si 

pounds  :  What  were  the  two  parcels  ? 

Anf  The  parcel  at  5  per  cent,  was  4.8  pounds,  and 

the  other  at  6  per  cent,  was  50  pounds :  for  in  the 

firft  place,  48-1-50=08;  and  moreover,  the  annual 

intereft  of  48  pounds  at  ^percent,  amounts  to  2  pounds 

8  {hillings ;  and  the  annual  interefl  of  50  pounds  at 

6  per  cent,  is  3  pounds ;  therefore  the  whole  interefl 

amounts   to  5   pounds  8  (hillings   in  one  year;  and 

confequently  to  81  pounds  in  15  years. 

Solution. 

Put  x  for  the  number  of  pounds  in  the  parcel  at  5 

per  cent,   and  confequently   98  — tf  for  the   number 

of  pounds  in  the  other  parcel  at  6  per  cent,  %  then,  to 

find   the   annual   intereft  of  x,    fay,  if   100  pounds 

principal  give  5  pounds  intereft,  what   will  *  give  ? 

ex 
and  the  anfwer  will  be  -=^-  :  apain.  for  the  other  par- 

100      °  r 

eel,  fay,  if  100  pounds  principal  give  6  pounds  in- 
tereft, what  will  98  —  x  give?  and  the  anfwer  will  be 

588  —  6x       '       L '■ 

:  add  theie  two  lnterens  together,  to  wit. 

100  ° 

5X 
100 
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tx  588  -6x        *••-•■•--         .,, ,      Cv  + 588-6* 

-iL-  and  — ,  and  the  ium  will  be , 

100  100  100 

588  -x 

that  is,  ,  this  is  the  intereft  of  the  two  par- 

100  r 

eels  for  one  year ;  and  therefore,  in  15  years  time, 

•  n  882O—  I  CfX 

the   intereft   mult   amount    to — :    but   it 

100 

amounts  to  81  pounds,  by  the  fuppofition  ;  therefore 

8820  —  IsX        ■  t         1       nn 

=  81  ;    therefore   8820  —  iwr  8100  ; 

ico  -*  * 

therefore  8823  =  15.V  + 8100  ;  therefore  15^  =  8820  — 

8100  =  720  ;  therefore  x,  the  parcel  at  5  per  cent.  — 

48  pounds  ;  and  98  —  x,  the  parcel  at  6  per  cent,  =: 

50  pounds,  as  above. 

Problem     24. 

49.  A  gentlemen  hires  afervant  for  a  year,  or  12  months ■, 
and  was  to  allow  him  for  his  wages  fix  pounds  in  mo- 
ney, together  with  a  livery  cloak  of  a  certain  value 
agreed  upon  :  but  after  feven  months ,  uponfome  mif- 
demecnour  of  the  fervant,  he  turns  him  off,  with  the 
aforefaid  cloak  and  50  /hillings  in  money  ;  which  was 
all  that  was  due  to  him  for  that  time  :  1  demand  the 
value  of  the  cloak  ? 

Anf  The  value  of  the  cloak  was  48  {hillings  :  for 
then  his  whole  wages  for  12  months  would  be  168 
{hillings;  and,  by  the  rule  of  proportion,  his  wages 
for  7  months  would  be  98  fhillings  ;  whence  fub- 
tradting  48  (hillings,  the  value  of  the  cloak,  there 
would  remain  50  fhillings  due  to  him  in  money. 

Solution. 

Put  x  for  the  value  of  the  cloak  in  (hillings ;  then 

will  his  whole  wages  for  12  months  be  x-\- 120  ;  and 

his  wages  for  7  months  may   be  found  by  the  golden 

7X  +  840 
rule,  favinff,  as  12  is  to  7,  fo  is  #-1-120  to ; 

3  J       O  7  1  12 

but9 
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but,  according  to  the  problem,  his  wages  for  7  months 
was  the  cloak  and  50  (hillings  in  money,   that  is, 

1  r  7.V+840 

#+50;  therefore  x  +  50  = ;  therefore  i2#  + 

600  =  7^+840;  therefore  12,5c—  7^  +  600  =  840,  that 
is,  5^+600=840;  therefore  5^  =  840  — 600  =  240 ; 
therefore  x,  the  value  of  the  cloak  in  millings,  is  48, 
as  above. 

Problem     25. 

50.  One  dijiributes  20  Jhillings  among  20  people ,  giving 
6  pence  apiece  to  /owe,  and  1 6  pence  apiece  to  the 
reji :  I  demand  the  number  of  perfons  of  each  deno- 
mination. 

Anf.  There  were  8  perfons  who  received  6  pence 
apiece;  and  12  who  received  16  pence  apiece:  for 
in  the  fir  ft  place,  8  +  12  =  20  perfons;  and  fince  $ 
iixpences  are  equivalent  to  4  millings,  and  12  fixteen- 
pences  to  16  .(hillings,  we  ihall  have,  in  the  next  place* 
4+16  =  20  (hillings. 

Solution. 

Put  x  for  the  number  of  perfons  who  received  6  pence 
apiece;  then, 'lince  there  were  20  perfons  in  all,  20  — # 
will  be  the  number  of  thofe  who  received  fixteen-pence 
apiece :  the  number  of  pence  received  by  the  former 
company  will  be  6x ;  and  the  number  of  pence  re- 
ceived by  the  latter  will  be  20  —  x  x  16,  that  is,  320 
—  i6x ;  and  therefore  the  whole  number  of  pence 
received  will  be  6^  +  320—  i6x5  or  320  — io#;  but, 
according  to  the  problem,  there  was  received  in  the 
whole,  20  (hillings,  or  240  pence;  therefore  320  — 
ic#  =  240  ;  therefore  1 0^  +  240  =  320  ;  therefore  ioar 
=  320  —  240  =  80;  therefore  #,  the  number  of  per- 
fons, who  received  fix-pence  apiece,  is  8,  and  conse- 
quently 20— tf,  the  number  of  the  reft,  is  12,  as 
above. 

Problem 
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Problem     26. 

51.  It  is  required  to  divide  24  fhillings  into  24  piece 's, 
confifting  only  of  nine-pences  and  tbirteen-pence-half- 
pennies. 

Anf.  There  muft  be  8  nine-pences,  and  1 6  thirteen- 
pence-halfpennies ;  for  in  the  firft  place,  8 +  16  =  24 
pieces ;  and  fince  8  nine-pences  are  equivalent  to  6 
fhillings,  and  16  thirteen-pence-halfpennies  to  18  (hil- 
lings, we  have  in  the  next  place  6  -f  18  =  24  fhillings. 


S  O  L  U  T  I  O 


ST. 


Put  x  for  the  number  of  nine-pences,  and  confe- 
quently  24  -  x  for  the  number  of  thirteen-pence-half- 
pennies :  now  the  number  of  halfpence  equivalent  to 
the  former  is  iSx,  becaufe  there  are  18  halfpence  in 
every  nine-pence  ;  and  the  number  of  halfpence  equi- 
valent  to  the  latter  is  24 -#  x  27,  or  648  -  27^,  be- 
caufe there  are  27  halfpence  in  every  thirteen-pence- 
halfpenny  piece  :  therefore  the  number  of  halfpence 
equivalent  to  the  whole  will  be  18^  +  648  —  27^,  that 
is,  648  -  9* ;  but,  according  to  the  problem,  the 
whole  amounts  to  24  {hillings,  or  576  halfpence; 
therefore  648  —  9^  =  576;  therefore  9^  +  576  =  648; 
therefore  9^  =  648  —  576  =  72;  therefore  x,  the  num- 
ber of  nine-pences  is  8  ;  and  24  —  x,  the  number  of 
thirteen-pence-halfpennies,  is  16,  as  above. 

P  R  O  B  L  E  M       27, 

52.  Two  per  Jons,  hand  B,  travelling  together,  A  with 
100,  and  B  with  48  pounds  about  him,  met  a  com- 
pany of  robbers,  who  took  twice  as  much  from  A  as 
from  B,  and  left  A  thrice  as  much  as  they  left  B  :  / 
demand  how  much  they  took  from  each  ? 
Anf.  They  took  44  pounds  from  B9  and  twice  as 
much,  that  is,  88  pounds  from  A,  fo  they  left  B  4 
pounds,  and  A  12  pounds,  which  is  3  times  4. 

K  Solution'. 
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Solution. 

Taken  from  B,  x. 
from  Ay  ix. 
Left  B,  48  -  x. 
Left  Ay  100—  2X. 

But,  according  to  the  problem,  they  left  A  three 
times  as  much  as  they  left  B,  that  is,  three  times 
48  —  x,  or  144  —  3x1  therefore  100  — 2*=:  144—  3^; 
therefore  100  —  2x-\-%x  =  144,  that  is,  1 00-}- x  zz  144; 
therefore  #,  the  fum  taken  from  i>,  ~  144—  100  =  44  j 
and  2»y,  or  88,  is  the  fum  taken  from  A>  as  above. 

Problem     30. 

$$.  There  are  two  places  154  miles  dijlant  from  each 
other  ;  from  whence  two  perfons  fet  out  at  the  fame 
time  with  a  defign  to  meety  one  travelling  at  the  rate 
of  3  miles  in  two  hours,  and  the  other  at  the  rate  of 
5  miles  in  4  hours:  I  demand  how  long  and  how  far 
each  travelled  before  they  met  ? 
Anf.  As  our  travellers  were  fuppofed  both  to  fet 
out  at  the  fame  Lime,  and  they  mult  both  meet  at  the 
fame   time,  it  follows,  that  each  muft  perform   his 
journey  in  the  fame  time;  I  fay  then,  that  each  per- 
formed  his  journey  in  56  hours :  for  if  in   2   hours 
the  iirft  travelled  3.  miles,  in  56  hours  he  muft  travel 
84  miles,  by  the  rule  of  proportion  :  in  like  manner, 
if  in  4  hours  the  fecoiid  travels' 5  miles,  in  56  hours 
he  muft  travel  70   miles;  and  84+70=154  mikes, 
the  whole  diftance. 

Solution. 

Put  x  for  the  number  of  hours  each   travelled; 

then,  to  find  how  many  miles  the  fir  ft  travelled,  fay, 

if  in  2  hours  he  travelled   3   miles,  how  far  did   he 

2  x 
travel  in  x  hours?  and   the  anfwer  is  — ;  then,  for 

2 

the 
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the  other,  fay,  if  ia  4  hours  he  travelled  5  miles,  how 

ex 
far  did  he  travel  in  x  hours  ?  and  the  anfwer  is  — - 

4 
2  x 
therefore  both  their  journies  put  together  make  — 

ex 
+—  ;  but  they  both  travelled  the  whole  diftance, 

3  X      ex 
1 54  miles:  therefore  —  +  —  ■=  154  ;    therefore    $x 

+  —  =  308:    therefore   izx  +  iox,  that   is,  iix  — 

4 
1232;  therefore  #,  the  number  of  hours  each  Ira- 
s'*1 
veiled,   =56;  therefore — ,  the  number  of  miles  the 

ex 
firft  travelled,  =  84 ;  and  — ,  the  number  of  miles 

4 
the  fecond  travelled,  =  70,  as  above. 

Problem     31. 

56.  One  fets  out  from  a  certain  place,  and  travels  at  the 
rate  of  7  miles  in  5  hours ;  and  8  hours  after,  ano- 
ther fets  out  from  the  fame  place  >  and  travels  the  fame 
road  at  the  rate  of  5  miles  in  3  hours :  I  demand  how 
long  and  how  far  the  jirji  muft  travel  before  he  is  over- 
taken by  the  fecond? 

Anf.  The  rirft  muft  travel  50  hours,  and  confe- 
quently 70  miles;  the  fecond  mud  travel  50  —  8,  or 
42  hours,  and  confequently  alfo  70  miles :  fince 
then  they  both  fet  out  from  the  fame  place,  and  the 
fecond  traveller  has  now  travelled  as  far  as  the  firft, 
he  mull  have  overtaken  the  firft. 


Solution. 

Put  x  for  the  number  of  hours  the  firft  travelled, 
and  confequently  x  —  8  for  the  number  of  hours 
wherein  the  fecond  travelled  :  then,  to  find  the  miles 

K  2.  travelled 
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travelled  by  the  firft,  fay,  if  in  5  hours  he  travels 

7  miles,  how  far  will  he  travel  in  x  hours  I  and  the 

yx 
anfwer  is  —  ;  then,  for  the  other,  fay,  if  in  3  hours 

he  travelled  5  miles,  how  far  will  he  travel  in  x  -  8 
hours,  and  the  anfwer  is — :  but  as  thefe  two 

;     3 

travellers  both  fet  out  from  the  fame  place,  and  mud 
come  together  at  the  fame  place,  it  follows,  that  they 
muft  both  travel  the  fame  length  of  fpace ;  therefore 

tx  —  40      "IX        ,         '  1\X     .  ■ 

zz  — ;  therefore  $x  —  40  =  — ;  therefore  2  Kx 

3  5  J  5  D 

—  200  =  21*;    therefore    25*  — 21*— 200  =  0,    that 

is,  4*— 200  =  0;    therefore  4*  =  200;   and  x,    the 

hours  travelled  by  the  firft,  s=  50  •,  whence  x  —  8, 

7  x 
the  hours  travelled   by   the  fecond,  =  42  ;    — , 

the  miles  travelled  by  the  firft,  =  70  ;  and  — ? 

the  miles  travelled  by  the  fecond,  ;=  70,  as  above. 

Problem    36. 

61.  A  Jhepherd  driving  a  flock  of  fheep  in  time  of  war, 

meets  a  company  of  foldiers  who  plunder  him.  of  half 

his  flock,  and  half  a  floeep  over  ;  the  fame  treatment 

he  meets  with  from  a  fecond,  a  third,  and  a  fourth 

company,  every  fucceeding  company  plundering  him  of 

half  the  flock  the  laft  had  left,  and  half  afheep  over; 

infomuch  that  at  laft  he  had  but  7  Jheep  left :  I  de- 

mand  how  many  he  had  at  firfl  ? 

Anf.  His  flock  at  firft  confifted  of  127  fheep;  and 

if  the  firft  company  had  only  robbed  him  of  half  his 

flock,  they  would  have  left  him  63I  fheep;  but  as 

they   plundered   him  of  half  his  flock,   and  half  a 

fheep  over,  they  left  him  only   63   weep ;  in   like 

manner  the  fecond  company  left  him  31,  the  third 

15,  and  the  fourth  7. 
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N.  B.  Before  I  enter  upon  the  folution  of  this 
problem,  I  muft  put  the  learner  in  mind  of  what  he 
has  been  told  before  (Introduction,  art.  13,),  to  wit, 
that  a  fra&ion  may  be  halved  two  ways,  either  by 
halving  the  numerator,  or  doubling  the  denomi* 
nator. 

Solution, 

Put  x  for  the  number  of  his  firft  flock,  then,  had" 

the   firft  company  only  taken  half  his  flock,    they 

x 
would  have  left  him  the  other  half,  viz.  —  ;  but  they 


took  half  his  flock  and  half  a  fheep  over ;  therefore 

x 
they  left  him  juft  fo  much  lefs,  to  wit,   — 


i 


x ■  I 

or :  again,  had  the  fecond  company  only  taken 

half  what  remained,  they  would  have  left  him  half, 

x  —~  1 
to  wit,  — —  ;  but,  by  taking  half  a  ftieep  more,  they 

X——  I        I  2,X  •■ ~  2  —  4.  zx 6 

left  him" --— ,  that  is,      ■    g — ■ ,  or  —5 — ,  or 

42  o  0 

X  —  2 

;    in   like   manner    the    third    company    left 

and 

X  ~ "7         1  X  —~  I  C 

the  laft  company  left  him  — 7 —  — ,  or       '  -  ;    but 
they  left  him  7  fheep  by  the  fuppofition ;  therefore 

X  ~  1 5  1  i  s   •        r    n 

• — 7— =7*  and  #— 15=112;  and..v,  his  nrit  num- 
ber ~  127,  as  above. 

Problem    %j. 

62.  One  buys  a  certain  number  of  eggs,  half  whereof 
he  buys  in  at  2  a  penny,  and  the  other  half  at  3  a 
K  3  penny  1 
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penny  %  thefe  he  afterwards  fold  out  again  at  the  rate 
of  5  for  two  pence,  and,  contrary  to  his  expeclation, 
lofi  a  penny  by  tue  bargain  :  What  was  the  number 
of  his  eggs  ? 

Anf.  The  number  of  his  eggs  was  6c  ;  half 
whereof  at  two  a  penny  coft  him  15  pence;  and  the 
other  half  at  three  a  penny,  ten  pence  ;  and  the 
whole  25  pence:  but  60  eggs  fold  out  at  5  for  two 
pence,  would  only  bring  him  in  24  pence,  as  appears 
by  the  rule  of  proportion  ;  therefore  he  loft  a  penny 
by  the  bargain. 

Solution. 

Put  x  for  the  number  of  eggs ;  then  fay,  if  2  eggs 

x 
cofl  one  penny,  what  will  —  one  half  of  his  eggs 

2 

x 
coft?  and  the  anfvver  will  be  —  :  and  for  the   fame 

4 
reafon  the  other  half  at  three  a  penny  will  coft  him 

X  '  ■  X  X  C  X 

~r  ;  fo  that  for  the  whole  he  muft  pay  —  +  — ,  or  — : 
6  \   J  4       6         12 

again  fay,  if  five  eggs  were  fold  for  two  pence,  what 

2  x 
were  x  eggs  fold  for  ?  and  the  anfwer  will  be  —  ; 

ix 
therefore  —  will  be  the  number  of  pence  he  received 

for  his  eggs ;  fubtracl  this  from  — ,    the  pence   he 

paid  for  them,    and   the  remainder   —  —  — ,  or  — ■ 
1  12      5  00 

will  be  his  lofs ;  but  by  the  fuppofition,  he  loft  one 

x 
penny ;  therefore  •—  =  1 ;  and  x  the  number  of  eggs 

will  be  60,  as  above. 

Problem 
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Problem     39. 

64.  //  is  required  to  divide  the  number  90  into  two  fuch 
parts,  that  one  part  may  be  to  the  other  as  2,  to  3. 
Anf.  The  numbers  are  36  and  54  :  for  in  the  firft 
place,  36  +  54  =  90;  and  in  the  next  place,  if  both 
36  and  54  be  divided  by  18,  the  quotients  will  be  2 
and  3 ;  whence  I  infer,  that  36  is  to  54  as  2  to  3  ; 
for  a  common  divifion  by  the  fame  number  cannot 
alter  the  proportion  of  the  numbers  divided ;  and 
therefore  if,  after  this  common  divifion,  the  quotients 
be  to  one  another  as  2  to  3,  the  dividends  mufl  be 
alio  in  the  fame  proportion. 

Solution. 

Put  x  for  the  lefs  part,  and  90  —x  for  the  other ; 
then  will  x  be  to  90  — #  as  2  to  3,  by  the  fuppofition  ; 
but  by  art.  15,  whenever  there  are  four  proportionals, 
the  product  of  the  extremes  will  be  equal  to  the 
product  of  the  middle  terms ;  here  the  extremes  are 
,v  and  3,  whofe  producl:  is  3^;  and  the  middle  terms 
are  90  -x  and  2,  whofe  product  is  180-2.Y;  there- 
fore 3^=  180-  ix  ;  therefore  $x~  180  ;  and  x,  the 
lefs  part,  =  36  ;  and  90 ->v,  the  greater,  =  54,  as 
above. 

Problem     41. 

66.  What  number  is  that,  which,  being  fever  ally  added 
to  36  and  52,  will  make  the  former  fum  to  the  latter 
as  3  to  4 ? 
Anf  The  number  is  12  :  for  36 -jr  12  is  to  52+  ii} 

as  '48  is  to  64,  as  44  is  to  tp  as.  3  to  4.    . 

S  o  l  u  t  1.  o  N. 

Put  x  for  the  number  fought,  and  you  will  have 
this  proportion  ;  36  +  x  is  to  52  +  x  as  3  to  4,  Whence 
by  multiplying  extremes  and  means  you  will  have 
144 -(-4^:=  156  +  3^  ;  therefore  144  +  ^=:  156  ;  there- 
fore xf  the  number  (ought,  =  12,  as  above. 

K  4  Problem 
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Problem    42. 

67.  A  bookbinder  fells  me  two  paper  books,  one  contain' 
ing  48  Jheets  for  3  fhillings  and  4  pence,  and  another 
containing  75  fleets  for  ^ /hillings  and  10  pence,  both 
bound  at- the  fame  price,  and  both  of  the  fame  fort  of 
paper  :  I  demand  what  he  allows  himfelf  for  binding  f 
Anf.  He  reckoned  8  pence  for  binding  ;  fo  that  the 
price  of  the  paper  of  the  firft  book  was  32  pence,  and 
the  price  of  the  paper  of  the  latter  50  pence :  now 
if  this  anfwer  be  juft,  the  two  prices  ought  to  bear 
the  fame  proportion  to  one  another  as  the  two  quanti- 
ties of  paper  ;  and  fo  we  fhall  find  them:  for  32  pence 
are  to  50  pence  as  V  are  to  V,  that  is,  as  16  to  25; 
and  48  fheets  are  to  75  iheets  as  4T8  are  t0  Vs  >  tnat  *s 
alfo,  as  16  to  25. 

Solution. 

Put  x  for  the  number  of  pence  reckoned  for  bind- 
ing ;  then  we  fhall  have  40  —x  for  the  price  of  the 
paper  in  the  firft  book,  and  58  —  x  for  the  price  of  the 
paper  in  the  fecond  book  ;  and  40  —  x  will  be  to  58 
—  x  as  48  to  75;  multiply  extremes  and  means,  and 
you  will  have  this  equation,  2784  —  48^=3000  — 
75#;  therefore  2784  +  27^  =  3000  ;  therefore  27^  = 
216 ;  and  x,  the  number  of  pence  reckoned  for  bind- 
ing =  8,  as  above. 

Problem    43. 

68.  What  number  is  that,  which,  being  federally  added 
to  15,  27,  and  45,  will  give  three  nwnbers  in  conti- 
nual proportion* 

N.  B.  Three  numbers  are  faid  to  be  in  continual 
proportion,  when  the  firft  is  to  the  fecond  as  the  fe- 
cond is  to  the  third. 

Anf.  The  number  fought  is  9  :  for  15  +  9  =  24;  and 
27  +  9  =  36;  and  45  +9  =54;  and  24  is  to  36  as 36 
is  to  54 :  for  24  is  to  36  as  41  is  to  44?  that  is,  as 

2  to 
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2  to  3  ;  and  36  is  to  54  as  4,5.  is  to  44,  tnat  *s  a^°5 as 
2  to  3. 

Solution. 

Put  x  for  the  number  fought :  then  we  fhall  have 
this  proportion,  #  +  15  is  to  tf  +  27,  as.v+27  is  to 
tf  +  45  ;  where  the  two  middle  terms  are  #  +  27  and 
,r-|-  27  :  multiply  extremes  and  means,  and  you  will 
have  this  equation,  xx  +  6ox  +  675  =  xx-\-  54a?  -j-  729  ; 
therefore  6o#  + 675  =  54^+729;  therefore  6.V  +  675 

=  729  ;  therefore  6^  =  54;  and  x  the  number  foughc 

=  9,  as  above. 

Of  the  Method  of  refolving  Problems  wherein  more  un- 
known Quantities  than  one  are  concerned,  and  re* 
prefented  by  different  Letters, 

70.  Hitherto  we  have  ufed  but  one  fingle  letter  in 
every  problem  for  fome  one  unknown  quantity  in  it ; 
and  if  there  were  more,  the  reft  received  their  names 
from  the  conditions  of  the  problem ;  but  in  cafes  of 
a  more  complicated  nature,  where  many  unknown 
quantities  are  linked  and  entangled  in  one  another, 
this  method  will  be  found  very  difficult ;  and  there- 
fore, in  fuch  cafes,  the  Algebraift  is  allowed  to  ufe  as 
many  different  letters  as  he  has  unknown  quantities, 
provided  he  finds  out  as  many  independent  equations 
for  difcovering  their  values  (fee  the  4to  edition,  art. 
92.)-,  for  though  in  every  equation  wherein  more  un- 
known quantities  than  one  are  concerned,  they  hinder 
one  another  from  being  found  out,  yet  if  as  many 
fundamental  equations  at  firft  be  given  as  there  are 
unknown  quantities,  it  will  not  be  difficult,  in  many 
cafes,  from  thefe  to  derive  others  that  are  more  Am- 
ple, till  at  laft  you  come  to  an  equation  wherein  but 
one  only  unknown  quantity  is  concerned,  in  which 
cafe  all  the  reft  are  faid  to  be  exterminated. 

Whenever  two  or  more  equations  are  propofed, 

involving  as  many  unknown  quantities,  thefe  equa- 

3  tions 
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tions  mufl  firft  be  prepared  by  freeing  them  from  frac- 
tions where-ever  there  are  any,  and  by  ordering  every 
particular  equation  fo,  that  all  the  unknown  quanti- 
ties may  poffefs  one  fide  of  the  equation,  and  fuch  as 
are  known  the  other  ;  or  elfe,  that  all  the  quantities 
may  poffefs  one  fide  of  the  equation,  and  a  cypher 
the  other;  it  will  be  alfo  convenient,  that  in  every 
particular  equation  the  unknown  quantities  be  placed 
in  the  fame  order. 

In  laying  down  rules  for  exterminating  unknown 
quantities,  I  (hall  begin  with  the  fimpleft  cafe  firft, 
which  is  that  of  two  equations,  and  two  unknown 
quantities;  and  when  I  have  given  as  many  examples 
as  fhall  be  thought  proper  in  this  cafe,  I  (hall  then 
proceed  to  others  where  more  unknown  quantities  are 
to  be  exterminated. 

But  here  I  mufl  not  forget  to  advertife  the  reader, 
that,  as  I  am  now  treating  of  fimple  equations,  and 
problems  producing  fuch  equations,  I  mail  not  med- 
dle with  any  cafes  of  extermination  which  lead  to 
equations  of  higher  forms :  when  I  come  to  treat  of 
quadratic  equations,  I  may  then  perhaps  add  fome- 
thing  further  upon  this  fubjeft;  but  to  undertake  to 
explain  ail  the  various  methods  of  exterminating  un- 
known quantities  would  be  an  endlefs  tafk,  and  a 
moft  intolerably  laborious  and  tedious  one  both  to 
the  writer  and  the  reader,  whom  I  cannot  yet  fuppofe 
to  be  fo  far  gone  in  Analytics,  as  to  be  willing  to  par- 
chafe  this  fort  of  knowledge  at  any  rate. 

Let  then  x  and  y  be  two  unknown  quantities  to  be 
found  out  by  the  help  of  the  two  following  equations, 
43?,—  5>r=2,  and  6x  —  jy'=^:  or  the  queilion  may  be 
Hated  thus :  if  4#  -  §y—  2,  and  6x  -  77  =  4,  what  are 
x  and  y  ?  Now  as  thefe  equations  want  no  preparation, 
put  them  down  one  under  another ;  then  upon  a  bye 
piece  of  paper  multiply  the  firft  equation  (4^  —  $yz=.  2) 
by  6  the  coefficient  of  x  in  the  fecond  equation,  and 
the  product  will  give  this  equation,  24.Y  —  30)'=  12  ; 
again,  multiply  the  fecond  equation  (6>v  — 7^  =  4)  by 

4» 
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4,  the  coefficient  of  x  in  the  firft  equation,  and  the 
product  gives  14.x  —  28y— 16  ;  (u  tract  now  either  of 
thefe  two  Iaft  equations  from  the  other,  and  x  will  be 
exterminated  :  I  choofe  in  t,he  prefent  cafe  to  fubtraft 
the  former  equation  from  the  latter,  that  the  coeffi- 
cient of  jy  after  fubtraction  may  be  affirmative,  thus  ; 

24.x  —  2  8>'  =  1 6 
24.V  —  301'—  12 

*+    2}'  =  4. 

From  this  fubtracYion  you  have  the  following  equa- 
tion, 2^=4,  which  put  down  under  the  two  fir  ft  equa- 
tions to  make  a  third;  then  refolve  this  third  equa- 
tion 2^  =  4,  >md  you  will  have  y~  2,  which  put  down 
under  the  reft  for  a  fourth  equation. 

Having  thus  found  the  value  of  y  —  2,  put  this 
value  inftead  of  y  in  the  more  fimple  of  the  two  firft 
equations,  iuppofe  in  the  equation  ^xT§y-~ 2,  and 
you  will  have4.v  -  io=:2;  whence 4.x—  12,  and  x~^9 
which  put  down  for  a  fifth  equation,  and  the  work 
is  done  ;  for  x  is  now  found  equal  to  7,  and  y  equal 
to  2,  and  thefe  numbers  three  and  two  being  fubfti- 
tuted  for  x  and  y  refpedtively,  will  anfwer  both  the 
conditions  of  the  queftion,  that  is,  you  will  have 
qx  —  5y=  12  —  10  =  2,  and  6x  —  77=  18  —  14  =  4. 

1  ft  Equ.   4#  —  5 \y  —  2 . 
2d,  6.v  — 77  =  4. 

3d,  *  +  2y~^ 

4th,  *      y=2. 

5th,  x      *=3, 

The  coefficients  of  x,  the  quantity  to  be  extermi- 
nated in  the  two  firft  equations,  were  4  and  6  :  now, 
as  thefe  numbers  admit  of  a  common  divifor  without 
any  remainder,  namely  2,  divide  them  both  by  2, 
and  the  quotients  will  be  2  and  3  ;  ufe  now  thefe 
numbers  2  and  3  inftead  of  4  and  6,  and  the  opera- 
tion, as  well  as  the  equation  refulting  from  it,  will 

become 
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become  more  fimple  :  for  the  firft  equation  multiplied 
by  3  inftead  of  6,  gives  iix—  i^y  —  6 ;  and  the  fe- 
cond  equation  multiplied  by  2  inftead  of  4,  gives 
i2#  —  1 4/ =  8  ;  and  the  difference  of  thefe  two  equa- 
tions isy  =  2. 

Another  way  of  exterminating  the  unknown  quan- 
tity x  is  as  follows  :  find  out  the  value  of  x  in  reipeft 
of  y,  in  the  more  fimple  of  the  two  firft  equations  j 
then,  fubftituting  this  value  inftead  of  x  in  the  other 
equation,  you  will  have  an  equation,  wherein  y  alone 
is  concerned  :  thus  in  the  foregoing  example,  the 
firft  equation  was  4^  —  5^  =  2,  therefore  4^=5^+2, 

cy  -J-  2  /  c y  -J-  2  \ 

and  #=- ;  fubftitute  now  this  value  (  — j 

4.  .  v      4      ' 

inftead  of  x  in  the  fecond  equation,  6x  -  *]y  —  4,  by 

2oy-f- 12 
making  6#  =  - ,  and  you  will  have  this  equa- 

T 

50V+I2  -  - 

tion,  2—L -7^  =  4;  therefore  30^+12-287  = 

4 
16;    therefore   2jy+ 12=16;   whence  2y=4,   and 

y  —  2.1  and  #,  or  > =  3,  as  before. 

.A7.  B.  ifti  What  has  here  been  faid  concerning  the 
extermination  of  the  quantity  of  x,  may  as  well  be 
applied  to  the  other  quantity  y,  except  that  its  coeffi- 
cients 5  and  7  will  not  admit  of  a  common  divifor, 
as  did  the  numbers  4  and  6. 

ndly,  Of  the  two  different  ways  of  extermination 
here  laid  down,  fometimes  one  will  be  found  more 
expeditious,  and  fometimes  the  other,  as  will  appear 
by  the  following  problems. 

3dly,  In  the  cafe  of  two  unknown  quantities,  if  the 
value  of  ei; her  of  them  can  be  had  in  integral  terms 
in  both  equations,  equate  the  two  values  one  to  the 
other,  and  you  will  have  the  other  unknown  quantity, 
by  means  whereof  the  firft  will  alfo  be  known ;  and 
this  makes  a  third  way  of  extermination,  whereof 

there 
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there  are  fo  many  examples  in  the  following  problemss 
shat  nothing  more  needs  here  to  be  faid  of  it. 

Whenever  two  quantities,  as  x  and  y,  are  multi- 
plied together  to  produce  a  third,  xy,  the  two  multi- 
plicants  x  and  y  are  called  fa&ors,  or  efficients,  in 
which  cafe,  each  is  faid  to  be  the  other's  coefficient : 
thus,  in  the  quantity  xy,  x  is  faid  to  be  the  coefficient 
of  y,  and  y  the  coefficient  of  x  ;  therefore,  if  in  any 
quantity  wherein  x  is  concerned  as  an  efficient,  its  co- 
efficient be  defired ;  divide  that  quantity  by  x,  and 
the  quotient  will  be  the  coefficient :  thus  if  the  quan- 
tity nx-yx  be  divided  by  x,  the  quotient  is  12-jy; 
therefore  in  the  quantity  nx-yx,  the  coefficient  of 
sc  is  12-/. 

Advertisement. 

The  reader  mud  now  no  longer  expect  to  have  all 
fimple  equations  refolved  to  his  hand,  as  hitherto  has 
been  done.  If,  after  fixteen  examples  of  fimple  equa- 
tions refolved,  and  the  folution  of  forty-four  Alge- 
braic problems,  he  be  ftill  at  a  lofs  how  to  reduce  a 
fimple  equation,  it  muft  proceed  from  a  weaknefs 
that  either  admits  of  no  cure,  or  deferves  none. 

Problem     45. 

.71.  What  two  numbers  are  thofe,  the  producl  of  whofe 
multiplication  is  144,  and  the  quotient  of  the  greater 
divided  by  the  lefs  is  16? 

Solution. 

Put  x  for  the  greater  number,  andjy  for  the  lefs  ; 

and  the  queftion  when  abftra&ed  from  words  will 

x 
Hand  thus  :  if  ^  =  144,  and  —  =  16,   what  are   x 

and  y  ? 

The  firft  of  thefe  equations  wants  no  preparation, 
and  therefore  may  be  put  down  thus : 
Equ.  1  ft,  xy     *  =  H4» 

The 
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The  fecond  equation,  when  prepared  according  to 
the  laft  art.  will  ftand  thus : 
Equ.  2d,  x—i6yzzo. 

Multiply  the  lirfh  equation  by  1,  the  fuppofed  co- 
efficient of  x  in  the  fecond,  and  the  quotient  not 
being  altered  by  fuch  a  multiplication,  will  be  xy  *;== 
144;  multiply  alfo  the  fecond  equation  by  _y,  which 
according  to  the  foregoing  art.  is  the  coefficient  of  x 
in  the  firft,  and  you  will  have  xy  —  i6yy  =  o;  fub- 
tracVthis  latter  product  from  the  former,  and  you  will 
have,  Equ.  3d,  *  16^7  =  144;  whence 
Equ.     4th,  :*         7  =  3. 

Subflitute  now  3  inflead  of  y,  or  %x:  inflead  of  xy 
in  the  firfl  eqlation,  and  you  will  have  3^=144, 
and  confequently, 

Equ.     'phj   x         ^  =  48. 

So  that  the  numbers  at  laft  are  found  to  be  48  and 

3  ;  and  they  will  anfwer  the  conditions  of  the  quef- 

48 
tion  :  for  48x3  =  144,  and    — =ri6. 

Fqu.     lit,  xy     *       =  144- 

zd,  x ~  i6y  =0. 

3d,  *     16^  =  144. 

4th,  *  y=z$. 

5th,  x-  ^  =  48. 

Another  Solution  of  the  foregoing  Problem,  from  the. 
laft  Article, 

Having  found  from  the  fecond  equation  that  x  = 
i6y  ;  put  i6y  for  tf,  or  i6yy  for  xy  in  the  firft  equa- 
tion, and  you  will  have  i6yy~  144  ;  whence  y  and  x 
may  be  found  as  before. 

Problem     46. 

72.  It  is  required  to  find  two  numbers  with  the  follow- 
ing  properties,  to  wit,  that  the  firft  with  half  the 
jecond  may  make  20  ;  and  moreover •,  that  the  fecond ', 
icith  a  third  part  of  the  firft ,  may  make  20. 

Solution. 
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Solution. 
Put  ,v  for  the  firft  number,  and  y  for  the  fecond, 

y 

and  the  fundamental  equations  will  be  #  +—=3.0, 

and  y-f-^ — ^20;  which  being  prepared  according  to 

art.  70,  will  (land  thus  : 

Equ.     1  ft,     2.v+  y  =40. 
Equ.     2d,       x  +  $y  =  6o. 
Subtract  the  firft  equation  from  twice  the  fecond^ 
and  you  will  have, 

Equ,     3d,     *     5^  =  80:  whence 
Equ.     4th,    *       y=i6. 
Put  16  inftead  of  y  in  the  firft  equation,  and  you 
will  have  2*4- 16  —  40,  whence 
Equ.     5th,     #=i2. 
Therefore  the  numbers  fought  are  12  and  16,  and 
not  16  and   12,  though  16  was  found  firft;  becaufe 
#  =  12  was  put  for  the  firft  number.  That  thefe  num- 
bers will  anfwer  the  conditions  of  the  qneftion  is  plain: 
for  124-V,  or  124-8  =  20;  and  i6-fV%  or  16  +  4 
=  20. 

Another  Solution,  from  Art.  70. 

Having  found  from  the  fecond  equation  that  «  = 
60  —  37,  put  60  —  %y  for  x,  or  120  —  6y  for  2x  in  the 
firft  equation,  and  you  will  have  120  —  6y  4- jy=:  40  j 
whence  jy=  16,  as  before. 

Problem    47. 

73.  One  exchanges  6  French  crowns  and  two  French  dsl~ 
lars  for  45  Jhillings  ;  mid  at  another  time  9  crowns 
and  5  dollars  of  the  fame  coin  for  76  flnllings :  I  de- 
mand the  dijlincl  ^values  of  a  crown  and  of  a  dollar  I 

Solution. 

Put  x  and^  for  the  number  of  fhillingsa  crown  and 
a  dollar  are  refpectively  worth,  and  the  equations  will 
Hand  thus : 

Equ. 
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Equ.     i  ft,     6#  4- 27  =  45. 

Equ.     2d,     9^  +  By— 7^' 
Subtract  3  times  the  fir  ft  equation  from  twice  the 
fecond,  and  you  will  have, 

Equ.     3d,     *     47=17;  whence 

Equ.     4th,    *       7  —  4?  Shillings ; 
that  is,  4  (hillings  and  3  pence  ;  put  now  4!  for  y, 
or  8 1  for  iy  in  the  fir  ft  equation,  and  you  will  have 
6#  4-81  =  45,  and  6#  =  36§,  and 

Equ.  5th,  #  =  6TV,; 
that  is  6-j-V  ihillings,  or  6  {hillings  and  a  penny  5 
therefore  the  value  of  a  crown  was  6  Ihillings  and  a 
penny,  and  that  of  a  dollar  4  {hillings  and  3  pence  ; 
and  thefe  values  will  anfwer  the  conditions  of  the 
queftion ;  for,  at  this  rate,  6  crowns  will  amount  to 
36  fhillings  and  6  pence,  2  dollars  to  8  {hillings  and 
6  pence,  and  the  whole' to  45  {hillings;  moreover,  9 
crowns  will  amount  to  54  ihillings  and  9  pence,  5 
dollars  to  21  (hillings  and  3  pence,  and  the  whole 
fum  to  76  {hillings. 

Problem     48. 

74.  It  is  required  to  find  two  fitch  numbers,  that  half 
the  firjt  together  with  a  third  part  of  the  fecond  may 
make  32 ;  and  moreover ,  that  a  fourth  part  of  the  firfiy 
together  with  a  fifth  part  of  the  fecond,  may  make  18. 

Solution. 

Put  x  and  y  for  the  two  numbers,  and  the  funda- 

x       y  x      y 

mental  equations  will  be — 4-  — =  32,  and—  +-— = 

^  2       3  4      5 

18  ;  which  equations,  when  duly  prepared,  will  ftand 
thus:  Equ.      ift,     3^4-2^=192. 

Equ.     2d,     5^  +  47  =  560. 
Subtract  5  times  the  fifft  equation  from  3  times  the 
fecond,  and  you  will  have, 

Equ.     ^69     *    -27=120;  whence 
Equ.     4th,    *       y  —  60; 

whence, 
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whence,  and  from  the  firft  equation,  you  will  have 
3>v-f2y,  or  3^+120  =  192,  which  gives, 
Equ,  5th,  #=24. 
So  the  numbers  are  24  and  60 ;  and  they  will  an- 
fwer  the  conditions  of  the  queftion  :  2T4  +  V°»  t'iat 
is,  12  +  20  =  32;  and  moreover,  y-  +  6T°,  that  is, 
6+12  =  18. 

Problem    49. 

75.  Two  perfons  A  and  B  were  talking  of  their  ages : 
fays  A  to  B,  7  jwn  ago  I  was  jujt  three  times  as 
old  as  you  were,  and  7  years  hence  I  Jhall  be  juji 
twice  aS  old  as  you  will  be :  I  demand  their  prefent  ages-, 

Solution. 

Let  a  and  b  reprefent  the  prefent  ages  of  A  and  B 
refpedtively  ;  then  their  ages  7  years  ago  were  a  —  j 
and  b  —  j,  and  their  ages  7  years  hence  will  be  #  +  y 
and  £  +  7  ;  whence,  and  from  the  conditions  of  the 
problem,  may  be  derived  the  two  following  funda- 
mental equations  : 

^+7=^-7x3  =  3^-21,  and 

£  +  7  =£  +  7  x  2  =  2^+14. 
From  the  former  of  thefe  two  equations,  to  wit,  a—y 
=  3^  —  21,  we  have  #=  3^—14;  from  the  iecond 
equation,  to  wit,  a  + 7  =  2^+14,  we  have  a  —  ib-r^  ; 
therefore  3^—  14  =  2^+7,  fince  both  are  equal  to  a  5 
whence  £  =  21,  and  2^+7,  or  ^  =  49. 

A  therefore  was  49  years  old,  and  B  21  years  old ; 
which  is  true  :  for  then,'  7  years  before,  AJs  age 
would  be  42,  and  Brs  14  ;  and  42  is  three  times  14  : 
on  the  other  hand,  7  years  after,  Axs  age  would  be 
56,  and  B's  28  ;  and  56  is  twice  28. 

Problem     50. 

76.  A  jockey  has  two  horfes,  A  and  B,  whofe  values  are 
fought :  he  has  alfo  two  /addles,  one  valued  at  1 2 
pounds,  the  other  at  2  :   now  if  he  fets  the  better 

L  faddk 
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faddle  upon  A,  and  the  worfe  faddle  upon  B,  A  will 
then  be  worth  tivice  as  much  as  B  ;  but  on  the  other 
hand,  if  he  fets  the  better  faddle  upon  B,  and  the 
worfe  fiddle  upon  A,  B  will  then  be  worth  three 
times  as  much  as  A:  1  demand  the  values  of  the  horfes* 

Solution. 

Let  a  and  b  reprefent  the  prices  of  the  two  horfes 
A  and  B  refpectively  in  pounds ;  then  if  the  better 
faddle  be  fet  upon  A,  and  the  worfe  upon  B,  A  will 
be  worth  a +  12,  and  B  will  be  worth  £  +  2,  and  the 
firft  fundamental  equation  will  be  a-\-  \2  —  b-\-z  x  2  = 
2^  +  4;  on  the  other  hand,  if  the  better  faddle  be 
fet  upon  B9  and  the  worfe  upon  A,  then  B  will  be 
worth  b  +  1 2,  and  A  will  be  worth  a  +  2,  and  the  fecond 
fundamental  equation  will  be  £  +  12=^  +  2x3  =  30 
-1-6  :  in  the  firft  fundamental  equation,  where  a+iz 

—  2b  +  4,  we  have  ^  =  2^-8  ;  fubflitute  therefore  2b 

-  8  inflead  of  as  or  rather  6b-  24  inftead  of  g#,  in 
the  fecond  fundamental  equation  (which  is  3^  -f-  6  =:  ^ 
+  12),  and  you  will  have  6b  -  24+6,  that  is,  6b  — 
i8~£+12;  whence  £=6,  and  2^-8,  01  a  — ^:  A 
then  was  valued  at  4  pounds,  and  B  at  6,  and  they 
will  anfwer  the  conditions  of  the  queftion,  as  any  one 
may  eafily  try. 

Problem     51. 

77.  There  is  a  certain  fratlion,  which  if  an  unit  be  ad- 
ded to  the  numerator  will  be  equal  to  ~  ;  f*  if  on 
the  contrary  an  unit  be  added  to  the  denominator,  the 
fratlion  will  then  be  equivalent  to  \  :  I  demand  the 
numerator  and  denominator  of  the  fraction. 

Solution. 

x 
Call  the  fraction'  — ,  and  you  will  have  thefe  two 
J 

x  +  1  x 

fundamental  equations, —  4-»  anc*  ""v-—?  :   tne 

^  y  x-\- 1 

former 


Art.  77,  78,  79.    producing  Simple  Equations,         163 

former  of  thefe  equations,  when  reduced,  givesjy  =  3^ 
+  3,  and  the  latter  givesj  =  4#  —  1  ;  therefore  4^—1 
z=2x-\*  2,  becaufe  both  are  equal  to  y  ;  whence  x,  the 
numerator  of  the  fraction,  is  4  ;  and  g#-f  3,  ory,  the 
denominator,  is  15;  and  the  fraction  itfelf  is,  ^ ; 
which  if  an  unit  be  added  to  the  numerator,  will  be 
^  s.,  or  ^ ;  but  if  an  unit  be  added  to  the  denomina- 
tor, it  will  be  t4,  or  |. 

Problem     $2. 

78.  There  is  a  certain  fijhing  rod  conjijling  of  two  parts } 
whereof  the  upper  part  is  to  the  lower  as  5  to  7  ;  and 
moreover  9  times  the  upper  part,  together  with  13 
times  the  lower,  is  equal  to  11  times  the  whole  rod  and 
36  inches  over :  1  demand  the  length  of  the  two  parts* 

Solution. 

Put  x  for  the  length  of  the  upper  part  in  inches, 
and  y  for  the  lower ;  then  will  x-\-y  be  the  length  of 
the  whole  rod,  and  fince  x  is  to  y  as  5  to  7,  ex  hypo- 
theji,  by  multiplying  extremes  and  means  according 
to  art.  15,  you  will  have  yx  —  ^y  for  a  fundamental 
equation  :  again,  as  9  times  the  upper  part,  together 
with  13  times  the  lower,  is  equal  to  1 1  times  the 
whole  rod,  and  36  inches  over,  you  have  gx  +  i^yzz 
1  i^-fiij/4-3.6  for  a  fecond  fundamental  equation: 
the  latter  of  thefe  two  equations  gives  x=y—  18,  and 
confequently  yx  —  jy  — 126  ;  fubftitute  this  value  in- 
ftead  of  7#,  in  the  fird  fundamental  equation,  where 
jx  =  5y,  and  you  will  have  yy—  126  —  5j;  whence 
^  =  63;  and y—  1 8,  or  #  —  45. 

The  upper  part  therefore  was  45  inches,  and  the 
lower  63,  as  will  appear  upon  trial. 

Problem     $$» 

79.  One  lap  out  2  jhillings  and  Jixpence  in  apples  and 
pears,  buying  his  apples  at  Jour,  and  his  pears  at  fve5 
d  -penny  ;  and  afterwards  accommodates  his  neighbour 
with  half  his  apples  and  one  third  part  of  his  pears 

L  %  for 
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for  thirteen  pence,  which  was  the  price  he  bought  them 
at :  I  demand  how  many  he  bought  of  each  fori  ? 

Solution. 

Put  x  for  the  number  of  apples,  and  jy  for  the  number 

of  pears ;  then  if  4  apples  coft  one  penny,  x  will  coft 

x  v 

-  pence ;  and  for  the  fame  reafon  y  will  coll  —  pence, 

x      v 
and  you  will  have  —  +  —  =  30  for  a  firft  fundamen- 

x 
tal  equation  :  again,  the  price  of  — ,  half  of  his  ap- 

X  V 

pies  will  be  -  and  the  price  of—,  a  third  part  of  his 

y  x      y 

pears,  will  be  — ;  and  you  will  have  -5-  +  — —  l$ 

for  a  fecond  fundamental  equation.     Hence, 

Equ.     1  ft,     5^  +  47  =  600. 

Equ.     2d,   1 5#  +  87=1560. 
Subtract  the  fecond  equation  from  three  times  the  firft, 
according  to  art.  70,  and  you  will  have, 

Equ.     3d,     *     4)1  =  240;  whence 

Equ.     4th,    *      y  —  60. 
Subftitute  now  60  for  y,  that  is,  240  for  4y  in  the 
firil  equation  £#  +  47  =  600,  and  you  will  have  5*  + 
240  =  600 ;  whence 

Equ.     5th,     #=72. 
Therefore  the  number  of  apples  was  72,  and  the 
number  of  pears  60,  as  will  appear  upon  trial. 

Problem     57. 
S3.  A  certain  company  at  a  tavern  found,  when  they . 
came  to  pay  their  reckoning,  that  if  they  had  been 
three  more  in  company  to  the  fame  reckoning,  they 
might  have  paid  one  (hilling  apiece  lefs  than  they  did ; 
and  that,  had  they  been  two  fewer  in  company,  they 
mufi  have  paid  one  /hilling  apiece  more  than  they  did : 
I  demand  the  number  of  perfons,  and  their  quota  ? 
.  ,  Solution. 
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Solution, 

Put  x  for  the  number  of  perfons,  and  y  for  the 
number  of  (hillings  every  one  actually  paid  ;  now  if 
4  perfons  are  to  pay  5  (hillings  apiece,  the  whole 
reckoning  mult  be  4  x  5,  or  20  (hillings;  therefore  if 
sc  perfons  are  to  pay  y  (hillings  apiece,  the  whole 
reckoning  mult  bey  x  x  or  xy  (hillings :  this  being  laid 
clown,  fuppofe  them  now  to  be  three  more  in  com- 
pany •,  then  will  the  number  of  perfons  be  .v  +  3;  and 
to  find  what  every  particular  perfon  ought  to  pay  in 
this  cafe,  the  whole  reckoning  xy  muft  be  divided 
by  x  +3,  the  number  of  perfons,  and  the  quotient 

xy  - 

will  be  every  one's  particular  reckoning ;  but, 

#-1-3 

according   to   the   problem,    every   one's    particular 
reckoning  in  this  cafe  would  have  been  one  (hilling 

xy 


lefs  than  it  a&ually  was,  that  is,  y  —  1 ;  therefore  — 

x+$ 

=zy  —  i  ;  in  like  manner  the  fecond  condition  of  the 

xy 
problem  furniflies  this  equation,  —  :ry-f  1:  thefirft 

of  thefe  equations,  to  wit,  — — -  ~  y  -  1,   being   re- 
duced, gives  x  —  iy  —  3  ;  and  the  fecond  equation,  to 

xy 
wit, —y-\- 1  being  reduced  gives  #=27+  2;  there- 
fore 3^-3  =  2^  +  2,  and y  —  5;  whence  2y-f2,or#  =  12. 
So  there  were  12  perfons  in  company,  their  reckon- 
ing 5  (hillings  apiece,  and  their  whole  reckoning  3 
pounds,  or  60  (hillings  ;  which  anfwers  the  conditions 
of  the  queition  :  for  tt~4»  anc*  tI- 


6°—, 


Problem     61. 

8  8 .  What  two  numbers  are  thofe,  whofe  fum  is  twice  t 
and  the  produtl  of  whofe  multiplication  is  twelve  times 
their  difference  ? 

L  3  Solution. 
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Solution. 

Put  x  for  the  greater  number,  and  y  for  the  lefs ; 
tlien  will  their  difference  be  x—  y,  their  fum  x+y, 
and  t|ie  product  of  their  multiplication  xy  or  yx  ;  and 
the  equations  will  be  x-\-y  —  2.x  —  iy,  and  yx—iix  — 
1 2y  i  whence 

Equ.     i  ft,     #— "3^  =  0. 

Equ.     2d,     i  ix  — j?  —  1 2jy  =  o. 
Multiply  the  firft  equation  by  12  ~y,  which,  by  art. 
Jo,  is  the  coefficient  of  x  in  the  fecond,  and  the  pro- 
duct will  be    i2x—yx  —  $6y  +  $yy  —  o;  fubtract  this 
equation  from  the  fecond,  and  you  will  have, 

Equ.     3d,     24/  —  3)7  =  0  ;  whence 

Equ.     4th,       y  =  8  ;  and 

Equ.  5th,  #  =  24. 
And  the  numbers  24  and  8  will  anfwer  the  conditions. 
Otherwife  thus:  by  the  firft  equation  x  =  $y9  and 
4#=i2/;  fubftitute  ^x  for  ny  in  the  fecond  equa- 
tion, and  you  will  have  izx  —yx  —  ^.x  —  o  ;  divide  by 
x9  and  you  will  have  12—^  —  4  —  0,  andj  =  8,  and  x 
or  3^  =  24,  as  before. 

Problem     62. 

89.  What  two  numbers  are  thofe,  whofe  difference,  fum 
and  produtl  are  to  each  other  as  are  the  numbers  tzvo, 
three,  and  five,  relteclively;  that  is,  whofe  difference 
is  to  their  fum  as  two  to  three,  and  whofe  fum  is  to 
their  product  as  three  to  five  ? 

Solution. 

Put  x  for  the  greater  number,  and  y  for  the  lefs  ; 
then  wiil  their  difference  be  x—y,  their  fum  x+y, 
•and  their  product  yx ;  and  we  fhail  have  thefe  two 
proportions  productive  of  two  equations,  ift,  x—y  is 
to  x-\-y  as  2  to  3,  whence  %x  —  $y  —  ix-\-zy ;  2d,  x-\-y 
is  to  yx  as  3  to  5,  whence  %yx  =z  sx-\- sy  :  the  refolu- 
don  follows : 

Equ. 


Art.  89,  90.    producing  Simple  Equations*  167 

Equ.     1  ft,     x-$y  —  o. 

Equ.     2d,     $yx  —  gx  ~  $y  —  o. 
Multiply  the  firft  equation  by  $y  —  $,  the  coefficient 
of  x  in  the  fecond,  and  the  product  will   be  o^yx  —  ^x 
—  1  $yy-\-2. $y  =z  o ;  fubtrad:  this  from  the  fecond  equa- 
tion, and  you  will  have, 

Equ.     3d,     15)'/  —  30^  =  0  ;  whence 

Equ.     4th,  y=z,  and 

Equ.     5th,    tf=io. 
And  the  numbers  10  and  2  will  anfwer  the  conditions 
of  the  problem. 

Otherwife  thus :  by  the  firft  equation  #==  jy  ;  fub- 
ftitute  therefore  x  inflead  of  $y  in  the  fecond,  and 
you  will  have  $yx  —  $x  — -Xzmo  ;  divide  by  x,  and  you 
will  have  $y  —  $  —  1=0,  and  ^=2,  as  before. 

Problem     63. 

90.  //  is  required  to  find  two  numbers  fuch,  that  if 
their  difference  be  multiplied  into  their  fum,  the  pro- 
duel  will  be  five ;  but  if  the  difference  of  their  fquares 
be  multiplied  into  the  fum  of  their  fquares,  the  pro- 
duel  will  be  fix ty  five* 

Solution. 
Put  x  for  the  greater  number,  and  y  for  the  lefs  ; 
then  will  their  difference  be  x—y,  the  fum  x-\-y, 
and  the  product  of  their  fum  and  difference  multiplied 
together  will  be  x2  ~~y~,  by  art.  11  ;  then  will  x' —  yz 
~5  by  the  fuppofition,  and  x2=za^-yy ;  fquare  both 
fides,  and  you  will  have  ^4=±2  5+iqy*-f^4_:  again, 
the  difference  of  the  fquares  of"  the  two  numbers 
fought  is  x2-~-yz,  and  the  fum  of  their  fquares  xz+y% 
and  the  product  of  thefe  two  „vd—  y*  ;  therefore  x4—y4 
=65  by  the  fuppofition,  and  x*=6$^-y* ;  but  ,r4  was 
before  found  equal  to  2$-\-icy~~\-y4  ;  therefore  25-j- 
ioy2+y4z=6 $-*[-)?* ;  whence  y"-^z^,  and>==2  ;  iubfti- 
tute  now  4  for  yz  in  the  firft  fundamental  equation, 
which  was  xz  —  v2=z$y  and  you  will  have  af-— 4=5, 
and  x=$;  therefore  the  numbers  fought  are  3  and  2, 
which  will  anfwer  the  conditions. 

L  4  Problem 


i6S  The  Solution  of  Problems  Book  II. 

Problem     6$. 

93.  Three  perfons,  A,  B,  and  C,  were  talking  of  their 
money  ;  fays  A  to  B  and  C,  Give  me  half  of  your 
money j  and  IJhall  have  d  ;  fays  B  to  A  ^«^  C,  Give 
pie  a  third  part  of  your  money,  and  1  fhall  have  d ; 
fays  C  to  A  ^«^/  B,  Give  me  a  fourth  part  of  your  mo- 
ney, and  I  fhall  have  d.  How  much  money  had  each? 
N.  B.  The  letter  d  is  here  fuppofed  to  fupply  the 
place  of  fome  known  quantity,  which  is  left  undeter- 
mined till  the  calculation  is  over. 

Solution. 

Let  a,  b,  and  c,  reprefent  the  money  of  A,  B,  and  C, 
ref^Krclively,  and  we  fhail  have  thefe  three  fundamen- 
tal equations : 

/+<  , 

aA~ =a  i 

1     2 

a~\~c      1         * 
bA- =«;  and 

<r-4- =r^. 

.      4 
Tbefe  equations,  after  due  preparations  according 

to  art.  70,  will  fland  thus : 

Equ.      1  ft,  '±a-yb-\-cz=.id. 

Equ.     2d,         a-\~3b-\-c=$d. 

Equ.     3d,         a-\-b-\-qc=4.d, 
Subtracl:  the  firft  equation  from  twice  the  fecond,  and 
you  will  have, 

Equ.     4th,  *     $b~\-c—4.d> 

Subtracl:  the  third  equation  from  the  fecond,  and  you 
Will  have, 

Equ.     5th,  *     2b—^cz=  —  d. 

Subtracl:  five  times  the  fifth  equation  from  twice  the 
fourth,  and  you  will  have, 

Equ.     6th,  *     *     1 7^=  1 3  d, 

Equ.     7th,  *     *        £=— . 

Put 
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Put  this  value  for  c  in  the  fourth  equation,  and  you 

1  yd 
will  have  5^-f-^j  that  is,  $b-\ — ^ — r=  4^*  therefore  85^ 

J^i^d—  68d,  therefore  8 $b  —  $ $dy  and  b=~-zz  — -; 

therefore 

1  id 
Equ.     8th,   *     b     *  =  ~ • 

Put  now  the  two  values  of  b  and  c  already1  found,  in- 
flead  of  b  and  c  in  the  firft  equation,  and  you  will 

I  I d —p"  I  2d  2 Af* 

have  2a-\-b4-c,  that  is,  20  + — — ,  or  ia-\ ■ 

1      1  17  17 

zz2d;  whence  34^+24^=  34^;  and  340  =  10*/,  and 

lod      $d  c 

#  = ——a  therefore 

34      17 

td 
Equ.     9th,   a  *  *=-— . 

So  that  the  numbers  are  at  laft  found  to  be  azz 

%d   ,      nd  i$d  .  ■•' 

— ,  #= — •,  ana  f  = — ;  whence  it  follows,  that  it 

if         17  17 

any  number  be  put  for  d,  that  will  admit  of  the  num- 
ber 17  for  a  divilbr,  the  quantities  a>  b,  and  c,  will 
come  out  in  whole  numbers  :  as  if  d  be  made  equal  to 
17,  the  quantities  a,b,  and  c}  will  be,  5, 11,  and  13,  re- 
fpeftively  ;  and  the  numbers  will  aniwer  the  conditions 

1 1  —J—  1 n 
of  the  problem  :  for  5-] -,  or  $+12=17  ;   1 1 

+5-~^>  or  11+6  =  17;  1 3+i-p,  or  1 3+4=  1 7. 

Advertifement.  I  hope  the  reader  does  not  need  to 
be  told,  that  the  numbers  a,  b,  and  c,  mud  always  be 
underftood  to  be  of  the  fame  denomination  with  the 
number  d;  as,  if  the  number  d  fignifies  fo  many  gui- 
neas, trfc  numbers  0,  b,  and  c,  mull  alfo  fignify  gui- 
neas i  if  (hillings,  (hillings;  if  pence,  pence; 
Equ,  1  ft,  2a-\-b~*rc=2d. 
2d,     a-\-%b-\-c=$d.. 

Equ. 
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Equ.     3d,     a-^rb^-^c=.^d»  . 

5th,      *20  —  3<T~  —  cd. 

6th,     *  *  27^=13^. 


7th,    *   * 
8th,     *  £' '* 
9th,     #  *  * 


i3d 


l1 
1 i<f 


17 

5i 


17 

A     Scholium. 

94.  Of  the  foregoing  equations,  the  fir  ft,  fecond, 
and  third,  wherein  the  quantity  a  is  concerned,  may 
be  called  equations  of  the  fir  ft  rank;  the  fourth  and 
fifth,  wherein  the  quantity  b  is  concerned,  and  out 
of  which  the  quantity  a  is  excluded,  may  be  called 
equations  of  the  fecond  rank  •,  the  fixth,  wherein  c  is 
concerned,  and  out  of  which  both  a  and  b  are  exclu- 
ded, may  be  called  an  equation  of  the  third  rank  ;  and 
fo  on,  were  there  ever  fo  many  unknown  quantities. 

Whenever  the  equations  of  any  particular  rank  are 
given  or  found,  in  order  to  derive  from  thence  equa- 
tions of  an  inferior  rank,  the  Analyft  is  at  liberty  to 
combine  thefe  fir  ft  equations  by  pairs,  as  he  pleafes, 
provided  he  does  but  obferve  thefe  two  things ;  firft, 
that  every  equation  of  the  given  rank  be  fome  time 
or  other  coupled  with  fome  other  equation  of  the  fame 
fet,  fo  as  that  no  equation  be  left  out  of  the  account; 
fecondly,  that  in  every  particular  combination,  one  of 
the  equations  be  fuch  as  was  never  made  life  of  in  any 
combination  before,  and  the  other  fuch  as  hath  been 
concerned  in  fome  combination  before,  excepting  the 
fir  ft  pair,  •  Jt  is  not  to  be  denied  but  that  the  artifl 
may,  if  he  pleafes,  vary  fbmetimes  from  thisflaft  pre- 
cept :  but  if  he  always  obferves  it,  it  will  be  altoge- 
ther as  well. 

THE 
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Of  the  Compojition  and  Refolution  of  a  Square  raifed 
from  a  Binomial  Root, 

101.  TJTITHERTO  we  have  been  chiefly  con- 
~JL  cerned  in  fimple  equations :  it  is  now 
high  time  to  apply  ourfelves  to  the  refolution  of  qua- 
dratics;  in  order  to  which,  fomething  mull:  be  faid 
concerning  the  nature  of  a  binomial,  upon  which 
that  refolution  entirely  depends. 

Now  a  binomial  (at  lead  as  it  is  here  ufed)  is  a 
quantity  confiding  of  two  parts  or  members,  connected 
together  by  the  fign  -4-  or  — ,  as  x-[-a,  x  -  a,  .r-J- 

b         b  , .       .  , 

~» x ;  and  a  fquare  raifed  from   a  binomial   root 

2'         2  1 

is  nothing  elfe  but  the  fquare  of  fuch  a  quantity  :  thus 

b  bb 

the  fquare  of  x-\ —  is  xx-\-bx-\ — ,    and  that  of  x  — 

2  4 

b  .  ■        bb 

—  is  xx  —  bx  + — . 
2  4 
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x  - 

'      2 

ft'  +  — 
1      2 

b 
2 

2 

,    bx     bb 

J     2  T  4 

H — 

1      2 

*a- J-  — 

2         4 

bx 

2 

,   ibx     bb      .      .  ibx     bb 

*M -\-—;  that  is,  xz +—  ;  that  is, 

1      2        4  2^4*  ' 

,       ££  ,       bb 

X%  +  DX+ —  9Sl  —  bx-\ . 

4  4 

The  difference  betwixt  thefe  two  fquares  arifes  from 
the  different  fign  of  b;  and  that  onlv  affects  the  fe- 

bb 
cond  member ;  for  the  third  member  —  will  be  the 

4 
fame,  whether  the  quantity  b  be  affirmative  or  nega- 
tive ;  therefore,  if  thofe  cafes  be  thrown  into  one,  it 

«-i  b  '         bb 

will  Hand  thus :  The  fquare  of  ar±-  is  aw  ±  &v-J- — ; 

/<?  wit*  4-  ##  ze;#*w  //;><?  root  is  x-\ — ,  and  —  bx  when 

1  2 

the  root  is  x .     Now  of  the  three  members  that 

2 

compofe  this  fquare,  the  fir  ft  xx  is  the  fquare  of  x9 
the  fecond  =fc  £#  is  the  root  of  that  fquare  multiplied 
into  the  coefficient  -±-b  ;  for  the  root  of  xx  is  x,  and  x 

x  =tb—  zhbx;  the  third  and  laft  member  — .    is   the 

4 

fquare  of  ± — ,  that  is,  the  fquare  of  half  the  coef- 
ficient cf  the  fecond  member;  whence  may  be  deduced 
the  two  following  obfervations. 


Obser- 
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Observation     i. 

Whenever  we  meet  with  a  quantity  confifing  of  two 
members ■,  as  xx  ±  bx,  whereof  one,  as  xx,  is  a  fquare 9 
and  the  other  ±bx  is  the  root  of  that  fquare  multiplied 
into  fome  given  coefficient  ±  b  ;  whenever,  I  fay,  we 
meet  with  fuch  a  quantity,  it  may  be  confideredas  an  im- 
ferfecl  fquare  raifed  from  a  binomial  root,  and  may  ea~ 

fily  he  compleated  by  adding   — ,  that  is,  by  adding  the 

fquare  of  half  the  coefficient  of  x  in  the  fecond  term  : 
thus  xx-\-6x  when  compleated  becomes  xx-\~6x-\-g  ; 
xx  —  Sx  when  compleated  becomes  xx  —  8#--j-  16  ; 
xx-^-^x  when  compleated  becomes  a*^— |—  3 a:— {—  ^  ;  for 
here  the  coefficient  being  3,  its  half  will  be  i,  and 

IX 

the  fquare  of  this  will  be  \  :  again,  xx-] —   when 

2  V  J 

compleated  becomes  xx-\ — -\~-  ;    for  here  the  fe- 

IX 

cond  term  is  — ,  and  therefore  the  coefficient  of  x  is 

3 
\  by  art.  70  ;  but  the  half  of  \  is  -l,  and  the  fquare 

ex 
of  this  is  4  :  again,  xx—  -r-  when  compleated   be* 

CX        2  C 

comes  xx  —  =7-4- — —  ;  for  here  the  coefficient  is  — 

6      144 

|,  whofe  half  is  —  -£*,  and  the  fquare  of  this  is  -j- 

2  c,  bx 

— -  :  laftlv,  xx'-*-—  when  compleated  becomes  xx  — 

144  J  a  k 

h%         hh  r       1  i  rr    -  •  ^      . 

—  4- :  (or  here  the  coemcient  is  — — ,  its  halt  — 

a      j\aa  a. 

b  ■-  ■      .    .     bb 

— ,  and  the  fquare  01  this  is  - — . 
ia  k  A.aa 


Obser- 
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Observation     2, 

In  the  fee  and  place  it  may  be  obferved,  that  the  root 
of  fuch  a  fquare  when  compleated,  that  is,  the  root  of 

xx^bx-] will  always  be  xdt — ,    that   is,    it  will 

always  be  the  fquare  root  of  the  fir  (I  member,  together 
with  half  the  coefficient  of 'the fecond:  thus  the  fquare 
root  of  xx-]-6x-\-<}  will  be  ^-f-3  ;  that  of  xx  —  8x-\~ 
16  will  be  a?  — 45  that  of  xx-\-$x-\-x  wu^  ^e  x~\~ 

2  2.X         I  I 

-i  that  of  xx-] — 4-—  will  be  x~\-— ;  that  of  xx 
a  3       9  3 

bx  ,    bb  b 

_ — A-.- —  will  be  x  —  — , 
a    ■  ^aa  2a 


The  common  Form  to  which  all  Quadratic  Equations 
ought  to  be  reduced  in  order  to  be  refohed. 

102.  Since  an  afFe&ed  quadratic  equation,  as  we 
have  elfewhere  defined  it  (art.  23),  is  an  equation 
confiding  of  three  different  forts  of  quantities  ;  one 
fort  wherein  the  fquare  of  the  unknown  quantity  is 
concerned,  another  fort  wherein  the  unknown  quan- 
tity is  fimply  concerned,  and  a  third  fore  wherein  it 
is  not  concerned  at  all ;  it  follows,  that  all  quadratic 
equations  whatever  may  be  reduced  to  this  form, 
viz.  Jxx  —  Bx-\-C ;  wherein  J9  B,  and  C,  denote 
known  integral  quantities  whether  affirmative  or  ne- 
gative, and  x  the  quantity  unknown,  the\fign  -{- 
on  the  latter  fide  of  the  equation  Bx-\~C,  fignifying 
no  more  than  that  the  two  quantities  Bx  and  C  are  to 
be  added  together  according  to  the  common  rules  of 
addition,  whether  they  be  both  affirmative  or  both  ne- 
gative, or  one  affirmative  and  the  other  negative :  this 
will  eafily  be  allowed,  if  it  be  confidered,  that  quadra- 
tic 
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tic  equations,  like  all  others,  may  be  freed  from  frac- 
tions after  the  fame  manner  as  fimple  equations ;  and 
when  that  is  done,  there  needs  no  more  at  raoft,  than 
a  bare  tranfpofitio'n  of  the  terms  to  reduce  them  to 
the  form  above  defcribed  :  we  (hall  however  give  fomc 
examples  of  the  reduction  of  quadratic  equations  to 
this  form,  amongft  thofe  that  follow. 


A  general  Theorem  for  refolvlng  all  Quadratic  Equa- 
tions. 

103.  This  preparation  being  made,  let  now  fome 
general  quadratic  equation  be  propofed  to  berefolved, 
with  which  all  particular  equations  may  afterwards  be 
compared,  and  by  means  whereof  thofe  equations 
may  be  more  readily  refolved  ;  as  for  example,  let 
the  general  equation  in  the  laft  article  be  propofed, 
to  wit  Jxx  =  Bx-\-C;  and  let  it  be  propofed  to  find 
the  value  or  values  of  x  in  this  equation  ;  here,  tranf- 
poiing  Bx,  I  have  Axx  —  Bx~Ci  and  then  dividing 
by  A  in  order  to  free  xx3  the  higher!  power  of  xt  from 

Bx      C  '    . 

its  coefficient,  I  have  xx —  —  7 ;  this  done,  I  con- 

Ji        A. 

Bx 
fider  the  firft  fide  xx  -  — r  as  an  imperfect  fquare  raifed 

from  a  binomial  root ;  and  accordingly  I  compkat 

BB 
that  fquare  by  art,    101,  to  wit,  by  adding  — jj, 

that  is,  by  adding  the  fquare  of  half  the  coefficient 

of   .hefecond   term;    but  if -^-.muft  be  added 

to  the  firft  fide  of  the  equation  to  compkat  the 
fquare,  it  mud  alfo  be  added  to  the  ether  fide  to  pre- 
ferve  the  equality  ;  otherwife,  by  an  unequal  addi- 
tion, the  equation  would  be  deftroyed  :  this  equal 
addition  then  being  made,  the  equation  will  ftand 

thus, 
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Bx  .    BB        BB       C      ■      , 
thus,  M-j+jjj  =^JZ+J  i  but  the  two  frac- 

BB        a    C       u       u 
tions    — -r-r   and   — r»  when  thrown  into  one,  give 

4.AA  A*  \    ,  ° 

ABB  +  +  AAC  .  ... 
T^Tj »     which,    dividing    by    ^,     gives 

55  +  4iC         ,       _  Bx    ,    BB 

4AA         ;    therefore    "  -  ~Z  +JTA  = 

j5 —  ;  therefore   the  fquare  root  of  one  fide 

AgAA 

will  be  equal  to  the  fquare  rooc  of  the  other  ;  but  the 

«•      BB*\-aAC 
fquare  root  or  the  fraction -r-j — ,   at  lean;  as  it 

here  ftands  in  letters,  cannot  be  extracted,  becaufe, 

though  the  denominator  4.AA  be  a  fquare,  yet  there 

Is  no  literal  quantity  whatever  which  being  multiplied 

into  itfelf  will  produce  BB-\-^AC ;  therefore,  to  put 

this    numerator  into  the  form  of  a   fquare,  let  us 

fuppofe  BB-\-qAC~ss ;  and  then  the  equation  will 

h     ,    i.  Bx  t    BB  ss 

ftand  thus,  xx  -  _+_  =  _  ;    but    the 

,           Bx      BB    .             B      . 
fquare  root  of  xx  — -j-f- — -j-j  is  x -.,   by   art. 

ss     .         s 
10 1  ;  and  the  fquare  root  of      ,  ,  is  =t — -  for  a  rea- 

/^AA  2  A 

—  s 
fon  formerly  given,  to  wit,  becaufe  — 7  when  multi- 

'    °  2^2 

— {—  JJ  -f-  J 

plied  into  itfelf  will  produce  -~n  as  well  as — •  and 

r  x  4>^2  2/^ 

therefore,  by  the  very  definition  of  the  fquare  root, 

the  former  quantity  has  as  good  a  right  to  be  filled 

ss 
the  fquare  root  of   — — ,  as  the  latter ;  therefore  this 
n  a^AA 

equation  will  now  be  reduced  to  a  fimple  one,  and 

2  will 
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B  s 

will  (land  thus,  x —±-7;  therefore  X  — 

2/2  2A  2.A 

gJLs  B-s       ^    ^ 

that  is,  x=  —ft  and  *=~^J"'     ^       ^' 

Thus  we  fee  that  every  quadratic  equation  necef- 
farily  admits  of  two  numbers  or  roots  (as  they  are 
called)  which  will  equally  anfwer  the  condition  of  the 
equation,  that  is,  either  of  which  being  put  equal  to 
x,  will  make  the  two  fides  of  the  equation  equal  one 
to  the  other ;  and*thefe  two  roots,  in  all  arts  and  fai- 
ences where  quadratic  equations  are  concerned,  are  of 
equal  estimation,  whether  they  be  affirmative  or  nega- 
tive, or  one  be  affirmative  and  the  other  negative  :  as 
for  example,  in  Geometry,  if  a  line  drawn  from  any 
point  towards  the  right  hand  be  confidered  as  affirma- 
tive, a  line  drawn  from  the  fame  point  to  the  left 
hand  ought  to  be  confidered  as  negative ;  for  let  AB 
be  any  line  drawn  from  the  fixt  point  A  to  the  point 
B  on  the  right  hand,  and  then  imagine  the  point  B  to 
move  towards  A  ;  here  then  it  is  plain  that  the  nearer 
B  approaches  towards  A}  the  lefs  will  be  the  affirma- 
tive line  AB;  when  the  point  B  coincides  with  A,  the 
line  AB  muft  be  looked  upon  as  nothing,  and  there- 
fore, when  the  point  B  by  a  continuation  of  its  mo- 
tion has  palled  through  A,  fo  as  to  lie  on  the  left 
hand  of  A,  the  line  AB  ought  now  to  be  looked  upon 
as  negative,  having  palfed  from  fometlnng  through 
nothing  into  negation  ;  and  yet  a  line  of  this  nega- 
tive kind  is  as  true  a  line  as  any  of  the  affirmative 
kind;  and  therefore  the  negative  roots  of  quadratic 
equations,  which  exhibit  negative  lines,  ought  to  be 
or'  equal  eftimation  with  the  affirmative  roots  that  ex- 
hibit affirmative  lines ;  and  the  fame  will  be  the  cafe 
(I  fay)  of  all  other  arts  and  fciences  where  quadratic 
equations  are  concerned  :  but  in  common  life,  where 
negative  quantities  have  no  place,  the  affirmative  roots 
of  quadratic  equations  are  only  allowed  of  in  the  relo- 

M  lution 
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lution  of  problems,  the  negative  ones  being  for  the 
moft  part  excluded. 

N.  B.  ijl,  The  root  of  any  quantity  whether  in 
numbers  or  letters,  that  cannot  be  expreffed,  is  called 

a  furd  :  thus  V3  is  a  furd,  and  fo  alfois  s/BB-^-^AC-y 
and  it  was  for  this  reafon,  that  I  made  \fBB-\-^AC 
zzsy  or,  which  is  all  one,  BB~\-^.AC=ss. 

idly,  The  quantity  C,  and  confequently  ^AC  will 
fometimes  be  negative;  in  which  cafe  the  quantity  ss9 
or  BB-\-^AC  mud  be  looked  upon  as  the  fum  of  the 
affirmative  quantity  BB  and  the  negative  one  \AC> 
when  added  together  according  to  the  common  rules 
of  addition. 

$dly,  In  many  of  the  following  examples,  the 
learner  mult  be  very  careful  to  form  a  right  eftima- 
tion  of  negative  quantities :  thus  for  inftance,  if  x* 
that  is,  -\-x  —  —  3,  he  mull  make  $x,  or  -[-4  x  —  3  = 
—  12;  but  he  mull  make  -  4#,  or  -  4  x  -  3  r:  -|- 1 2  ; 
fo  likewife  —x,  or  —  ix9  or  —  1  x  —3  mult  be  made 
equal  to  -j-3,  &c. 

Afynthetical  Demonjlratlon  of  the  foregoing  Theorem. 

104.  In  the  laft  article  it  was  demonftrated  analy- 
tically, that  if  Axx  be  equal  to  Bx^-C,  then  x  muft 

BJL-s  B—s    ; 

neceffarily  be  equal  both  to  — -p,  and  to  — r~>  *UP" 

pofing  ss  to  be  equal  to  BB-\-$AC.  Now  it  may 
not  be  improbable  but  that  the  learner,  efpecially  if 
he  has  any  tafte  or  genius,  may  have  a  curiofity  to 
fee  the  fame  demonftrated  again  fynthetically,  that 
is,  to  fee  it  demonftrated,  that  if  x  be  made  equal  to 

-—-,  or  — t,  then  Axx  muft  neceffarily  be  equal  to 
iA  '         2A  '  . 

Bx-\-C:  it  is  therefore  to  gratify  the  learner  in  this 
particular,  that  I  have  added  the  following  demon- 
Oration. 

Case 
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Case     ifl. 

Let  *   ±=   — -f  :    then-  voti    will  nave     x  x  — 

——5 ;    multiply  both  fides  by  A,  and  you 

47372 

will  have  Axx  (or  one  fide  of  the  general  equation) 
equal  to  ^ — ;  for  a  fraction  may  be  rnul- 

tiplied  by  dividing  the  denominator,  as  well   as  by 

B.+  s 

multiplying  the  numerator  :  again,  fince  x  —  — — , 

7?  R— —  7?f 
you  will  have  Bx  — -—  ;  double  both   the  nu- 

merator  and  denominator  of  this  lad  fraction,  which 

will  not  affect:  the  value  of  the  fraction,  and  you  wilt 

2BB+2BS    ,  zBBJriBt 

have  Bx~ -;  therefore  Bx-\~C=: : 

.     4^  4.A 

C     2BB+2BS+4AC  _BB+2Bs-\-BB+44C 

*•"  1  ~  12  ~  ~^Z~"~~      ~ 

BB~\~2Bs-\-ss 

' ; — -j ,  becaufe  BB~\-<\  AC—  ss  by  the  fuppo- 

fition;  therefore  Axx  —  Bx-\-Cf  fince  each  fide  is  equal 

BB-\-2Bs-\-ss 

to  the  fame  quantity  — -* -j t« 

471 

Case     2d. 

B-s 
Let  now  x   —  — j-t   and   you  will  have  x  x  =s 
2A  J 

BB-2Bs-Uss 

■— ~ — ,  and  Axx  (or  the  fir  ft  fide  of  the  general 

.    .      BB-tBs+ss  .  BB-Bs 

equation)  =  — — 4  :  again,    Bx  — 


4A  '     &     '  2A      - 

2BB-2BS 

M  2  ~7a~^> 
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zBB-iBs       ■■'  ■        n    ■_        2BB-2BS+4AC 
• — -— ; ;    therefore  Bx-\-L^ ■= zr 

BB-zBs-\-ss      ■ 

;  therefore  Axx  —  Bx-\-C,  beeaufe  each 

,,    .           .  ■'■'•', ;."'■-                .     BB-2Bs+ss 
tide  is  equal  to  the  fame  quantity j . 


Various  Examples  of  the  Refolution  of  offered  Quadra- 
tic Equations,  both  with  and  without  the  genera! 
"Theorem. 


Exampl 


e  i 


105.  Let  the  equation  propofed  to  be  refolved  be 
b-xx—.^x—i*     This  particular  equation,  as  well   as 
all  thole  that  follow,  may  be  refolved  after  the  fame 
manner  as  the  general  one  in  art.  103  :   but   as  thefe 
refolutions  are  very  often  attended  with  fractions  very 
troublelome  to  the  young  Analyit,  and  as  thefe  par- 
ticular equations  are  nothing  elfe  but  particular  cafes 
of  the  general  one,  it  follows,  that  the  refolution  of 
thefe  equations  mud  neceffarily  be  included  in  the  re- 
folution of  the  general  one ;  and  confequently,  that 
thefe  equations  will  be  much  more  eafily  and  readily 
refolved  by  referring  them  to  the  general  one  :  how- 
ever, for  the  fatisfacYion  of  the  learner,  I  ihall  refolve 
fome  of  thefe  equations  both  with  and   without  the 
general  theorem  :  and  firft  I  lhall  refolve  the  equa- 
tion propofed  by  the  help  of  the  general  theorem  thus; 
in  the  general  equation,  art.  103,   we  have  Axx=:-Bx 
~|-C;  in  the  particular  one  already  propofed,  we  have 
6xx  =  5x—  1  ;  therefore  Am  the  general  equation  an- 
fwers  to  6  in  the  particular  one,  B  anfwers  to  $y  and 
C  to  —  1 ;  therefore,  if  the  particular  equation  be  re- 
ferred to   the  general  one,  its  refolution  will  be  as 
follows:  J=6,B  =  5,C=-i,  BB-z^  ^AC=~2^; 
therefore  ss9  or  BB-\-^AC,  will  be  the  fum  of  25  and 

-24 
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,       r.  B+s     5-fi      1     JB-j 

—  24=1:  therefore  s  —  1,    — —  — =  -,    — j- 

^  2^?  12        2       2^ 

—  -•5 •  =  — ;  therefore  the  two  roots  of  this  equation 

12       3 

6tfff  =  5tf-i  are  f  and  |.    Therefolution*  of  this  equa- 
tion in  numbers,  without  the  general  theorem,  is  as 
follows  :  Equation,  6xx  —  $x-i;   therefore  6xx  -  5* 
CX  I  <x 

—  —  1,  and  xx  —7-  —  -  t  ;  where  xx  —  -7-   may   be 

confidered    as   the    two   Srft    members  of   a    fquare 
raifed  from  a  binomial  root ;   the  coefficient  of  the  fe- 

cond  term  is  -7-,  its  half  — -,  and  the  fquare  of  this 

4-2 \ 

..  '     -  ■   which  exprefiion  I  choofe  to  make  ufe  of  ra- 

J2XIJ 

ther  than     ■    ■    for  a  reafon  that  will  prefently  be  ken; 
-144 

2 ; 

add  now  -rr-   to   both    fides,    that  is,    to    one 

12x12 

fide  to  compleat  the  fquare,    and    to  the    other  to 

5X 
preferve  the  equality,  and  you  will  have  xx — r  -\- 

2<          —  1          2<         ,  .    .  , 

—  -7-7+ ;  here  now  it  is  certain  that 


12X12  6      '12X12 

—  1           Hh25 
the  fractions  —  and  — -  muft  be  reduced  to  the 

fame  denomination  in  order  to  be  added  together  into 
one  fum  ;  but  if  this  be  done  the  common  way,  it 
will  be  impoflible  to  obtain  the  fquare  root  of  that 
lum  without  a  further  reduction  ;  therefore,  to  avoid 
this,  I  enquire  what  number  the  denominator  6  muft 
be  multiplied  by  to  make  it  12  x  12  the  fame  with  the 

*  This  method,  of  eompleating  the  fquare  and  extracting  the 
root  ot  each  particular  equation  as  it  occurs,  i  doubt  nor,  will 
feem  eafier,  and  prove  more  fatisfactory  to  the  learner,  than  the 
ufe  of  the  general  theorem. 

M  3  other 
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other  denominator,  and  the  anfwer  in  this  cafe,  as  well 

as  in  all  others  of  this  kind,  will  be  very  eafy  ;  for  2  x 

6  ~  1 2}  and  therefore  12x2x6,  or  24  x  6  in  1 2  x  125 

therefore  I  multiply  both  the  numerator  and  denomi- 

—  1  .  —  24 

nator  of  the  fraction  —r-  into  24,  and  fo  have 


6  ■  I2XI25 

4-' 2* 
and  this  added  to  the  other  fraction gives 


12  X  12 


ex  ■ 
and  now  the  equation  will  be  xx  —  —  4- 


12x12' 

2£  I 


;  extract  the  rGOt  of  both  fides,  and 
12x12      12x12 

you  will  have  x—      —  ±— ,  whence  a?  =  -= — —  •: 
3  12         12  12 

5  +  11         5  -  1      1      ■       '  1         1 

but  - — -  =  -,  and -~  —  i  therefore  #sr— .  or — ■„ 

12       2  12        3  2         3 

This  may  alfo  be  proved  fynthetically  thus :  let 
#•  =  1,  then  you  will  have  xx  —  i,  and  6aw  =  -£,  or  i|s 
again,  ^x  —  l  —  ih',  therefore  §x  -  1  —  1 § ;  therefore 
6xx  —  ^x  —  1,  iince  each  equals  i|. 

Let  us  now  fuppofe  x~\9  and  you  will  have  xx 
—  \.,  and  6##  =  -|>  or  t  :  on  tne  other  hand  you  will 
have  5#:=x  or  i-J  ;  therefore  5^—1  =§■;  therefore 
6##  =  5#  —  1  ;  thefe  two  fractions  therefore  will  an- 
fwer the  condition  of  the  equation  ;  and  there  are  no 
other  numbers  befide  thefe,  whether  whole  numbers 
pr  fractions,  that  will  do  it. 

Example     2. 

Let  the  equation  to  be  refolved  be  ^^x—zxx  —  xx 
4-45.  Here  tranfpofmg  —  2xx  we  have  3x1-4  45  = 
24^,  whence  ^xxzzz^x  —  45 ;  and  thus  we  have  re- 
duced the  equation  propofed  to  the  form  of  the  ge- 
neral one  in  art.  102;  wherefore  applying  that  gene- 
ral equation  to  this  particular  one,  the  refolution,  by 
art.  103,  will  be  asfpllows:'/f=3,  Bzzi^,  Czz-4-5, 

BR 
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55  =  576,  4AC=  -540,  jj  =  576 -540  =  36,  j  =  6, 

— r-  =  C. 3-==a  :  therefore  #=5,  or  q  ;  and  this 

iA       bi    iA       ■*'  :  . 

will  further  eafily  appear  by  fubftituting  5  or  3  for  x 
in  the  original  equation  thus  ;  x  =  5 ;  therefore  24*  = 
120;  ##=25;  therefore  24^-  ixxzz  120  —  56  =  70, 
which  is  one  fide  of  the  equation  :  on  the  other  fide 
we  have  ##  +  45  =  25  +  45  =  70  ;  therefore  24^-2^ 
=  ##  +  45.  Again,  let  #  =  3,  then  we  fhall  have  24.x 
=  72,  and  xx  =  9,  and  24a?  —  2^=54 :  on  the  other 
hand,  ##  +  45  =  54;  therefore  24A?  — 2##  =  ##  +  4 5. 

N.  B,  This  lalt  equation  when  reduced  to  the  form 
of  the  general  one  in  art.  102,  flood  thus:  3##  = 
24#  — 45  :  but  this  equation  might  have  been  re?- 
duced  *  to  a  more  fimple  one  of  the  fame  form  by  di- 
viding the  whole  by  3,  and  then  the  equation  would 
have  flood  thus;  ##  =  8#— 15:  in  which  cafe  we 
ihould  have  had  A-\,  5  =  8,  C=  -15,  55  =  64, 

B-\-s        B-s 
4.AC=  -60,  ji  =  4,  j=2,  — j-  =  5,  -jj-  =  3>   as 

before.  The  folution  of  the  foregoing  equation  in 
the  common  way  is  this,  .-.•#— 8#=  —  .15  ;  therefore 
compleating  the  fquare,  *#-8#+i6  =  i;  therefore 
extracting  the  fquare  root,  x  -  4  =  =*=  1  ;  therefore  #  = 
+4=1=1  =  5,  or  3. 

Example     3. 

Let  the  equation  to  be  refolved  be  jix  —  2##  + 144 
—  $xx-  8#  +  444«  Hence  by  tranfpoik-ons  we  have 
72^+144  =  5^#-  8#+444,  and  8o#-L-i44=5##-f- 
444,  and  $xx  =  8o#  -  300,  and  ##  =  1 6x  -  60 ;  which 
equation  being  refolved  like  that  in  the  fail  example, 
gives  #=10,  or  6;  which  may  alfo  be  eafily  ieen 

*  This  redu&ion,  when  it  can  be  made  without  introducing 
fradtions  into  the  equation,  fhould  never  be  omitted. 

JY1  4  by 
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by  fubflituting  10  or  6  for  x  in  the  original  equa- 
tion *. 

Example     4, 

Let  the  equation  to  be  refolved  be  iSx  —  xx  —  iifc 

Here  we  have  xx-\-i  15  =  28#,  and  xxzzzSx—  ii$  $ 
which  equation  being  refolved  like  that  in  the  fecond 
example,  gives  #  =  23,  or  5 ;  the  proof  whereof  is 
eafy. 

Example     5, 
Let  the  equation  to  be  refolved  be c  —  — —  5 

X       r      iV-j-4^ 

therefore  120—  ex  —  — j — ;   therefore   icox—zxx-U 

J       tf-j-4 
480=120,?;;    therefore   5W-]""  I20#  =  ioo,r-f-  480  * 
therefore  $xx'zz  —  2oa:-|--48o;  therefore(dividirigby  5) 
sex  —  —  4„v-|— 9 6  ;  therefore  in  this  cafe,  A—  1,  B~  —  4, 
(7zzq6,  BE—  16,  4^=384,  ss  =  164-384  =  400,5  = 

B-\-s      —  4-J-2Q         B-s     -4-20 
20, — -r- — =  8, —  — =  —  12; 

therefore  in  this  equation,  #  =  8,  or  —  12  :  the  proof 

»""'i  1  .    o       u         I2G  1   I2° 

is  thus;  let  x=z  4-8;  then =  15,  and  — — 5  =  10; 

x  x 

!  J     I2p  L        't  12° 

again,  x-j-4-  =12,  and      .     =10;  therefore 5 

120        .     .      ,  ,       120 

Again,  let  xts  —  1 23  then  — '■  =  —  10  3 


~*+4      7?     '  5  x 

120  • 

therefore,  — --  -'"£,==  -  i©  -  5==  -  15  :  on  the  other 

x 

,      ,       «  1  1       ,        no      120 

hand,  #4*4  =  —  124-4=  -8  5  therefore  — r-  = — ^ 

#4~~  4     ~~  ** 

■  *  Or  in  the  final  equation  #*  =  1 6x— 60.   This  remark  extends 
tp  quadratic  equations  in  general,  and  to  thofe  of  higher  powers. 
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i 20  1 20 

—  -15;  therefore^ — r— £  =  — r~ <     The  refolution 

in  the  common  way  is  this :  xx~  —  4Y-J-96  ;  there- 
fore xv-f-4.r=:  96;  therefore  xx-\-^x-\-^.—  IO°J  there- 
fore #-{-2  =  =t  jo  ;  therefore  x—-  2±.  io:=-J~8,  or 

—  J  2. 

Example     6. 

Let  the  equation  to  be  refolved  be  2<xx-]~3x=6$  ; 
therefore   2xx=  —  3x^6$  ;    therefore   in    this   cafe, 
J=2,  B  =  -3,  C  —  6$>  BB  =  g,  4^0  =  520,  ss~ 529, 
jS-j-j      —  3'-4"23         -5  -  s      —  3  —  23 

3'    2 4   ~"       4       ~~  •"    2yf  ~~         4        ~ 

6—:  therefore  in   this  equation,  x—Jr5>  or   —  6f  : 

that  a;—  +5  will  eafily  be  feen  ;  and  that  x  —  —  6f  : 

or  that  —  6|  being  fubllituted  for  #  will  make  2.y# 

1       —  13 
-\-3x~65,  I  thus  demonffrate  :  x=-  —  6 — = -; 

4-.i6o-  169 

therefore  xx~ -  :    therefore   2xx=z — -';  and  4- 

4  2 

—  I  2  —  n  Q 

$  x  =-}"  3  x ~ — ~  :  therefore   2  xx  4-  3  *  23 

J 60  —  5Q         I30  .  I 

■ — - — =  6;.     The  refolution   m  numbers; 

2  2         D 


2.xx-hzx±:6z  ;   therefore   xx-\~- — 4- 

3         °  24x42 

9         c2o4-g       C29  '     .  ,  ■  a  23 

rr^-  =  ^.     ry=t-^-;  therefore  a?  4-  —  rri-2-; 
4x4       4x44x4'  '4  4 

therefore  x  —  — - — —  =  4-  5,  or   -  6—. 

4  2 

Example     7, 

Let  the  equation  to  be  refolved  be  oaw-#  —  -140  ; 
re  9x^=1^4-140.  Here  J=o,  B  —  1,  (7=140, 

BR 
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Ill 


BB-i,   4^=5040,   ^  =  5041,  5  =  71,   —j- =  4, 


[am 


i?-.r  8      ,       .  8 

— 3  =  -  3— ;  therefore  *  =  +4,  or  -  2 — :  the  lat- 
iA         J 9  3  9 

8  -  2C 

ter  cafe  I  thus  d emon (Irate  ;  *  =  —  2 —  =  — —  : 

0  9  9 

+  1225  1225 

therefore  #*  = — 5 ;  therefore  q.v*  = :  agai 

81  ^  9        6 

_  q  e      4  <j  j* 

-  1  at,  that  is,  -  1  x = ;  therefore  qxx-  x 

9  9  y 

1225  +  35     1260 
— — —  jA0t      in    numbers    thus : 

9  9 

o**-i*=i4o;  therefore  xx = -;    there- 

9  9 

IX  I  I4O  T 

fore   xx  —  —    -j-  —x -    =    + 


9  18x18  9  18x18 

C040+  r       5041  : 

-T- 5:  =~s o  5  extract  the  root  of  both  fides. 

18  x  18      18  x  18  2 

IX  1 

that  is,  of  xx- 4- -5 %   on   one   fide,    and   of 

9      18x18 

-— a   on   the   other,   and  you   will   have  x — r- 

18  x  18  J  18 

~dt  —  ;  whence  *  =  +4,  or  —  3J.. 
Example     8. 


Let  the   equation  to  be  refolved   be  — —   + 

2.V+3 

116  ,       -  232* +  348 

-=7;    therefore   45  +    -        — —  =  14  a?  + 


4*  +  5  4*  +  5 

2 1 ;  therefore  1 80,1-4-225  +  232:;  +  348  =  $6xx  + 1  $4% 

4-105;    that   is,    412^  +  573  =  56^*4- 1 64*+ 105  ; 

therefore  258^  +  573  =  56**  + 105;  therefore  5  6„r*  = 

258* +  468  ;  therefore  (dividing  by  2)  you  have  28** 

=  129*+  234 ;  which  equation,  being  compared  with 

1  the 
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the  o-ener.il  one  exhibited  in  art.  103,  gives  A  =  28, 
5=129,  0=234,  ^5=16641,  4^C:=262o8,  ss-=z 

B  +  s         B-r-s  11 

42849*  '  =  207,  -^J-^-^J--  -  l  ^  ;     there" 

11 

fore  in  this  equation  xzz  4-6,  or  -  i-g  ;  both  which 

I  thus  demonftrate  :  ffrft  *=6  ;  therefore  2X-{-^z=:iy9 
therefore ——7—;  =  3  ;  moreover,  4a? +  5  =  29  ;  there- 

2.X  -T  3 

116            ,      L        45        176 
fore  =  4;  therefore  — ■ — 4- —  =  3+4 

=  7  :  fecondly,   x~  -  1  -5  =  -^77  ;    therefore    2  * 
/  ;>  28         28 

-39        1        r  f  '  —39,    3  3 

—  — ^— :   therefore   2  at  -+-  q  =  — =—4- —  =  —  ; 

therefore is   the   quotient  of  —   divided    by 

£%  i  3  1 

—  ;  but  this  quotient,  according  to  the  rules  of  frac- 
14 

0  "*  O  A    £ 

tionai   divifion,   is  -—  =  210;    therefore 


3  2  x  -t-  3 

~39         i         r 

=  210:    again,   4;*  =r ;  therefore  4%  Jr  5  = 

—  39      5      —4  116. 

• 4:'—  = ;  therefore  — —  is  the  quotient  of 

7         *        7  4*4-5 

116.  —4  .        .      —  812 

divided  oy ;    but  this   quotient  is  , 

17  4 

i        r  ll&  v  -  -■>  45 

or  —  203  ;  therefore  — ; — =-203  ;  therefore 


4*4-5  2*4-3 

1 16 

4--— -=2x0-203  =  7. 
4-45 

The   refoiution  of  this  equation  in   trie   common 
way    is   as    follows;    56**  —  258^  =  468  ;    therefore 

258*     468 
a'*  -  — T-  —  ~r  3  «sre  the  coefficient  of  the  fecond 
56        56 

term 
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258  I2Q 

term  is -,  its  half f9    and    the    fquare    of 

5°  5° 

16641 
this  ■  ;  add  this  fquare  to  both  fides,  and  you 

.,,     ,  2,CSX  1664I  463  16641 

will    have  x  x  —     —•  -}- 


56    ^56  x  56       56        56x56 

26208  4- 1664 1      42849 

g_ _ — — _ — ^-z:-7 ?  ;     extract    the   fquare 

56x56  56x56  * 

root  of  both  fides,  that  is,  of  xx-  ~r~+ 


56       56x56 
42849 

on  one  fide,  and  of  — on   the  other,  and   you 

56x56  J 

.„    ,  129  207 

will   have  x  ^  —7-  zz  =b  —  ;  whence  x  ^  +  6? 

11 
or  -  1 


?8' 


Example     9, 


Let  the  equation  be  1  $x  —  xx—$6',  then  this  equa^ 
tion  being  refolved  by  the  general  theorem  gives 
#=8,  or  7  :  and  in  the  common  way  it  is  thus  re- 
folved ;  i$x  —  xx~$6  ; '  change  all  the  figns  to  make 
xx  affirmative,  and  you  will  have  xx—  15^=  — 56  j 

2,2  c  22s       1 

whence  xx  -15*4-  —  —  —  c6  4- — -  ^  — ;  therefore 
4  D         4        4 

1$  1 

A?  —  -^-  =  =t  — ,    and   *  =  8,   or   7;    but   what 
22  ' 

I  chiefly  intend  by  this  example  is,  to  (hew,  that  in 

refolding  a  quadratic  equation  by  the  general  theorem 

there  is  no  neceffity  of  making  any  tranfpofition  to. 

exhibit  xx  affirmative  when  it  would  otherwife  have 

been  negative ;  as  for  inftance,  in  the  equation  here 

propofed  we   had  izx  —  xx—§6;  tranfpofe  15a:  and 

you  will  have  —xx,  that  is  —  ixx  =  —  ic,x-\-$6  ;  let 

this  equation  be  referred  to  the  general  one  in  art.  102, 

and  refolved  by  the  general  theorem  in  art.  103,   and 

you 
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you  will  have  A=  -1,  B  =  -  15,  C-^,  BB  =  225, 

B-\-s      —  15  +  1      ~  14 
4JQ=  -224,  «  =  J,j  =  i  T^=      -2     =Tr= 

£-.r     —  15  —  1  _ 

4.7   —  zr —  4-0. 

''  id  —  2 

Hew  the  Learner  is  to  proceed  when  the  Roots  of  a 
Quadratic.  Equation  are  inexprejjible. 

106.  As  there  are  but  few  fquare  numbers  in 
companion  of  the  reft,  and  as  all  quadratic  equations 
are  refolved  by  extracting  .the  fquare  root,  it  follows, 
that  there  are  but  few  quadratic  equations  capable  of 
an  exadt  numeral  folution  in  comparifon  of  thofe  that 
are  not  5  but  as  the  fquare  root  may  be  extracted  to 
any  degree  of  exactnefs  we  pleafe,  the  refolution  of  a 
quadratic  equation,  which  depends  upon  it,  may  alfo 
be  performed  to  any  degree  of  accuracy  whatever  ; 
as  will  appear  by  the  following  example. 

Example     10* 

Let  the  equation  be  xx  —  ^x-\-i  =0,  or  xx  =  4*  —  1 . 
Here  A=i,  £  =  4,   C=  - 1,   BB-i6}  ^AQ~-^ 

B-^-s         44-\/i2  B~s 

,s=iz,  s=4iz,  -jj    =  -— ,   and   -j-j--  = 

4-\/l2        _         r  4+a/i2  4-V12 

■i :  therefore  x  z= ,  or '.    but 

2  2*2 

let  us  enquire  in  the  next  place,  whether  thefe  two 
fractions  are  not  capable  of  being  reduced  to  more 

fimple  terms  ;  firft   then,  it  is  plain  that  ■ —  =r  2, 

and  I  fay  further  that  —  slz  I   for    12=^x4; 

therefore  V  1 2  =  V 3  x  V4  =  V3  x  2;  therefore 

\Zl2 

=  V3;  whence  it  follows,  that  #  =  2+^3,  or 

2- 
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2  -  V3  ;  but  V3  extra&ed  to  three  decimal  places 
gives  1*732:  therefore  '2-|~V3  =  3*732,,  and  2  —  4/3 
=  •268;  therefore  x  —  (nearly)  3732,  or '268,  as 
will  be  further  evident  from  the  proof  following  : 
firft  ,r=  3*732  ;  therefore  xx  —  13*927824  ;  and  4^  = 
14*928;  therefore  4^  —  xx  — 1*000176  ;  therefore 
xx  —  4#=  —  1*000176  ;  therefore  xx  —  4.x -\- 1  =z  — 
•000 1  76  =  0  very  nearly;  fecondly,  let  am* 268  and 
you  will  have  xx  =  *oj  1824  and  4*  =  1*072,  and  4;^  — 
xx~  1  "000176  ;  therefore  xx  —  4^=  —  1*000x76  ; 
therefore  xx  —  4a*  4- 1  =  —  *oooi 76=10  very  nearly; 
therefore,  in  both  cafes,  the  condition  of  the  equation 
is  anfwered  to  as  many  figures  or  cyphers  as  are  equal 
to  the  number  of  decimal  places  to  which  the  fquare 
root  of  3  was  extracted. 

It  may  feem  to  forae  perhaps  a  paradox  to  affert,  that 
though  the  two  furd  values  of  the  unknown  quantity 
found  in  this  and  the  like  cafes  are  not  to  be  expreffed 
in  numbers,  yet  they  may  be  demonftrated  to  be 
jufr. :  Thus  I  fhall  demonftrate,  that  if  either  of  the 
two  values  of  x  found  in  the  laft  cafe,  to  wit, 
2+4/3,  or  2  —  4/3,  be  fubdituted  for  xt  we  fhall 
have  this  equation  xx  —  ^x-\- 1  =  0,  which  was  the 
equation  there  propofed :  in  order  to  this,  make 
aJ^zzs;  and  firft,  let  #  =  24-4/3,  or  2  +  j;  and  we 
fhall  have  xxzz^.-\-^s-^sst  and  —  4Y=—  8— -4*;  and 
xx  —  4.x  =  4  -f  4J  4-  ss  —  8  —  4-f  =  ss  —  4 ;  but  if  s  ~  4/3 , 
ss=%,  and  ss  —  4=  —  1  ;  therefore,  xx  —  ^xzz  —  1,  and 
xx  —  4tf-f-i  =  o:  fecondiy,  let  #  =  2  — 4/3,  or  2  —  s, 
and  we  fhall  have  xx  =  4  —  4*  +  ss,  and  —  \x  =  —  8  + 
4^,  and  xx  —  4*  —  ss  —  4=  —  1,  as  before  ;  whence  xx 
-4*4-1  =0. 


of 
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Of  impoffible  Roots  in  a  Quadratic  Equation,  and 
whence  they  arife  *. 

107.  The  roots  of  quadratic  equations  are  not 
only  very  often  inexpreffible,  but  fometimes  even 
impoffible,  as  will  appear  by  the  following  example. 

Example     ii. 

Let  the  equation  be  xx  -  4.x  -f-  6  =  o,  or  xx  —  4^—6. 
Here  ^=1,^  =  4,  C--6,  EB=  16,  4JC- -24, 
—     B+s         4+V^8        B-s 

4-V-8  4 

;   but  —  —  2,  and  -  8=  -  2  x  +4;  there- 

fore  V— 8  =  V  -  2  x\/  +  4  —  V-2X2;  therefore 

— —  =  \/_2;  therefore  in  this  equation,  „vzr2-r- 
2 

V— 2,  or  2  —  V—  2;  but  as  no  quantity  whatever, 
either  affirmative  or  negative,  being  multiplied  into 

itfelf,  will  produce  a  negative,  it  follows  that  *J  —  2 
is  not  only  an  inexpreffible  quantity,  but  alfo  an  im- 
poffible one  ;  and  confequently,  that  the  two  values 

of  x  in  this  equation  2-f\/  — 2  and  2— V  — 2  will 
both  be  impoffible. 

N.  B.  Though  the  roots  of  this  laft  equation  be 
impoffible  in  their  own  natures,  yet  they  may  be  ab- 
ftra&edly  demonstrated  to  be  ju(t,  as  in  the  laft  ar- 
ticle, by  making  s  —  \f  -  2,  and  confequently  «.=•  -  2, 

From  what  has  been  faid  concerning  impoffible 
roots,  it  appears  that  one  root  of  a  quadrdtic  equation 

*  At  his  firft  going  over  thefe  inftitutes,  the  learner  may  omit 
the  four  following  articles,  and  go  on  to  art.  111,  in  which  he, 
is  alfo  to  pafs  over  obfervation  2d  and  3d.  When  he  arrives  ac 
the  end  of  Book  III,  he  will  be  better  prepared  to  underiland 
'what  Dr.  Saunderfon  hath  here  de'ivered  about  impoffible  roots. 

can 
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can  never  be  impoffible  alone,  but  that  they  mufi 
either  be  both  poffible  or  both  impoffible :  for  it  ap- 
pears from  the  refolution  of  the  [aft  equation,  that 
the  impoffibility  of  the  roots  flows  from  the  impoffi- 
bility  of  the  quantity  s}  or  of  the  fquare  root  of  ss 
when  it  is  negative ;  now  when  s  is  poffible,  both  the 

r  ,  .      B+s        ,  B-s 

roots  of  the  equation  ■  -  -5     and  — —  will  be  poffible  j 

on  the  other  hand,  when  s  is  impoffible,  both  the 
roots  muft  neceffarily  be  impoffible. 

Since  the  poffibility  or  impoffibility  of  the  two  roots 
of  a  quadratic  equation  depends  upon  the  quantity  ss 
being  affirmative  or  negative,  it  follows,  that,  when 
ss,  and  confequently  s,  equals  nothing,  the  roots  will 
be  in  the  limit  between  poffible  and  impoffible  :  now 

(1      111  B  +  S         B  A    B~S  B 

ir  s  —  q,  we  lhall  have = — -,  and  — —  — : 

'  iA       iA'  iA        iA 

therefore  the  two  unequal  roots  of  a  quadratic  equa- 
t&sri  grow  nearer  and  nearer  to  a  date  of  equality  as 
they  grow  nearer  and  nearer  to  a  (late  of  impoffibility, 
but  do  not  come  to  be  equal  till  they  come  to  the  lV 
mic  between  poffibility  and  impoffibility. 

How  to  find  the  Sum  and  Broducl  of  two  Roots  of  a 
Quadratic  Equation  without  refolving  it :  alfo  how 
to  generate  a  Quadratic  Equation  thai  Jhall  have  any 
two  given  Numbers  whatever  for  its  Roots. 

108.  In  a  quadratic  equation  of  this  general  form, 

to  wit,  Axx  =  Bx -f- C,  the  fum  of  the  roots  will  always 

B  -C 

he  — ,  and  the  -pro duel  of  their  multiplication  — :  for 

cr,  ■  B  +  s        j    B-s 

the  roots  or  inch  an  equation  were  — -    and    r 

zA  2.A 

the  fum  whereof  is  — -Ai  or  —  •,  and  if  thefe  two  roots 
iA         A 

be  multiplied  together,  their  product  will  amount  to 

7  BB-ss 

AAA 
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;  but  ss  —  BB-\-^AC  as   was  formerly  fup- 
4.AA 

pofed,    art.    103  ;    therefore  ss  —  BB  —  \AC,   and' 

BB  -  ss 
BB  —  ss  =  -  4.AC ;  therefore  — -7-3 — ,  or  the  product 

„AAC     -C 

of  the  two  roots,  equals  ; —  ~— -r-. 

n  4Asi        A 

Therefore  if  A—i,  thnt  is,  if  the  equation  be 
xx  —  Bx  +  C,  the  fum  of  the  roots  will  be  B,  and  their 
produft  -C;  that  is,  as  the  equation  now  ftands* 
the  fum  of  the  roots  will  be  the  coefficient  of  the 
unknown  quantity  on  the  fecond  fide  of  the  equation, 
and  their  product  what  we  call  the  abfolute  term, 
With  its  fign  changed. 

Hence  we  have  an  eafy  way  to  form  a  quadratic  equa- 
tion whofe  roots  /hall  be  any  two  given  numbers  what* 
ever:  as  for  inftance,  fuppofe  I  would  have  a  quadratic 
equation,  whofe  roots  (hall  be  two,  the  numbers  3  and 
4;  here  it  is  plain  that  the  fum  of  the  two  numbers 
3  and  4  is  7,  and  that  the  product  of  their  multipli- 
cation is  1 2.  v  therefore  I  form  an  equation  whereof 
one  fide  is  xx,  and  the  other  fide  is  jx  —  12,  to  wit,  xx 
r=7#—  12  ;  and  the  roots  of  this  equation  will  be  the 
given  numbers  3  and  4,  as  will  appear  from  the  re- 
folution  :  if  I  intend  the  two  roots  to  be  3  and  —4, 
their  fum  will  be  —  1,  and  the  producl  of  their  mul- 
tiplication —  12,  and  the  equation  xx—  —#+12  : 
if  the  roots  are  to  be  —  3  and  4-4,  their  fum  will  be 
-f-i,  the  producl:  of  their  multiplication  —12,  and 
the  equation  xx  =  x-\-\2  :  laftly,  if  the  roots  are  to 
be  —3  and  —4,  their  fum  will  be  —7,  the  producl: 
of  their  multiplication  +12,  and  the  equation  xxzz 
—  yx  —  12.  I  fhall  demonftrate  one  general  cafe  ac- 
cording to  the  refolution  given  in  art.  103,  which  will 
be  fufficient  to  fhew  the  way  to  all  the  reft  ;  let  then 
the  roots  propofed  be  p  and  q,  whofe  fum  is  p-\-q9 
and  the  producl:  of  whofe  multiplication   is  pq  ;  and 

the  equation  will  be  xx=p  +  q  xx—pq;  now  if  this 

N  equa- 
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equation  be  referred  to  the  general  one,  we  (hall  have 

A-  f,  B=p  +  q,C=:-pq,BB=pp  +  2pq+qq,  4AC- 

B  +  s     p+q+p-q 

-m>*s=pp-*P2+M>s=p-q>  yj- 2 — 

ip       B-s    p+q-p+q    iq      ,     .      r       . 

=T=^TJ="~^ =  i  =  ^;  ^erefore  the 

two  roots  of  this  equation  are  p  and  q.     ^.  E.  D. 

I  think  I  ought  not  to  omit  here,  that  if  any  one 
has  a  mind  to  form  a  quadratic  equation  with  any 
two  given  irnpofiible  roots  whatever  (if  I  may  be  al- 
lowed the  expreflion),  it  may  be  done  by  the  forego- 
ing rule,  provided  that  thefe  irnpofiible  roots  be  in 
fuch  a  form  as  is  proper  for  a  quadratic  equation  : 
as  for  example,  fuppofe  I  would  form  a  quadratic 
equation  with   thefe    two   irnpofiible  roots,   to   wit, 

2  +  V  -  3  and  2  —  V  —  3 ,  I  put  ss  for  —  3  ;  for  though 
no  poffible  quantity  multiplied  into  itfelf  can  produce 
a  negative,  yet  an  impoflible  one  may,  that  being  the 
very  thing  wherein  the  impoflibility  confifts  ;  making 

then  ss=z  —  3,  I  have  s~  <f  —  3*  and  fo  the  two  roots 
of  the  equation  will  now  be  2-f.f,  and  2  —  s;  the 
fum  of  thefe  two  roots  is  4,  and  the  produ£l  of  their 
multiplication  4  —  ss  ;  but  if  ss=  —  3,  —  Jo  = -f- 3 »  and 
4  —  ss  =  4  +  3  zr  7  ;  therefore  the  equation  with  thefe 
roots  will  be  xx  —  qx  —  j:  and  this  will  be  further 
evident  by  the  refolution  ;  for  if  xx  —  ^x  —  j,  that  is, 
if  xx  —  4.x  =  —  7,  we  fhall  have  xx  —  4%  4- 4  =  —  3 ,  and 

x  —  2==tV— 3»  and  a'  =  2+>s/  — 3>  or  2  —  V—  3. 

JFlbzc/  f<?  determine  the  Signs  of  the  poffible  Roots  of  a 
Quadratic  Equation  without  refolving  it. 

109.  If  all  the  terms  of  a  quadratic  equation  be 
thrown  on  one  fide  of  the  equation,  fo  as  to  be  made 
equal  to  nothing  ;  and  if  the  term  wherein  xx,.  the 
fqnare  of  the  unknown  quantity  is  concerned,  be 
made  the  firft,  that  wherein  x,  the  firople  power  is 

con^ 
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concerned,  be  made  the  fecond,  and  the  abfolute 
term,  as  it  is  called/be  made  the  third;  the  number 
of  affirmative  and  negative  roots  in  fuch  an  equation 
may  be  found  by  the  following  rule,  to  wit,  As  ofte?t 
as  the  figns  are  changed  in  paffing  through  all  the  terms 
from  the  fir  ft  to  the  lafl,  of  fo  many  affirmative  roots 
will  the  equation  conjijl ;  but  as  often  as  the  Jigns  are 
the  fame,  fo  many  negative  roots  will.be  found  in  the 
equation.  This  is  true  in  all  equations  whatever, 
though  at  prefent  we  (hall  only  demonstrate  it  in  the 
cafe  of  a  quadratic  equation  :  but  firft  we  ihall  give 
the  following  explication  of  the  rule. 

Case     x. 

Let  the  equation  be  axx  —  bx  +  c  —  o.  Here  there 
are  two  changes  in  paffing  through  the  terms  from 
the  firft  to  the  laft,  to  wit,  from  -\-axx  to  —bx,  and 
from  -bx  to  -f  c  %  therefore  the  roots  of  'this  equa- 
tion are  both  affirmative. 

Case     1. 

Let  the  equation  be  axx—.bx  —  ctz.o.  Here  from 
•\-axx  to  —bx  is  one  change,  and  from  —  bx  to  —  c 
is  none  -,  therefore  this  equation  confifts  of  an  affir- 
mative and  a  negative  root. 

Case     3. 

Let  the  equation  be  axx  +  bx  -  c  —  o.  Here  in  paf- 
fing from  -{-axx  to  -\-bx9  there  is  no  change  of  fign, 
but  in  paffing  from  -\~bx  to  —  c  there  is  a  change; 
therefore  this  equation  alfo  conliiis  of  an  affirmative 
and  a  negative  root. 

Case     4. 

Laftly,  let  the  equation  be  axx-\-bx-\-c  —  o»  Here 
there  are  no  changes,  and  confequently  the  roots  of 
this  equation  are  both  negative.  All  thefe  cafes  1 
fhall  demonflrate  in  the  following  manner, 

N  2  Case 
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Case     i. 

Let  the  equation  be  axx  —  bx-\-c  —  o9  or axx =bx*-c* 

c 
Here  the  product  of  the  two  roots  is  —  by  the  laft 

article,  that  is,  the  product  of  the  two  roots  is  an 
affirmative  quantity,  and  therefore  thofe  roots  mull 
either  be  both  affirmative,  or  both  negative ;  but  they 

cannot  be  both  negative,  becaufe  their  fum  is  — -,  by 

the  fame  article  %  therefore  they  mull  both  be  affir- 
mative. 

Case     2. 

Let  the  equation  be  axx  —  bx  —  c  —  o,  or  axx  —hx  -f  c» 

c 
Here  the  product  of  the  two  roots  is  — ,  and  con- 

fequently  thofe  roots  mint  be  of  different  kinds,  one 
affirmative,  and  the  other  negative;  and  becaufe  their 

b        .  rr  •  ... 

fum,   -\ ,  is  an  affirmative  quantity,  it  is  an  argu- 

ment  that  the  greater  root  is  affirmative. 

Case     3. 

Let  the  equation  be  axx  +  bx  —  c  =  o,  or  axx  =  —  hx 
-\-c.     Here  again  the  product  of  the  two  roots  is 

— s  which  argues  one  root  to  be  affirmative  and  the 
a 

-b 
other  negative  :  and  becaufe  their  fum  —  is  a  nega- 
tive quantity,  it  is  an  indication   that  of  thefe  two 
roots,  the  greater  is  the  negative  one. 

Case     4. 

Laftly,  let  the  equation  be  axx  +  hv  +  c  =  o,  or  axx 
=  ~hx~c»    Here  the  product  of  the  two  roots  is 

+ 
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c 
-f- —  an  affirmative  quantity  ;  therefore  the  roots  are 

either  bo>h  affirmative,  or  both  negative*,  but  they 

cannot  be  both  affirmative,  becaufe  their  fum  — 

a 

is  negative ;  therefore  they  rnufi  both  be  negative. 

ImpoJJible  Roots  excluded  out  of  the  foregoing  Rule. 

The  rule  here  given  for  determining  the  number 
of  affirmative  and  negative  roots  relates  only  to  pof- 
fible  roots ;  for  impoffible  ones  cannot  be  faid  to  be- 
long to  any  clafs,  either  of  affirmatives  or  negatives ; 
nay,  fo  capricious  are  they  in  this  refpecl,  that,  in  one 
and  the  fame  equation,  the  very  fame  impoffible  roots 
fhall  fometimes  appear  under  one  form,  and  fome- 
times  under  the  other  :  as  for  example,  this  equation 
xx-\-$=o  may  be  filled  up  two  ways  without  affect- 
ing either  the  equation  or  its  roots  ;  to  wit,  either 
thus,  xx  —  Otf-J-3  =  o,  the  roots  of  which  equation 
according  to  the  foregoing  rule  are  both  affirmative; 
or  thus,  xx-\-ox-{-2  —  o,  the  roots  of  which  equation, 
though  it  be  the  fame  with  the  other,  and  differs  only 
in  form,  are  both  negative:  the  reafon  of  this  abfur- 
dity  is,  that  the  two  roots  of  the  equation  xx-]~^  =0 
are  impoffible,  and  occafion  this  confufion  by  put- 
ting on  one  ihape  in  one  equation,  and  another  ihape 
in  the  other  :  this  will  further  appear  from  the  refo- 
lution  ;  for  if  ,\v|3  =  o,  we  have  xx  —  -3,  and  x=  -\- 

\/  —  3,  or  —  V  —  3,  which  are  both  impoffible  quanti- 
ties. Again,  the  equation  r?  —  3  =0  may  be  filled  up 
various  ways  ;  as  thus,  xi  —  or  +  or-3  =0,  in  which 
equation,  according  to  the  foregoing  rule,  there  are 
three  affirmative  roots  •,  or  thus,  x*  —  or*  —  ov  —  3  =  o, 
in  which  equation,  there  is  but  one  affirmative  root 
and  two  negative  ones:  hence  an  experienced  analyft 
would  immediately  conclude  (as  is  really  the  caie) 
that  two  of  the  roots  of  the  equation  x3  —  3  —  o  were 
impoffible,  and  that  they  flood  for  affirmative  quan- 

N  3  tides 
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tides  in  the  former  way  of  putting  the  equation,  and 
for  negative  ones  in  the  latter.  This  will  further  ap- 
pear, when  wc  come  to  treat  of  cubic  equations. 

Of  Biquadratics,  and  other  Equations,  in  the  Form  of 
Quadratics. 

no.  Thus  much  for  the  refolution,  nature,  and 
properties  of  a  quadratic  equation  :  1  (hall  only  add 
an  example  or  two  more  of  other  equations  that  fome- 
times  put  on  the  form  of  quadratics,  and  have  done. 

Example     12. 

1         r  1     1  ,       1600 
Let  the  equation  to  be  refolved  be,  -+xx=z 

216;  therefore  i6co~^x4—  n6xx  ;  therefore  x4=z 
ii6#tf  —  1600.  This  equation  is,  properly  fpeaking, 
a  biquadratic,  that  is,  an  equation  wherein  the  fourth 
power  of  the  unknown  quantity  is  concerned  :  now 
as  every  pofTible  quadratic  equation  has  two  roots, 
which  will  equally  anlwer  the  condition  thereof,  fo 
a  cubic  equation,  that  is,  an  equation  that  rifes  to  the 
third  power  of  the  unknown  quantity,  may  have  three 
fuch  roots,  a  biquadratic  four,  &c,  :  but  the  equa- 
tion #4—  ii6a;a:~  1600,  though  it  be  a  biquadratic, 
and  admits  of  four  roots,  yet  it  is  in  the  form  of  a 
quadratic,  if  we  confider  xx  as  the  unknown  quan- 
tity ;  in  which  cafe  #4  rauft  be  looked  upon  as  the 
fquare  of  the  unknown  quantity,  and  the  equation 
rauft  be  referred  to  the  general  one  in  art.  103,  thus; 
A-=z  1,  B—  1  i6j  C—  —  1600,  B3  —  13456,  ^AC—  - 

„      5-4-j  '   B-s 

6400,  .^7056,  j  =  84,   -jj-  =100,  -J2  =  16  ; 

therefore  in  this  equation,  xx  =100,  or  16  :  now  if 
#vy  =  ioo,  we  fhall  have  x~  +  or  —10;  \fx2  =  i6t 
we  (ball  have  x=.  -f-  or  —  4 ;  therefore  the  four  roots 
of  this  biquadratic  equation  are,   +10,   -10,  +4, 

and 
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and  —  4  :  but  though  in  this  equation  x  has  four 
iignifications,  xx  has  but  two,  viz.  100  and  16, 
either  of  which  being  fubftiruted  inltead  of  xx  in  the 
original  equation,  will  anfwer  that  equality,  as  may 
eafily  be  tried. 

N.  B.  Whenever  of  the  four  roots  of  a  biquadratic 
equation  any  two  are  equal  and  contrary  to  the  other 
two,  the  equation  will  be  in  form  of  a  quadratic,  and 
may  be  reiblved  accordingly. 

Example     13. 

576 
Let  the  equation  be  —^~~xx~$$  :  here  we  have 

vCX 

576  -  xA  —  $sxx,  and  x4  +  $$xx  =  576,  and  x4  =  —  $$xz 
+  576  ;  therefore,  according  to  the  general  equation 
in  art.  103,  /4~i,  £=-$5,  C—  576,  B£  =  302$, 

B  +  s        B-s 
4^  =  2304,  ^  =  5329,  j  =  73,  -jj  =9>-^f=  - 

64;  therefore  in  this  equation,  xx=  +  9,  or  —64-  if 

xx  —  +  9,  x  =  +  or  —  3  ;  if  -xx  =  —  64,  x  will  be  equal 

to  +V-64,  or-  V  —  64,  both  which  values  are  im- 
poffible  :  fo  that  in  this  equation  x  has  but  two  values, 
-j-  or  —  3,  the  other  two  being  impoffible  ;  and  xx 
has  two  values,  to  wit,  -f  9  and  —  64,  which  aire 
both  poffible,  and  which,  being  fubflituted  inftead  of 
xx  into  the  original  equation,  will  anfwer  that  equa- 
lity. From  this  example  it  is  eafy  to  fee,  that  a  bi- 
quadratic equation  may  have  four  roots,  and  never 
can  have  more  ;  yet  it  may  fometimes  have  fewer, 
upon  the  account  of  fome  of  its  roots  becoming  im- 
poffible ;  nay,  inllances  might  eafily  be  given  wherein 
all  the  roots  of  a  biquadratic  equation  are  impoffible. 
If  any  one  difapproves  of  the  refolutions  here  given, 
he  may  perhaps  relifh  the  following  better  :  let  the 
equation  be  Ax*  —  Bx7--\-C;  here  putting  z  for  'xx, 
and  confequently  zz  for  x4,  the  equation  will  be 
changed  into  this  common  quadratic,  dzz  =  Bz+C; 
which  being  refolved,  z  or  xx3  and  confequently  x  it- 
N  4  fdf, 
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felf,  will  be  known :  fuppofe  the  equation  to  be  dx6  =z 
ByX'-fC ;  here  putting  %  for  x\  the  equation  will  be 
changed  into  a  quadratic,  as  before,  to  wit,  Azzzz 
Bz  +  C,  the  refolution  whereof  will  give  z  for  xi,  and 
eonfequently  x  by  an  extraction  of  the  cube  root: 
laftly,  let  the  equation  be  Ax  —  B  x  */x-\-G;  here  put- 
ting %z  for  x,  and  z  for  \fx,  the  equation  will  be 
Azz  =  Bz  +  C,  as  before  i  whence  za  and  eonfequently 
%z  or  x,  will  be  known. 


The  Solution   of  fome  Problems  producing   Quadratic 
Equations. 

Problem     69. 

in.  It  is  required  to  divide  the  number  60  into  two 
fuch  parts*  that  the  product  of  their  multiplication  may 
amount  to  864. 

Solution. 

Put  x  for  one  of  the  parts ;  then  will  the  other 
part  be  60  —  x,  and  the  product  of  their  multiplica- 
tion will  be  6o#  —  xx ;  whence  the  equation  will  be 
6o#  — ##  =  864:  therefore  ^  +  864  =  60^,  and  xx  — 
6o#  — 864  :  this  equation,  compared  with  the  general 
one   in   art.    103,  gives  Azzi,  £  =  60,   C=  —  864, 

B  +  s 
,5^  =  3600,   j^AC—  —  3456,    jj:=i44,  j=12,   ~~J 

—  36,    ■ — -r  =24;    therefore   the   parts  fought  are 

24  and  36  ;  which,  upon  trial,  will  anfwer  the  condi- 
tions of  the  problem. 


Obfer. 
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Ohfervations  upon  the  foregoing  Problem. 

Observation     ifl. 

In  this  problem  we  may  dearly  fee  the  neceffity  of 
the  unknown  quantity's  having  fometimes  two  diftinct 
Values  in  one  and  the  fame  equation  :  for  here,  if  I 
put  x  for  the  greater  part  of  60,  the  lefs  will  be  60 

—  x,  and  the  equation  will  be  6c,v—  xx  =  S6q  :  fup- 
po-'e  now  I  put  x  for  the  lefs  part;  then  the  greater 
will  be  60  — x,  and  the  equation  will  dill  be  6o.v  —  xx 

—  864;  therefore,  whether  x  be  put  for  the  greater 
or  the  lefs  part,  we  ftill  fall  into  the  fame  equation 
60^-^^  =  864;  whence  I  infer,  that  this  equation 
mud:  either  give  us  both  the  parts  fought,  or  neither; 
ilnce  no  reafon  can  be  (hewn  why  it  fhould  give  us 
one  part  rather  than  the  other. 

Observation     2d. 

Hence  alfo  we  fee  the  neceffity  fometimes  of  im- 
poffible roots,  to  wit,  when  the  cafes  of  problems  to 
be  folved  by  them  become  impoffible  :  as  for  inftance, 
if  any  number,  as  60,  be  divided  into  two  parts,  the 
nearer  the  two  parts  approach  towards  an  equality, 
the  greater  will  be  the  produce,  of  their  multiplica- 
tion ;  and  therefore,  if  the  parts  be  equal,  the  product 
will  be  the  greateft  poffible  :  thus  if  the  parts  be  24 
and  36,  the  product  will  be  864 ;  if  they  be  25  and 
35,  the  product  will  be  875  •,  if  30  and  30,  the 
product  will  be  900,  which  will  be  the  greateft  pof- 
fible. Let  us  now  for  once  put  an  impoffible  cafe,  and 
let  it  be  required  to  divide  the  number  60  into  two 
fuch  parts  that  the  product  of  their  multiplication  may 
amount  to  901  ;  here  the  equation  will  be  6o#  —  xx 

—  901  ;  which  being  refolved  according  to  art.  103, 

6o-\-s/  —  4  60-V-4  ,        1    r       , 

gives  .v  = ,  or  : ;  but  tnele  values 

of 


202  The  Solution  of  Problems        Book  III. 

of  x  may  be  reduced  to  more  fimple  terras  thus; 
*—  4=  —  i  x  +4;  therefore  */  -/\.  =  \/  -  i  x  V+4  = 

V-1X25  therefore  — Hi  =  V -  1 ;  but  —  =  30  ; 

2  2 

therefore  the  two  parts  fought  are  30+ V  —  1,  and  30 

—  */—  1,  both  which  are  impoffible  upon  the  account 

of  the  impoffibility  of  V  —  1  ;  and  yet  thefe  two  parts 
abftractedly  confidered  will  anfwer  the  conditions  of 

the  problem ;  for  if  s/  —  1  be  made  equal  to  s,  the 
two  parts  will  be  30  +  j  and  30 — s  whofe  fum  is  60, 
and  the  produft  of  whofe  multiplication  is  900— ss  ; 

but  if  s  —  s/—  1,  we  mail  have ss~  —  1,  and  —  ss  = 
-j-i,  and  900— ss  =  goi  ;  therefore  the  product  of 

the  two  parts,  30  +  ^ —  1,  and  30  —  V— 1,  amount  to 
901,  as  was  required. 

Observation     3d. 

Laftly,  we  here  alfo  fee  the  necemty  of  both  the 
roots  of  a  quadratic  equation  becoming  impoffible  at 
once.  Two  impoffible  quantities  added  together 
may  fometimes  make  a  poffible  one,  becauie  one 
quantity  may  be  as  much  impoffible  one  way  as  the 
other  is  the  contrary  way :  thus  the  two  impoffible 
quantities  30-J-V — 1  and  30  —  \/~  1  being  added  to-  . 
gether  make  60,  the  impoffible  furds    +a/—  1  and 

—  v/  —  1  deiiroying  one  another;  but  a  poffible  and 
an  impoffible  quantity  whea  added  together  can  never 
make  a  poffible  one  ;  and  therefore  the  two  parts  of 
60  in  this  problem  mufl  either  be  both  poffible,  or 

both  impoffible. 

Problem     70. 

112.  There  are  three  numbers  in  continual  proportion, 
.  whereof  the  middle  term  isjixty,  and  the  fum  of  the 
extremes  one  hundred  twenty-five ;  What  are  the  ex- 
tremes ? 

Solution. 
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Solution. 

For  the  extremes  put  x  and  125  —x,  and  you  will 
have  this  proportion  ;  x  f.  to  60  as  60  is  to  125  — #, 
u  hence,    by  multiph    rig  nes   and    means,  you 

have  this  equation,  ii^x  —  ##  =  3600,  or  ^t  +  3600 
=  1 2$x,  or  x*  =  izDx  —  3600  :  here  then  A  —  1,  Z?  =  . 
125,  C—  - 3600,  BE—  1562$,  4.AC=  -  14400,  ss= 

B  +  s  B-s 

1225,  j  =  35,-^j-=  80,   -7^-  =  45»    therefore   in 

this  equation,  #=.45,  or  80;  but  a?  reprefents  either 
extreme,  becaufe,  which  extreme  foever  x  is  put  for, 
the  other  will  be  125  —  x,  and  the  fame  equation  will 
arife,  to  wit,  125^  —  ^^  =  3600;  therefore  the  two 
extremes  are  45  and  80;  and  they  will  anfwer  the 
conditions  of  the  problem  ;  for  45  is  to  60  as  4f  is  to 
44,  that  is,  as  3  to  4;  and  60  is  to  80  as  44  is  to  |£, 
which  is  alfo  as  3  to  4. 

1\i 

113.  It  is  required,  having  given  the  fum,  or  the  differ- 
ence of  two  numbers,  together  with  the  fum  of  their 
fquares,  to  find  the  numbers. 

Solution. 

Cafe  if.  Let  the  fum  of  the  numbers  fought  be 
28,  and  the  fum  of  their  fquares  400  ;  then  putting 
x  and  28  —  x  for  the  two  numbers  fought,  the  fquare 
of  the  former  will  be  xx,  the  fquare  of  the  latter 
784  —  $6x  +  xx,  and  the  fum  of  their  fquares  zxx  — 
^6^4-784  =  400;  and  the  fame  equation  will  arife, 
whether  x  be  made  to  (land  for  one  number  or  the 
other  j  therefore  the  two  values  of  x  in  this  equation 
will  be  the  two  numbers  fought-,  but  if  2xx  —  $6x-\- 
784  =  400,  we  fhall  have  2xx  —  $6x—  —384;  divide 
the  whole  by  2  for  a  more  hmple  equation,  and  you 
will   have  xx-2%x=;  -  192  -3    and  ##  =  28#— 192; 

which 
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which  equation  being  refolved  according  to  art.  103, 
gives  #=  12,  or  16 ;  therefore  12  and  16  are  the  two 
numbers  fought. 

Cafe  2d.  Let  now  the  difference  of  two  numbers 
be  given,  fuppofe  4,  and  let  the  fum  of  their  fquares 
be  400,  as  before ;  then,  putting  x  for  the  lefs  num- 
ber, and  x  +  4  for  the  greater,  the  fum  of  their  fquares 
will  be  2xr-f8,v+ 16  =  400  ;  whence  2xx-\-Sx  =  o)S^., 
xx  +  4.V  =  1 92,  xx  -f  4X  +  4  =  1 96,  #  4-  2  =  ±  1 4,  a:  =  + 
12  or  -  16  ;  now  it  cannot  be  fuppofed  that  +12  and 

—  16  are  the  two  numbers  required  in  the  problem,, 
for  their  difference  is  30,  not  4  ;  neither  ought  it  to 
be  expected  ;  for  when  x  was  put  for  the  lefs  num< 
ber,  and  x+  4  for  the  greater,  the  equation  was  ixx-\- 
8#  4- 16  =  400  ;  but  if  x  be  put  for  the  greater  num- 
ber, and  confequently  #  —  4  for  the  lefs,  the  equation 
will  be  2xx—  8x  4- 16=400,  different  from  the  for- 
mer; fince  then  a  different  equation  arifes  according 
as  x  is  put  for  the  greater  or  lefs  number,  it  cannot 
be  expected  that  one  and  the  fame  equation  mould 
give  both  :  the  true  ftate  of  the  cafe  is  this;  there  are 
two  pairs  of  numbers  which  will  equally  folve  this 
queftion,  and  the  equation  2xx +  8x-\- 16  — 4.00  gives 
the  leffer  number  of  each  pair  ;  for  if  we  make  x~  12, 
and  #  +  4  =  16,  the  numbers  12  and  16  will  folve 
the  problem;  on  the  other  hand,  if  we  make  x=  —  16, 
we  fliali  have  #  +  4—  —  12,  and  the  numbers  —  1  6  and 

—  iz  will  equally  folve  the  problem;  for  their  dif- 
ference is  4-4,  and  the  fum  of  their  fquares  4-400  : 
here  then  we  may  obferve,  that  affirmative  and  nega- 
tive folutions  of  problems  are  of  equal  eftimation 
in  the  nature  of  things,  though  perhaps  not  amongft 
men,  the  narrownels  of  our  minds  contracting  our 
views;  but  truth  does  juftice  alike  to  all:  certainly 
negative  numbers  differ  no  more  from  affirmative  ones, 
than  affirmative  ones  do  from  one  another,  which  is 
in  degree,  not  in  kind  ;  and  therefore,  in  the  nature 
of  things,  negative  quantities  ought  no  more  to  be 

excluded 
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excluded  out  of  the  fcale  of  number  than  affirmative 
ones,  though  in  common  life  they  are  fet  afide. 

Problem     72. 

114.  What  two  numbers  are  thofe,  whofe  fum  is  /even* 
teen,  and  the  fum  of  their  cubes  one  thoufand  three 
hundred  forty -three  ? 

Solution. 

For  the  two  numbers  fought  put  x  and  17  —  x,  and 
the  cube  of  the  former  will  be  xxx9  and  the  cube  of 
the  latter  4913  -  867^ +  51.W  — x&v,  as  appears  from 
the  following  computation  : 

17  —  x 
17  —  X 


289—  ijx'^-.xx 

—  ijx 

289-  %  4-x  +  xx 

*7~x , 

4913  —  578.V+1  j  xx  —  a;3 

—  289^ +.34^ 
49*3  —  8  6  7^  4-5 1  xv— .r3. 

Therefore  the  fum  of  thefe  two  cubes  will  be  jjijsw  — 
867^  +  4913  =  1343?  and  the  equations  will  be  the 
fame,  whichsoever  of  the  two  numbers  fought  x  is 
made  to  Hand  for ;  but  if  $ixx  -  867^  +  4913  =  1345, 
we  fhall  have  $ixx  —  86jx~  —3570  ;  divide  the 
whole  by  51,  which,  though  not  neceffary,  is  how- 
ever convenient,  to  render  the  equation  more  fimple> 
iince  it  may  be  done  without  fractions,  and  you  wilL 
have,  xx—  ijx—  —  70 ;  which,  being  reduced  as  in 
art.  103,  gives  x  =  j,  or  10 ;  therefore  7  and  10  are 
the  two  numbers  fought. 

Problem 
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Problem     73. 

115.  Let  there  be  a  fquare  whofefide  is  a  hundred  and 
ten  inches ;  it  is  required  to  ajjign  the  length  and 
breadth  of  a  re£t  angled  parallelogram,  or  long  fquare ', 
whofe  perimeter  fhall  be  greater  than  that  of  the  fquare 
by  four  inches,  but  whofe  area  Jlmll  be  lefs  than  the 
area  of  the  fquare  by  four  fquare  inches. 
N.  B.  By  the  perimeter  of  a  plain  figure  is  meant 
the  length  of  a  line  that  will  encompafs  it  round  ;  fo 
that  the  perimeter  of  a  fquare  is  equal  to  four  times 
its  fide  ;  and  the  perimeter  of  a  rectangled  parallelo- 
gram is  equal  to.  twice  its  length  and  twice  its  breadth 
added  together. 

Solution. 

Since  the  fide  of  the  aiven  fan  are  is  110  inches, 
its  area  will  be  12100  lquare  inches;  therefore  the 
area  of  the  parallelogram  fought  will  be  12096  fquare 
inches :  again,  the  perimeter  of  the  given  fquare  is 
440  inches ;  therefore  the  perimeter  of  the  parallelo- 
gram fought  mull  be  444  inches ;  therefore  half  its 
perimeter,  or  its  length  and  breadth  added  together, 
mull  be  222  inches  ;  therefore,  if  either  the  length 
or  breadth  be  called  x,  the  other  will  be  222— ;#,  and 
the  area  will  be  iiix—xx'—,  12096  ;  which  equation 
refo'ved  according  to  art.  103,  will  give  #=96,  or 
126;  therefore  the  breadth  of  the  parallelogram 
fought  muft  be  96  inches,  and  the  length  126  inches : 
and  thefe  numbers  will  anfwer  the  conditions  of  the 
queftion  ;  for  twice  the  length  will  be  252,  twice  the 
breadth  192,  and  the  whole  perimeter  444;  more- 
over 126  x  96,  or  the  area,  will  be  12096,  as  the 
problem  requires, 

Scholium. 

This  problem  (hews  how  grofsly  they  are  miflaken 

who  think  to  eflimate  the  areas  or  magnitudes  of  plain 

4  figures 
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figures  by  their  perimeters,  as  if  fuch  figures  were 
greater  or  lefs  in  proportion  as  their  perimeters  were 
10 ;  whereas  here  we  fee,  that  the  perimeter  of  one 
figure  may  be  greater  than  that  of  another  by  four 
inches,  and  at  the  fame  time  its  area  may  be  lefs  than 
the  area  of  that  other  by  four  fquare  inches.  This: 
error,  it  is  true,  does  not  obtain  but  in  low  and  vul- 
gar minds,  nor  there  neither  any  longer  than  whilft 
it  continues  to  be  a  matter  of  mere  (peculation,  and 
truth  and  falfhood  are  equally  indifferent  to  them : 
for  whenever  men  come  to  apply  their  notions,  and 
find  it  their  intereft  not  to  be  miftaken,  then  it  is,  and 
frequently  not  till  then,  that  they  begin  to  look  about 
them,  correct  their  errors,  and  entertain  more  jufb 
and  accurate  notions  of  things.  The  greateft  part  of 
mankind  have  a  natural  averfion  to  abftra&  think- 
ing, and,  where  their  intereft  is  not  concerned,  will 
rather  fubmit  their  opinions  to  humour,  caprice,  and 
cuftom,  or  be  content  to  be  without  any  opinions  at 
all,  than  they  will  examine  ftri&ly  into  the  nature  of 
things. 

Problem     74. 

116.  One  huys  a  certain  number  of  oxen  for  eighty 
guineas ;  where  it  mufi  be  obferved,  that  if  he  had 
bought  four  more  for  the  fame  money,  they  would  have 
come  to  him  a  guinea  apiece  cheaper  ;  What  was  t he- 
number  of  oxen  ? 

Solution. 

For  the  number  of  oxen  put  x ;  then  to  find  the 

price  of  a  fingle  ox,  fay,  if  x  oxen  coft  80  guineas,. 

80 
what  will  one  ox  coft?  and  the  anfwer  is  — ■ ;  and  for 

x 

the  fame  reafon,  if  he  had  bought  four  more,  that  is, 

# +  4  for  the  fame  money,  the  price  of  an  ox  would 

So 
have  been ;  but,  according  to  the  problem,  the 

latter 
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latter  price  is  lefs  than  the  former  by  one  guinea ; 

u          u-              •       8o                 8o       u 
Whence  we  have  this  equation  — —  i  =— ,  there - 

x  x  +  4 

8  ox 


fore  80  —  x=z — ■ — ;  therefore  80— x  x  4.4- x  or  ,320 
x  +  4  ^ 

'•+76#-— ##  =  8o,v ;    therefore   xx  +  8ox=j6x-\-m$zo  ; 

therefore  xx  —  —4^  +  320,   Here  then  A—  i,B  —  —4, 

C=r32^j   BB—\63   4.AC=  1280,   ^  =  1296,   j^s^, 

j-~i6,   7-=  —  20  ;    therefore  x=  +  io}    or 

lA  lA 

~2o;  therefore  the  number  of  oxen  was  16,  the  ne- 
gative root  —  20  having  no  place  in  this  problem  j 
and  this  number  16  anfwers  the  condition  of  the  pro- 
blem ;  for  if  16  oxen  cod  80  guineas,  one  will  coft 
5  guineas ;  but  if  20  oxen  colt  80  guineas,  one  will 
coil  4  guineas. 

,7   „    _,  .       80  80    • 

JN.B.  The  equation — —  1  — ,  gave   x=-  + 

x  x  -r  4 

16  or   —20,  not  becaufe-the  number    —20  would 

fotve   the  problem,  but  becaufe   it   would   iolve   the 

equation;  -for  if  we '  make  x—  — <  20,  we  mall   have 

80  80  ' 

—  =  —4,  and— —  1  =  —  5;  on  the  other  fide,   we 

x  x 

fhalHiave  #-4-4  =  -i6,  and  — j —  =='—-<:    therefore 

So 
If  x  be  made  equal  to  -  20,  we  fhall  have 1  — 

x 

— -. — ,  becaufe  both  fides  are  equal  to  —  c  :  and  fo  in 
tf+4  ■ 

all  other  cafes- we  fhall  always  find,  that  the  feveral 
roots  of  an  equation  Will  be  fuch  as  will  equally  folve 
that  equation,  though  perhaps  they  may  not  be 
equally  proper  to  folve  the  problem  from  whence  the 
equation  was  deduced :  but  of  this  more  in  another 
place. 

Problem 
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Problem     75. 

117.  A  certain  company  at  a  tavern  had  a  reckoning 
of  f even  pounds  four  Jhillings  to  pay ;  upon  which,  two 
of  the  company  /making  off,  obliged  the  reft  to  pay  one 
/hilling  apiece  more  than  they  Jhould  have  done :  What 
was  the  number  of  perfons  ? 

Solution. 

For  the  number  of  perfons  put  x  \  then,  to  find  the 

number  of  fhillings  every  man  fhould  have  paid,  fay, 

if  x  perfons  were  to  have  paid  144  fhillings,  what  mull 

144 
one  man  have  paid  ?  and  the  anfwer  is ;  therefore 

x 

— - -   is  the  number  of  (hillings  every  man  fhould 
x 

I  A.A. 

have  paid;  and  for  the  fame  reafon  — ■ —  is  the  number 
*■  x  —  2    ■ 

of  (hillings  every  man  did  pay  ;  but,  according  to 

the  problem,  this  latter  reckoning  is  greater  than  the 

former  by  one  fhilling  ;  whence  the  equation  will  be 

144  ,           144       r       r  ,         I4A-X  * ,       r 

—IZ4.  1  = ;  therefore  144  +  *  =  — — ;  therefore 

X  X—2  X  —  Z 


x-2x  144 +  #, or xx -\- idfix—  288  =  144^5  therefore 
"##  — 288  =  2#';  therefore  xx  =  2^+288.  Here  then 
A  —  i>  B  =  2>  C—  288, BR  =  4,  ^AC=  1 1 52,  jj r=  1 1  $6, 

B  +  s       n   B~s        '         ,    ' 
s-W'Ta-1  j  Ta~~      '  therefore  *=  + 1  f, 

or  —  16  ;  but  negative  roots  have  no  place  in  this  fort 

of  problems ;  therefore  the  number  of  perfons  was 

144 
i83  which  anfwers  the  condition  5  for — tt  =  89  and 

144 

O  Proelem 
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Problem     76. 

118.  What  number  is  that,  which  being  added  to  its 
fquare  root  will  make  two  hundred  and  ten? 

Solution. 

For  the  number  fought  put  xx;  then  will  its  fquare 

root  be  x,  and  the  equation  will  be  xx-\-x  =  2 1  o,  or 

xx=—  x+110  ;   where   A~\,   B—  —  i,   Cir2io, 

B  +  s 
BB=i,  4^  =  840,   ^=841,  sz=2g,   — -^-=14, 

B-s 

— —  =-15  ;  therefore  #  =  -{-14,  or  —15;  there- 
fore xx  or  the  number  fought  equals  196  or  225, 
fuppofmg  the  fquare  root  of  225  to  be  —15;  and 
either  of  thefe  two  numbers  will  anfwer  the  condition \ 
for  K)6~\-i$  —  2io,  and  225  —  153:210. 

Problem     77. 

119.  What  two  numbers  are  thofe,  the  produclofwhofe 
multiplication  is  one  hundred  ninety -two,  and  the  fum 
of  whofe  fquares  is  fix  hundred  and  forty  ? 

Solution. 

For  the  two  numbers  fought  put  x  and ;  then  will 

the  fquare  of  the  former  be  xx,  and  that  of  the  latter 

26864  36864 
5 ,  and  the  fum  of  their  fquares  will  be  xx  ^ — 

xx  •  xx 

=  640  ;  which  equation  will  be  the  fame,  whichfoever 
of  the  two  numbers  fought  x  is  made  to  ftand  for ; 

but  if  xx  +      t      =640,  we  fhall  have  #4-f-36864  = 

640XX;  and   ^  =  640^-36864:  here  then  Azzi, 

5  =  640,    C=  -36864,    5-8  =  409600,   4^C  =  - 

1  i47456> 
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147456,  55  =  262144,  5  =  512,  -jj  =  576>  —fjf 

=64;  therefore  xxz=$j6,  or  64;  therefore  #=='+ 
or  —  24,  or  +  or  —  8 ;  therefore  the  two  numbers 
fought  are  8  and  24. 

Problem     78. 

1 20.  One  lays  out  a  certain  fum  of  money  in  goods, 
which  he  fold  again  for  twenty-four  pounds,  and 
gained  as  much  per  cent,  as  the  goods  cojl  him:  I  de- 
mand what  they  cojl  him  ? 

N.  B.  One's  gain  per  cent,  is  fo  much  as  he  gains, 
every  hundred  pounds  he  lays  out;  or  if  he  does  not 
lay  out  fo  much  as  a  hundred  pounds,  his  gain  per 
cent,  however,  is  fo  much  as  he  would  have  gained  if 
he  had  laid  out  a  hundred  pounds  with  the  fame  ad- 
vantage :  thus  if  he-  lays  out  20  pounds  and  gains  2 
pounds,  he  is  faid  to  make  10  per  cent,  of  his  money, 
becaufe  20  pounds  is  to  2  pounds  as  100  pounds  is 
to  10  pounds. 

Solution. 

Put  x  for  the  money  laid  out,  and  the  gain  will  be 

24  —  x  ;  fay  then,  by  the  golden  rule,  if  in  laying  out 

x  he  gained  24  — #,  what  would  he  have  gained  if  he 

had  laid  out  100  pounds  to  the  fame  advantage  ?  and 

2400—  ioo#                   2400-100;? 
the  anfwer  will  be :  therefore 

x  x 

will  be  his  gain  per  cent. ;  but,  according  to  the  pro- 
blem, this  gain  is  equal  to  x,  the  money  laid  out ; 

,  24CO-  IOO.V  : 

therefore  x= ,    and  xx  =  2400  -  ioo#  .• 

here  then  A=i,  B=  —  100,  (7=2400,  BB= 1 0000, 

4i2U=9000,    55=19600,    5=140,     — t-=20,   j- 

=-120;  therefore  the  money  laid  out  was  20  pounds; 
therefore  his  gain  per  20  was  4  pounds ;  therefore  his 

O  2  gain 
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gain  per  cent,  was  20  pounds,  equal  to  the  money  laid 
out. 

Problem    79. 

121.  One  lays  out  thirty '-three  pounds  fifteen  fallings  in 
cloth ,  which  he  fold  again  for  forty -eight  fallings  per 
piece,  and  gained  as  much  in  the  whole  as  a  Jingls 
piece  cofi :  I  demand  how  he  bought  in  his  cloth  per 
piece  f 

Solution. 

Put  x  for  the  number  of  {hillings  every  fin-gle  piece 

was  bought  for,  and  the  gain/w  piece  will  be  48  —  x ; 

fay  then,  by  the  rule  of  proportion,  if  in  laying  out  $ 

he  gained  48  — #,  what  did  he  gain  in  laying  out  33 

pounds  15  millings,  or  675  fhillings?  and  the  anfwer 

52400  —  67  ex    ,       .      22400  — 67  cv 
will  he*J± O...  therefore  M- —  will  be 

his  whole  gain;  but,  according  to  the  problem,  the 
whole  gain  was  equal  to  x,  the  money  given  for  a  fingle 

32400 — 675  V 
pieces  therefore  x=z j  therefore  xx=x 

32400  —  675^;  therefore^  ='i,5=  —  675,0— :  3  2400,. 
$£=455625,  4^=129600,  ^=585225,  ^=765* 
B+s  B-s 

-^j-=45»  "TZ"^""720  ;  tnerefore*r:+45>  or  - 

720;  therefore  the  money  every  fingle  piece  was  bought 
for  was  45  {hillings,  and  the  gain  per  piece  was  3 
fhillings ;  but  if  45  {hillings  gains  3  fhillings,  33 
pounds  15  fhillings,  or  675  millings,  will  gain  45 
Ihillings ;  therefore  the  whole  gain  was  45  millings, 
equal  to  the  money  given  for  a  {Ingle  piece. 

N.  E.  It  is  not  impoffible  but  that  fometimes  two 
different  problems  may  produce  one  and  the  fame 
equation  ;  and  then  the  equation  muft  provide  equally 
for  both :  therefore,  in  fuch  a  cafe,  though  the  equa- 
tion has  two  roots,  and  both  affirmative,  yec  it  mutt 

not 
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not  be  expe&ed  that  both  roots  fhould  equally  ferve 
for  the  folution  of  one  problem,  and  that  there  mould 
be  no  folution  left  for  the  other;  we  ought  rather  to 
conclude,  whenever  an  equation  gives  two  roots,  and 
both  affirmative,  whereof  one  only  will  folve  the 
problem  that  produced  the  equation  ;  we  ought,  I 
fay,  rather  to  conclude,  that  the  other  root  is  for  the 
folution  of  fome  other  problem  producing  the  fame 
.equation  ;  a  curious  inftance  whereof  we  have  in  the 
£wo  following  problems. 

Problem     80. 

122.  Two  travellers,  A  and  B,  fet  out  from  two  places 
C  and  D  at  the  fame  time,  A  from  C  bound  for  D, 
and  B  from  D  bound  for  C;  when  they  met  and  had 
'  .computed  their  travels,  it  was  found,  that  A  had 
travelled  thirty  miles  more  than  B,  and  that,  at  their 
rate  of  travellings  A  expetledto  reach  D  in  four  days, 
and  B  to  reach  C  in  nine  days :  I  demand  the  dijlance 
between  the  tzvo  places  C  and  D  ? 

Solution. 
Put  x  for  the  number  of  miles  between  C  and  D, 
then  it  is  plain  that  A  and  B  both  together  had  travel- 
led x  miles  when  they  met  j  therefore  as  much  as  the 

x 
miles  travelled  by  4  exceeded  ~,  juft  fo  much  did  the 

2 

x 
miles  travelled  by  B  come  Ihort  of  -  ;  but,  by  the  fupr 

2 

pofition,  Ays  miles  exceeded  thofe  of  B  by  30;  there- 
fore  4  muft  have  travelled  -  -|- 1 5  or       ■  --^    miles  j 

%  2 

xx  —  30 

and  B  muft  have  travelled  —  -  1  z  or  --  miles  : 

2  2 

therefore"  the  remainining   part   of  A's  journey   is 

■    miles,  which   he  expects  to  perform  in  four 

days,    and    the   remaining    part   of  i>'s  journey    is 

sr« — w  miles^   which   he  expects  ;o   perform   in   9 

Q  3  days  ? 
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days  :  thefe  things  being  allowed,  let  us  now  enquire 
into  the  number  of  days  each  hath  travelled  already  ; 

and  firft  for  A  fay,  if  A  expels  to   travel  • 

miles  in  4  days,  in  how  many  days  did  he  travel 

x-\-io 
4  x  _I_i-  

*+l°      •,      5  -  '".J    1  r  •    —        4X*+3° 

— >=—  miles r  and  the  anfwer  is       x_  nQ  —     x  _  „0 j 

2 

X— r-  20 

then  for  B  fay,  if  5  expecls  to  travel miles  in 

x  —  30 
9  days,  in   how   many   days  did   he  travel   « 


9  x  x  —  30 

miles?  and  the  anfwer  is    - — : :   therefore  A 

*+3°  

it.  it  a  4 x  tV+3°    A  A     p    9_x^-30 

hath  travelled 1 days,    and    B    -. 

■r  —  30  J  x-\~3° 

days  from  the  firft  time  of  their  fetting  out :  but  as 

they  both  fet  out  at  the  fame  time,  and  are  now  met, 

they  mull  both  have  travelled  the  fame  number  of 

4  X;Af4-30        QXX—  20 

days:     therefore = ; :   multiply 

J  x  —  30  x-j-30  r  J 

both  fides  of  the  equation  into  .r  — 30,  and  you  will 


9  x  x  —  30  x  x  —  30 


have  4  x  x-\-o.ozz- -. — — : —  ;  ao-ain   multi- 

^        '  °  x't3° 

ply   by   #+30,    and    you    will    have    4Xtt+30x 

x  •+•  30  =  9  x  #  —  30  x  a  —  30  ;  extract  the  fquare 

root  of  both  fides,  and  you  will  have  ±2x^  +  30 

~  ±3  x  iv-30  :  this  general  equation  refolves  itfelf 
into  four  particular  ones,  viz. 


1  ft,  -J- 2  x  >v4-3°~  -r  3  x  x-^o, 

2d,  -\-2  x  tf-f-30  —  —  3  x  ,v—  30. 

3d,  —  2  x  ,v-j-qo— +  3  x  A"  —  30. 

4th,  —  2  X  A? +  30=  —  3  X  *—  30. 


But 
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But  as  the  two  lad  of  thefe  equations  give  but  the 
fame  values  as  the  two  former,  I  Ihali  only  make  ufe 
of  the  two  former,  thus  : 

1  ft,  Suppofe  +2  x  »v +  30=  +3  x  x-~  30,  then  we 
mall  have  2.v-('"6o:=3a:  — 90,  an^  #— 150. 

2dly,  Suppofe  +2  x  #4-30=  —  3  x  x  —  30,  then 
we  fhall  have  2x  +  6o=z  —3^  +  90,  and  ,r=6;  there- 
fore the  diftance  between  the  two  places  C  and  D  muft 
either  be  150  miles,  or  6  miles;  but  6  miles  it  can- 
not be,  becaufe  when  A  came  up  to  B,  he  had  tra- 
velled 30  miles  more  than  B,  and  had  not  yet  reached 
D  1  therefore  the  diftance  between  the  two  places  C 
and  D  mull  be  150  miles ;  which  will  latisfy  the 
problem;  for  then  A  muft  have  travelled  75  +  15, 
or  90  miles,  and  B  75—  15,  or  60  miles,  from  the 
time  of  their  fetting  out ;  therefore  A  has  60  miles, 
and  B  90,  to  travel ;  but  if  A  could  travel  60  miles 
in  4  days,  he  muft,  at  the  fame  rate,  have  travelled 
90  miles  in  6  days;  and  if  B  could  travel  90  miles  in 
9  days,  he  muft  have  travelled  60  miles  alfo  in  6 
days ;  therefore  they  both  travelled  the  fame  number 
of  days  from  the  time  of  their  firft  fettipg  out  to 
the  time  of  their  meeting,  as  the  problem  requires. 

Problem     Si. 

123.  Two  travellers  A  and  B  Jet  out  from  two  places 
C  and  D  at  the  fame  time ;  A  from  C  with  a  defign  to 
pafs  through  D,  and  B  from  D  with  a  defign  to 
travel  the  fame  way  :  after  A  had  overtaken  B,  and 
they  had  computed  their  travels,  it  zvas  found, 
that  they  had  both  together  travelled  thirty  miles,  that 
A  bad pajfed  through  D  four  days  before,  and  that  B, 
at  his  rate  of  travelling,  was  a  nine  days  journey 
difiant  from  C  :  I  demand  the  diflance  between  the 
two  places  C  and  D. 


O  4  Solution, 
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Solution. 

Put  x  for  the  number  of  miles  from  C  to  D  ;  then 
it  is  plain,  that  A  rauft  have  travelled  more  miles 
than  B  by  x ;  but  they  both  together  travelled  30 
miles,  by  the  fuppofition  ;  therefore  as  much  as  A's 
miles  exceeded  15,  juft  fo  much  B's  miles  came  fhort 
of  15  :  but  the  whole  difference  was  x9  as   above; 

X  OO-j-tf 

therefore  A  mull  have  travelled  1  jH —  or  - — — - 

^2  2, 

miles,  and  I>  mult  have  travelled  ie or  

J      2  2 

miles ;  therefore  A  diflance  from  D,  after  he  had 

overtaken  5,  was  miles.,  which  he  had  tra- 

2 

veiled   in   4   days,    and   fi'j   diflance  from    C    was 
— —  miles,  which  by  the  problem  he  could  travel 

in  9  days ;  therefore,  to  find  how  many  days  each 
had    travelled    already,    fay,    if   A     hath    travelled 

~ miles  from  D  in  4  days,  in  how  many  days 

did  he  travel  - miles  fince  his  departure  from 

Q.O  +  X 

■         2         4  x  30-J-tf 
C  ?  and  the  anfwer  is      ^T~x  ~       7^~x  ;  a£ain 


2 


20-|-# 

fay,  if  B  could  travel miles,  the  whole  diflance 

from  C,  in  9  days,  in  how  many  days  did  he  travel 
* '  miles  fmce  his  fetting  out  from  D  f  and  the 


0  X  QO  —  X 

anfwer  is  — — '—, —  5  but  as  they  both  fet  out  at  the. 
30  +  x  J 

fame 
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fame  time,  and  A  has  now  overtaken  B,  they  muft 
both  have  travelled  the  fame  number  of  days ;  there- 

fore  we  have  this  equation,  3 — 2 — ! —  =  Z — ±. : 

30  — #  30+^ 

multiply  both  fides  into  30 -_y,  and  you  will  have 

■     gxao  —  ,r  x  20  -  x 
a.X2o-\-x=: ; ;     again     multiply 

^      J  30  +  ^ 

by  30  +  tf,  and  you  will  have  4  x  30 -j"^  x  3Q~rft 
£=29  x  30  —  x  x  30  —  x ;  but  the  product  of  30  —  xx 
30  —  x  differs  nothing  from  the  produtffc  of  x  —  30  x 
x  —  30,  as  will  appear  upon  tryal,  and  will  be  fur- 
ther evident  from  hence,  that  30  —  x  and  x  —  30  differ 
no   more    from   one    another    than    an    affirmative 
quantity  does  from  an  equal  negative  one,  and  there- 
fore each  multiplied   into   itfelf  muft  give  the  fame 
product,  therefore  the  equation,  as  it  now  ftands,  is, 
4  x  tf-j-30  x  x-\-zo  =  9  x  x  —  30  x  x  —  30  ;    but  this 
equation  is  the  fame  with  the  equation  deduced  from 
the  laft  problem,  which  juftifies  what  I  obferved  be- 
fore, art.  121,  that  different  problems  may  produce 
the  fame  equation  •,  therefore  the  two  roots  of  this  equa- 
tion will  be  6  and  150,  as  in  the  laft  article;  therefore 
the  diftance  between  the  two  places  C  and  D  muft  either 
be  6  miles,  or  150  miles ;  but  150  miles  it  cannot  be5 
becaufe,  after  A  had  palfed  from  C  beyond  D,  and  at 
laft  had  overtaken  B,  they  had  both  travelled  but  30 
miles ;  therefore  the  diftance  from  C  to  D  muft  be  6 
miles  ;  and  this  number  will  anfwer  the  conditions  of 
the  problem ;  for  then  A,  when  he  had  overtaken  B, 
had  travelled  1 5— f— 3  01*  18  miles,  and  B  15  —  3  or  12 
miles  ;   therefore  A  had  got  12  miles  beyond  D  in  4 
days  time,  and  B  was  18  miles  diftant  from  C,  which 
he  could  travel  in  9  days;  but  at  the  rate  of  12  miles 
in  4  days,  A  muft  have  performed  his  18  miles  jour- 
ney in  6  days;  and  at  the  rate  of  18  miles  in  9  days, 
B  muft  have  performed  his  12  miles  journey  alfo  in 
6  days ;  therefore,  from  the  time  of  their  firft  fetting 
2  out 
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out  to  the  time  of  As  overtaking  B,  they  had  both 
travelled  the  fame  number  of  days,  as  the  problem 
requires  ;  therefore  the  fuppofition  whereupon  this 
calculation  was  founded,  to  wit,  that  the  diftance  of 
C  from  D  was  6  miles,  is  juft. 

jV.  B.  The  folutions  here  given  of  the  two  lad 
problems  are,  in  my  opinion,  the  moit  natural, 
though  fomewhat  different  from  the  reft. 

A     Lemma. 

124.  The  fum  of  a  f erics  of  quantities  in  arithmetical 
progreffion  may  be  had  by  adding  the  greatejt  and  leajl 
terms  together,  and  then  multiplying  either  half  that 
fum  by  the  whole  number  oj  ms,  or  the  whole  fum  by 
half  the  number  of  terms  ;  or,  la  fly,  by  multiplying  the 
whole  fum  into  the  whole  number  of  terms,  and  then 
taking  half,  the  producl :  thus  in  the  feries  2,  4,  6, 
8,  10,  12,  where  the  leaft  term  is  2,  the  greateft  12, 
their  fum  14,  and  the  number  of  terms  6  ;  the  fum 
of  all  the  terms  taken  together  will  be   7x6,  or  14 

14x6 
x  3,  or =  42.  This  will  beft  appear  by  wri- 
ting down  the  feries  2,  4,  6,  8,  10,  12,  and  then  by 
writing  down  over  it  the  fame  feries  inverted,  12,  10, 
8,  6;  4,  2  :  for,  if  this  be  done,  2,  the  firft  term  of 
the  lower  feries,  added  to  12,  the  firft  term  of  the  up- 
per feries  (which  is  the  fame  as  the  greateft  and  leaft 
terms  of  the  fame  feries  added  together)  will  make 
14;  in  like  manner,  every  term  of  the  lower  feries 
added  to  the  next  above  it  wiil  make  14  ;  therefore 
both  the  feriefes  together  will  be  equal  to  14  as  often 
taken  as  there  are  terms  in  either  feries,  that  is,  6 
times  14,  or  84;  therefore  either  feries  taken  alone 
will  be  equal  to  42. 


z 


12   10   8   6    4 

2    4   6   8   10   12 

14   14  14  14   14   14 


Th£ 
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The  defign  of  this  lemma  is,  to  add  the  terms  of 
a  feries  together,  where  only  the  greater!  and  leaft 
terms  and  the  number  of  terms  are  known,  or  fup- 
pofed  to  be  known ;  the  intermediate  terms  being 
either  not  afligned,  or  too  many  to  be  fummed  up  by 
51  continual  addition. 

Problem     82. 

125.  A  traveller,  as  A,  fets  out  from  a  certain  place, 
and  travels  one  mile  the  fir  ft  day,  two  miles  the  fecond 
day,  three  the  third,  four  the  fourth,  &c. ;  and  five 
days  after,  another,  as  B,  fets  out  from  the  fame 
place,  and  travels  the  fame  road  at  the  rate  of  twelve 
miles  every  day  :  I  demand  how  long  and  hozv  far  A 
tiiufl  travel  before  he  is  overtaken  by  B. 

Solution. 

Put  x  for  the  number  of  days  A  travelled  before  he 
was  overtaken  by  B ;  then,,  to  find  an  expreffion  for 
the  number  of  miles  travelled  by  him  in  that  time, 
I  obferve  that  in  three  days  A  travelled  over  1-^— 2— |— 3 
miles,  that  is,  he  travels  over  a  feries  of  miles  in 
arithmetical  progreffion,  whereof  the  number  of  terms 
is  3,  the  greater!  term  3,  and  the  leaft  term  1  ;  in 
four  days  he  travels  over  a  feries  whereof  the  number 
of  terms  is  4,  the  greatelf  term  4,  and  the  leaft  1  ; 
therefore,  uuiverfaily,  in  any  number  x  of  days,  he 
mud  travel  over  a  feries  of  miles  in  arithmetical  pro- 
greffion, whereof  the  number  of  terms  is  x,  the 
greateft  term  x,  and  the  leaft  term  1 ;  but  the  fum  of 
the  extremes  of  this  feries  is  x+i,  which,  multiplied 
by  x,  the  number  of  terms,  gives  xx-\-x,  the  half 

XX  -f-  X 
whereof  is  — j  therefore,  by  the  lemma  foregoing, 

will  be  the  fum  of  this  feries,  and  confequently 

the  miles  travelled  by  A  before  he  was  overtaken : 

again, 
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again,  if  A  travei  x  days,  B  muft  have  travelled 
sc—  5  days,  which  at  the  rate  of  12  miles  a  day,  gives 
i2#  —  60  for  the  miles  travelled  by  B  when  he  over- 
took A 1  but  as  they  both  fet  out  from  the  fame 
place,  and  are  now  got  together,  they  muft  have 
travelled  -the  fame  number  of  miles  1  whence  we  have 

xx.A~x 
this  equation, —  1 2#  ~  60  ;  therefore  xx-\-x  ~ 

2,4%  —  120;  therefore  xxzziqx  —  120  ;  compare,  this 
equation  with  the  general  one  in  art.  103,  and  you 
\vill  have  A^-  x,  B—  23,  C—  —  120,  5^=529,  \AQ 

"  B  +  s  B-s 

c=  -480,  w  =  49,j=7,   ~^J~1^  ~7T       '      Xtr 

fore  #=s:8,  or  15;  now,  for  the  better  application  of 
t.hefe  roots  to  the  folution  of  this  problem,  it  muft  be 
obferved,  that  the  problem  is  more  limited  than  the 
equation  deduced  from  it  •,  jufl:  as  if,  in  tranflating 
out  of  one  language  into  another,  the  terms  of  the 
latter,  inftead  of  being  adequate  to  thpie  of  the  foi> 
mer,  fhou'd  be  found  to  be  of  a  more  extenfrve  figni- 
iication  :  in  the  problem  it  is  only  fuppofed   that   B 
©veatakes  A,  whereas  in  the  equation  it  is  fuppofed 
that  A  and  B  are  got  both  together  by  having  travelled 
the  fame  number  of  miles  from  their  firft  fetting  out, 
without  fpe.cifyi.ng  whether  this  arifes  from  B's  over- 
taking  A,  or  from  As  overtaking  B ;  both  which 
in  this  cafe  mull  neceffarily  happen  in  the  courfe  of 
their  travels,  provided  they  be  but  continued  long 
enough  for  that  purpofe  :  for  fince  at  firft  B  is  the 
fwifcer  traveller,  whenever  they   come  together^  it 
piufl  arife  from  B's  overtaking  A,  which   happen^ 
after  4 has  travelled  8  days;  then,  if  we  fuppofe  then) 
fUil  to  continue  their  travels,  B  paffes  by  A,  and  con- 
tinues before  him  for  feme  time;  but  after  12  days, 
A  becomes  the  fwifter  traveller,  and  mud  neceffarily 
scome  up  to  B  again  after  he  has  travelled   15  days  1 
therefore  though  the  two  roots,  8  and  15,  will  both 
anfwer  the  condition  of  the  equation,  yet  but  one  of 

them. 
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them,  to  wit,  8,  will  anfwer  the  condition  of  the 
problem ;  and  that  both  of  them  will  anfwer  the  con- 
dition of  the  equation,  will  be  evident  as  follows. 

In  8  days  A  travels  over  a  feries  of  miles  whereof 
the  number  of  terms  is  8,  the  greater!  8,  and  the 
lead:  1  ;  the  fum  of  which  feries  is  36  miles ;  but 
when  A  has  travelled  8  days,  B  muft  have  travelled 
3  days,  during  which  time,  at  the  rate  of  12  miles  a 
day,  he  alfo  mud  have  travelled  36  miles  °,  therefore 
after  A  bath  travelled  8  days,  Azxi&B  mufl  neceSariljr 
find  themfelves  together:  again,  in  15  days,  A  muft 
have  travelled  over  a  feries  of  miles,  whereof  the 
number  of  terms  is  15,  the  greatefr.  15,  the  leaft  1,  and 
the  fum  120  miles;  but  when  A  had  travelled  a; 
days,  B  mull  have  travelled  10  days,  which  at  12 
miles  a  day  gives  alio  120  miles;  therefore  now  again 
A  and  B  mud  find  themfelves  together  ;  and  confe- 
quenrly  8  and  17  equally  anfwer  the  fuppoiition  con- 
tained in  the  equation. 

Ar.  B.  If  we  fuppofe  B  after  5  days  to  have  begun 
to  follow  A,  and  to  have  travelled  only  10  miles  a 
day,  he  could  never  have  overtaken  A,  nor  A  him, 
fo  that  in  this  cafe  both  the  roots  would  have  be^ 
come  impoffible,  as  will  be  found  by  the  refolutioa 
of  an  equation  founded  upon  this  fuppofidon. 

Problem     S^ 

326.  It  is  required  to  divide  the  number  ten  into  two 
fucb  parts,  that  the  produtl  of  their  multiplication 
being  added  to  the  fum  of  their  fquares,  may  make 
feventy-fx* 

Solution, 

The  two  parts  fought,  x  and  10  ~a\ 
The  product  of  their  multiplication,  jbx  —  xx. 
The  fum  of  their  fquares,  2xx  —  2Qx-f-ioo. 
The'- product  of  their  muki- 1 

plication  added  to  the  fum  ?x2  —  1  ox-\~  1 00  —  76. 

of  cheir  fquares^  j 

Whence 
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Whence  x~^,,  or  6;  but  this  equation  will  be  the 
fame,  which  part  foever  x  is  put  for ;  therefore  the 
two  parts  fought  are  4  and  6. 

Problem     £4. 

127.  It  is  required  to  find  two  numbers  with  the  follow- 
ing properties^  to  wit,  that  twice  the  fir Jl  with  three 
times  the  fecond  may  makefixty,  and  moreover,  that 
twice  the  fquare  of  the  fir  ft  with  three  times  the  fquare 
of  the  fecond  may  make  eight  hundred  and  forty* 

S  O  L  U  T  I   ON. 

For  the  two  numbers  fought  put  x  and  y,  and  we 

Hi  all  have 

Equ.   1  ft,         2X-\-o)y  —  6c,  and 
Equ.  2d,  2#2-f-3)r=:840. 

From  the  firft  equation,  2.v  + 3.7  =  60,  we  have 

60  —  iy 
Equ.  3d,         x  — ;  and  by  fquaring 

both  fides  we  have 

•              .                 2600—  3<5oy  +  oyy 
Equ.  4th,      xx  =  - =?     J     yj/. 

From  the  fecond  equation,  2xx-\-$yyzz%40,  we  have 

840-37? 
bqu.  5th,      xx— . 

Compare  the  two  values  of  xx  in  the  fourth  and 

fifth  equations,  which  mud  neceifarily  be  equal  one 

2  600  —  3  60  v  4-  oyy 

to  the  other,  and  you  will  have ■ —  = 

J  4 

- — ;  multiply  both  fides  into  2,  by  halving  the 

1             mi  1         3600  —  3607-4-917 
denominators,  and  you  will  have 

=  840  —  3)7;  therefore  3600  -3 607-]- 97)'=  1680  — 
677;  therefore  3600- 3607-1-1577=:  1680  ;  there- 
fore 1 5)7  -  3607=  —1920;  therefore  1 5)7  =3607  — 

1920 ; 
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1920  ;  divide  by  15  for  a  more  fimple  equation,  and 
you  will  have yy  —  ity  —  128  ;  whence  7  =  8,  or  16  : 
fuppofe  jy=;8,  then  fince  by  the  third  equation  #== 

— ,  we  fliall  have.v=i8;  fuppofe  ^'=16,  then 

60  —  ^y 

we  fhall  have  *  or —  =  6 ;    iherefore  there  are 

2 

two  pair  of  numbers  that  will  equally  anfwer  the  con- 
ditions of  this  problem,  to  wit,  18  and  8,  and  alfo  6 
and  16:  for  a  proof,  let  us  firft  fuppofe  the  numbers 
to  be  18  and  8  ;  and  we  (hall  have  twice  the  firft; 
number  with  three  times  the  fecond  zz^6-\-2^.zz6o ; 
and  twice  the  fquare  of  the  firft  together  with  three 
times  the  fquare  of  the  fecond  equal  to  648-^192  = 
840  :  fecondly,  let  us  fuppofe  the  numbers  to  be  6 
and  1 6  ;  and  we  fnall  have  twice  the  firft  with  three 
times  the  fecond  equal  to  1 2-J-48  =  60;  and  twice 
the  fquare  of  the  firft  with  three  times  the  fquare  of 
the  fecond  equal  to  724-768=840. 

Problem     85. 

128.  To  find  four  numbers  in  continual  proportion,  and 
fuch,  that  the  fwn  of  the  two  middle  terms  may  be 
eighteen,  and  that  of  the  extremes  twenty -[even. 
Note,  Four  numbers  are  faid  to  be  in  continual 

proportion,  when  the  firft  is  to  the  fecond  as   the 

fecond  is  to  the  third,  and  the  fecond  is  to  the  third  as 

the  thkd  is  to  the  fourth. 

Soluti  ON. 

For  the  two  middle  terms  put  x  and  y,  without 
intending  which  is  to  be  the  greater ;  then  the  ex- 
treme next  to  x  may  be  found  by  faying,  as  y  is  to  x 

fo  is  x  to  — ,  and   the  extreme   next  to   y  may  be 


found  by  faying,  as  x  is  to  y,  fo  is  y  to  —■  ;  therefore 


yy 

;  mere 

the 


224  ™  &/«//<wi  0/  Problems         Book  IlTo 

##         yy  ^J_L.y3 

the  extremes  are  —  and  — ,    and  their  fum  ^  a 

y  x  xy     * 

therefore   the  fundamental   equations  are  lft,  x+y 

=  18,  or  ^=.i  8  — jv  *  and  2d!y, =27,    or  xs 

xy 

-\-yi-=.2jxy;  inftead  of  x  in  this,  equation  put  18—/^ 

its  value  in  the  laft,  and  you  will  have  »3=: 5832  — 

^iy-\-^\y%—yl ;    therefore  #3-f-ys  =  5832  -  972J  + 

54XV»  you  w^l  a^°  nave  27#y  or  27y  x  18—^=486/ 
—  2yyy;  therefore  5832  —  972y-f-54<xy==486y—  27^; 
tranfpofe  486V  — 27//,  and  you  will  have  81^/—^ 
3458^-4-5832,  =  o  3  divide  all  by  81,  which  may  be 
done  without  a  fraction,  and  you  will  havejyy—  i8v-|- 
72=0;  which  equation  being  refolved,  either  by  the 
general  theorem,  or  any  other  way,  gives  jvzr  6,  or  12 ; 
and  fince  the  equation  will  be  the  fame,  whichfoever 
of  the  two  middle  terms  y  ftands  for,  it  follows,  that 
the  two  middle  terms  are  6  and  12  ;  whence  the  ex- 
treme next  to  6  is  3,  and  that  next  to  12  is  24;  and 
the  numbers  are  either  3,  6,  12,  and  24,  or  24,  12, 
6,  and  3,  for  either  way  they  will  anfwer  the  condi- 
tions of  the  problem. 

Problem     86. 

129.  There  are  three  numbers  in  continual  proportion^ 
whofe  fum  is  nineteen,  and  the  fum  of  their  fquares 
one  hundred  thirty-three  :  What  are  the  numbers  ? 

Solution. 

For  the  three  numbers  fought  put  x,y,  and  z;  then 
fince,  by  the  firft  condition,  x  is  to  y  as  y  is  to  z,  by 
multiplying  extremes  and  means  we  have  yy=xz; 
a^ain,  by  the  fecond  condition  of  the  problem,  we 
have  x-\-y-]-zz=:ig9  and  1 9  —  y  =  x-\-z ,  and  (fquaring 
both  fides)  361  —  $8y-\-yy~xx-{*2xz  -f  zz ;  fubtraft 
yy  from  one  fide  of  the  equation,  and  its  equal  xz 
from  the  other,  and  you  will  have  361—38^=^-}- 

xz 
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vT:2-j-2;2=of +/-f-2;*  =  i33  by  the  third  condition  of 
the  problem  :  having  thus  expunged  both  x  and  z  at 
once,  refolve  the  equation  361  -387  =  133,  and  you 
will  have  y  the  middle  term  equnl  to  6,  and  19—  y, 
or  the  fum  of  the  extremes,  =  13 ;  Therefore  the  pro- 
blem produced  is  now  reduced  to  this,  viz.  Of  three 
numbers  in  continual  proportion,  whereof  fix,  the  middle 
term,  and  thirteen,  the  fum  of  the  extremes,  are  gvOeh 
to  find  the  extremes  :  this  problem  is  of  the  lame  na- 
ture with  that  in  art.  112,  and,  being  refclved,  gives 
4  and  9  for  the  extremes ;  therefore  the  three  num- 
bers fought,  are  4,  6,  and  9,  or  9,  6,  and  4. 

Problem     87. 

1  go.  "to  find  two  numbers  fuch,  that  their  difference 
multiplied  into  the  difference  of  their  fquares  fid  all  make 
thirty -tzvo,  but  their  fum  multiplied  into  the  fum  of 
their  fiuares  jhall  make  two  hundred  feventy -two. 

Solution* 

For  the  two  numbers  fought  put  x  and  y;  and  the 
flrft  fundamental  equation  will  be   x—yxx2-—yz,  or 

x-y  xx—yxx  -\y,  or xz  -  zxy  -\-yz  x  x  -\- y  —  3 2;  there* 
fore 

22 
Equ.  1  ft,  x*  —  2xy+y*  =  -^—° . 

x-\-y 

The  fecond  fundamental  equation  is,  x  4-jy  x  x%  +  f-  s 
£72  ;  therefore 

272 

Equ.  2d,   x%-\-yz~ — - — , 
x  -J-  y 

from  twice  the  fecond  equation  % ....  __  544 

fubtrad  the  firft,  that  is,  from      2X    '  ~*~  ^  ~~  x~+y 

fubtracl:     x1  —  ixyJry'1  —  ~ — 

x-i-y 

c  1 2 
and  you  will  have     xt  +  2xy+y'2  —  ^ — 

x-k-y* 
ly  that 
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that  is,  x  +y  —  —r~  I  therefore  #4-^=512,  and  #+7 

3 
—  V5 12,  or  the  cube  root  of  512  ±=  8  :  thus  we  have 

got  the  fum  of  the  two  numbers  fought,  to  wit,  8  ; 

whence  their  difference  may  be  found  by  the  firft 

32  .      z 

equation,  thus ;  x2  -  zxy  +yy  =  ,  that  is,  x  -  y 

=z—  =  4;  therefore  # -;>,  or  the  difference  of  the 

two  numbers  fought,  equals  2  ;  therefore  the  problem 
propofed  is  now  reduced  to  this :  Having  given  eight 
the  fum,  and  two  the  difference  of  the  two  numbers  x  and 
y,  to  find  thofe  numbers  •,  and  by  art.  26  we  (hall  have 
xzz$,  and  #  =  3.3  which  numbers  will  anfwer  the 
conditions  of  the  queftion, 

N.  B.  After  we  had  found  x  -\-y,  the  fum  of  the 
numbers  equal  to  8,  we  might  have  found  the  fum  of 
their  fquares  by  the  fecond  equation,  which  gave  xz-\- 

2  72        2V  2 

f-  —  - =  ——  =  34;  and  then  the  problem  would 

x  -j-  y       o 

have  been  reduced  to  this:  What  two  numbers  are  thofe, 
whofe  fum  is  eighty  and  the  fum  of  their  fquares  thirty' 
four?  which  would  have  produced  a  quadratic  equa- 
tion, as  in  art.  1 13,  whofe  two  roots  would  have  been 
5  and  3,  as  before. 

Problem     88. 

131.  To  find  two  numbers  fuch,  that  their  difference 
added  to  the  difference  of  their  fquares  may  make  four- 
teen,  and  their  fum  added  to  the  fum  of  their  fquares 
may  make  twenty-fix* 

/,  Solution. 

For  the  two  numbers  fought  put  x  andy,  and  you 
will  have  the  two  following  equations  j 

Equ.  ill,     x - y-\-x%  —  y'- ~  14. 
Equ.  2d,     .r+^  +  ^2+J1  =  26. 

Add 
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Add  thefe  two  equations  together,  and  you  will  have 
ixx-^ix  —  ao,  #■:  +  #=  20,  and  x  —  -^-^.,  or  —  5; 
again,  fubtradl  the  firft  equation  from  the  fecond, 
and  you  will  have  iyy-\-2y—i2,  yy+y  =  6,  and  y  — 
-f-2,  or  —  3  ;  and  as  thefe  two  values  of  y  were  ob- 
tained without  any  manner  of  dependence  upon  thofe 
of  x,  it  is  plain  that  either  of  the  values  of  x  may 
be  joined  with  either  of  the  values  of  y ;  and  fo  we 
have  no  fewer  than  four  pairs  of  numbers  which  will 
equally  fatisfy  the  conditions  of  the  equations,  to  wit, 
-j-4  and  +  2,  -f  4  and  —3,-5  and  +2,-5  and  —  3  ; 
but  it  is  the  firft  pair  only,  which,  confifting  of  af- 
firmative numbers,  is  proper  for  the  folution  of  the 
problem,  thus :  the  difference  of  4  and  2  is  2,  the 
difference  of  their  fquares  12,  and  2  +  12  =  14;  again, 
the  fum  of  4  and  2  is  6,  the  fum  of  their  fquares  20, 
and  6-f-2o  =  26.  Let  us  fee  however  how  the  other 
pairs  will  fatisfy  the  conditions  of  the  equations;  make 
then  x  equal  to  4,  y,  that  is,  -]{-y  =  —  3,  and  you  will 
have  -jy=+3;  whence  x  —y  =  4-J-3  =  7,  #2— jy2  = 
16-9  =  7,  and  7  +  7  =  14;  again,  x-\-y=z^-  3  =  1, 
and  #2  + /•  m 6-J-9  =25,  and  if 25  =  26:  in  the 
next  place,  make  #=—5,  andjy  =  -|-2,  then  we  fhall 
have  x—  y=  —  5-2=—  7,  xz—  ^  =  25-4  =  21,  and 
-7+21  =  14;  again,  x-\-y=z  -5  +  2=  -3,  and 
#2-j-)'2  =  25  4-4  =  29,  and  —3-1-29  =  26:  laflly,  make 
x—  —  5,  and  y—  —  3,  and  you  will  have  x—y—  —  5 
•4-3=—  2,  and  x2- —  yz  =  25  —  9  =  16,  and  — 2  +  16 
=  14;  again,  x+yzz  —  5  —  3  =  —  8,  and  xz  +y-  =  25 
4-9  =  34,  and  -8+34  =  26. 

Problem     89. 

132.  What  two  numbers  are  thofe,  whofe  fum,  when 
added  together,  is  equal  to  their  producl  when  multi* 
■plied  together  ;  and  this  fum  or  produd,  when  added 
to  the  fum  of  their  fquares,  makes  twelve  f. 

P  2  Solution'. 
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Solution. 

For  the  two  numbers  fought  put  x  and  y,  and  the 
fundamental  equations  will  be  iff,  x~\-y  —  xy;  and 
fecondly,  x+y-^-x1  4-jf  =  12:  in  the  fir  ft  of  thefe  fun- 
damental equations,  where  x-\-yzzyx,  we  havejytf  — 

x—y;   but  yx  —  x  is  the  prod u 61   of  y  —  ixx,  or  of 
y 

xxy—i;  therefore  xxy—  \~y,  and  x~ ;  but 

if  inftead  of  x,  this  value  be  fubftituted  into  the  fecond 
fundamental  equation,  the  equation  will  rife  to  a  bi- 
quadratic, for  the  refolution  whereof  no  rules  have 
hitherto  been  given  ;   therefore,  to  extricate  ourfelves 
put  of  this  difficulty,  it  will   be  proper  to  have  re- 
courfe  to  fome  other  artifice,  by  trying  other  pofitions, 
•as  thus  ;  for  the  Cum  cf  the  two  numbers  fought  put 
z;  then  will  z  be  alfo  the  produdt  of  their  multipli- 
cation, by  the.fuppofition  ;  and  fince  this  product  z 
added  to  the  fum  of  their  fquares  gives  12,  the  fum  of 
their  fquares  will  be  12  —  z;  but  every  one  knows, 
that  if  to  the  fum  of  the  fquares  of  any  two  numbers 
be  added  their  double  producl,  there  will  arife  the 
fquare  of  their  fum;  therefore  12  —  z  +  2Z,  or  124-2 
z~%%  ;  which  equation  being  refolved,  gives  z~  4-4, 
&V, ;  and  therefore  the  queilion   is  now  reduced  to 
this:  What  tzvo  numbers  are  thofe,  ivhofe  J'um  is  four, 
and  the  producl  of  ivhofe  multiplication  is  four  ?  for  the 
numbers  fought,  put  x  and  4  —  x,  and  you  will  have 
,  ax— xx  —  4;  arid  changing  the  figns,  XX  —  4.X—  —4*, 
and   compleating  the   fquare,    xx  —  4^4-4—  o;    and 
extracting  the  fquare  roor,  »-2  =  ±o;  whence  x~'zy 
or  2,  for  the  roots  of  this  equation  are  equal;  there- 
fore 2  and  2  are  the  numbers  dcCued  in  thequeuion; 
and  they  will  anfvver  the  conditions  ;  for  in  the  firlt 
place,  2  4-2  —  4=:  2  x  2  ;  and  in  the  next  place,  4  the 
fum  of  2  and  2,  being  added  to  8,  the  fum  of  their 
iquares,  gives  12, 

Corol= 
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Corollary. 

From  our  firlt  attempt  to  folve  this  problem  we 
may  learn  thus  much  however,  that  if  any  number 
whatever  be  made  equal  to  y,  then  thefe  two  num- 

y 

bersj  and will  always  have  this  property,  that 

y  —  ^  .^ 

their  Turn  when  added  together  will  be  equal  to  their 
product  when  multiplied  together;  thus  if  3  —y,  and 

3      y 

confequently  —  r:  — — ,    we  {hall  have  3 -f-i=-'4i> 

and  3x4  or  |-  —  4I ;  whence  it  follows,  that  this 
problem  cannot  be  folved  in  whole  numbers  in  any 
other  cafe  than  that  we  have  here  put. 

Problem     90. 

133.  What  two  numbers  are  thofe,  whofe  fum  added  to 
the  producl  of  their  multiplication  makes  thirty-four ', 
and  the  fame  fum  fubtratled  from  tfie  fum  of  their 
fquares  leaves  forty-two  ? 

Solution. 

Here,  to  avoid  all  difficulties  that  would  otherwife 
arife,  put  2;  for  the  fum  of  the  two  numbers  fought ; 
then,  iince  this  fum  added  to  the  producl:  of  their 
multiplication  makes  34,  the  product  of  their  multi- 
plication will  be  34-2;  but  this  fum  z  fubtra&ed 
from  the  fum  of  their  fquares,  leaves  42  ;  therefore 
the  fum  of  their  fquares  is  42  +z  ;  to  this  add  their 
double  product  68-22,  and  you  will  have  110-3 
—  z-;  whence  2=  +  10,  &c  and  34-^  =  24;  there- 
fore now  the  queftion  is,  What  two  numbers  are  thofe, 
whofe  fum  is  ten,  and  the  producl  of  their  multiplication 
twenty-four?  and  by  art.  1 1 1,  the  two  numbers  fought 
are  4  and  6. 

Whoever  would  fee  more  queftions  of  this  nature, 
may  confult  Backet' s  comment  upon  the  33d  queftion 
of  the  firii  book  of  Diophantm's  Arithmetics. 

P  3  JV.l?. 
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:  N.  B.  Having  now  done  with  quadratic  equations, 
at  leaft  for  a  time,  it  may  perhaps  be  expe&ed  that, 
according  to  order  of  method  I  mould  proceed  on  to 
equations  of  higher  forms:  but  I  (hall  take  the  liberty 
for  once  to  difpenfe  with  that  method  ;  not  but  that 
I  intend  (God  willing)  to  treat  fully  and  diftindlly  of 
thefe  equations  hereafter  ;  but  in  the  mean  time  I 
think  it  more  advifeable  to  employ  the  reader's 
thoughts  in  fome  other  things,  which  I  take  to  be  of 
much  greater  importance,  and  more  proper  for  his 
information. 


THE 
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ELEMENTS     of     ALGEBRA. 


BOOK        IV. 

Of  general  Problems,  and  general  theorems  deduced 
■from  them ;  together  with  the  Manner  of  applying 
and  demonflrating  thefe  'Theorems  fynthetically. 


The  Dejign  of  this  fourth  Book  more  fully  explained, 

Art,  134.  TJITHERTO  my  young  Analyft  has 
JLJL  been  indulged  for  the  mod  part  in  a 
fort  of  mixt  Algebra,  where  letters  were  put  only  for 
unknown  quantities :  but  if  he  would  reafon  abftradfc- 
edly  upon  his  problems,  and  draw  general  conclufions 
from  them,  he  mult  put  letters  not  only  for  his  un- 
known quantities,  but  alfo  for  fuch  as  are  ^  known  ; 
and  fo  propofe  and  folve  his  problems  indefinitely.  By 
this  means,  in  the  firft  place,  he  will  obtain  indefinite 
anfwers,  which  in  many  cafes  are  much  preferable  to 
more  particular  ones,  as  they  iuit  and  folve  all  parti- 
cular cafes  to  which  they  are  applicable  ;  and  in  the 
next  place  he  will  be  able  to  prove  his  work  fynthe- 
fically  j  which  will  not  only  confirm  his  former  analyfis, 

P  4  but 
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but  will  alfo  further  inure  and  reconcile  him  to  the 
operations  of  fymboiical  or  fpecious  Arithmetic;  and 
fo  render  him  entire  mailer  of  this  fort  of  computa- 
tion. A  fuflicient  fpecimen  of  this  fort  of  reafoning, 
both  in  the  analytical  and  fynthetical  way,  has  al- 
ready been  given  in  our  general  theorem  for  the  refo- 
lution  of  a  quadratic  equation,  fo  that  no  more  needs 
be  faid  by  way  of  preparation ;  it  remains  therefore 
now,  that  we  look  back  upon  fome  of  the  problems 
already  folved,  and  ihew  how  to  folve  them  over 
again  in  general  terms,  as  follows : 

Problem     i.     (See  art.  26.) 

135.  What  two  numbers  are  thofe,  whofe  fum  is  a,  and 

difference  b  ? 

Solution. 

Put  x  for  the  lefs  number ;  then  will  the  greater  be 

x-j-b3  and  their  fum  zx-\-b~a;  whence  2x  =  a  —  b9 

a  —  b 
and  x  (the  lefs  number)  will  be  ;  whence  x-\-b9 

2 

a  —  b      b       a  —  b  --f-  ib 

(the  greater  number)  will  be 4-  —  =  - 


2 


a-X-b  . "-  -  aA^b 

z= — —  ;  fo  the  greater  number  is  found  to  be  — L— . 
2  to  2   ' 

and  the  lefs  —  ;  where  a  and  b  are  left  undeter- 

mined  till  fome  particular  cafe  of  this  problem  is  pro- 

pofed  to  be  compared   with   the   general  one;  and 

then  the  quantities  a  and  b  will  not  only  be  determined 

in  that  cafe,  but  the  problem  may  be  folved  by  the 

general  theorem  without  any  further  analyfis.    As  for 

example,  let  it  be  propofed,  as  in  art.  26,  to  find 

two  numbers  whofe  fum  is  48,  and  difference  14  : 

here  it  is  plain  that  a  in  the  general  problem  anfwers 

to  48  in  the  particular  cafe,  and  b  to  14;  whence 

f+b  48+14     62 

— * —  (or  the  greater  number)  = =5 —  =  31, 

an$ 
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,<*-£,       iir  in        48-14      34 

and (or  the  lets  number)   =•= ——zz 

2      v  2  2 

17  jv  fo  that   the  numbers  fought  are    51   and    17.; 

which  will   anfwer    the  conditions  of  the   queflion. 

Again,  fuppofe  we  were  to  find  two  numbers  whole 

fum  is  35,  and  whofe  difference- is  9  :  in  this  cafe  it  is 

plain  that  a  and  b  have  other  fignifications ,   for  here 

7 

£1=3$,  and  b  —  y3  and  therefore (or  the  greater 

a  —  b 
number)  will  be  22,  and (or  the  lefs  number) 

will  be  13. 

Thefe  theorems  are  capable  of  being  translated  out 
of  Algebraic  language  into  any  other;  though  to  no 
great  purpofe  that  !  know  of,  .to  fuch  as  underftand 
any  thing  of  fymbolical  Arithmetic;  for,  in  my  opi- 
nion, they  appear  much  more  diftinft  as  they  are, 
and  lefs  liable  to  ambiguity.  The  foregoing  problem, 
together  with  the  anfwer  belonging  to  it,  being  trans- 
lated into  common  Englilh,  will  ftand  thus : 

Problem. 

It  is  required,  having  given  the  fum  and  difference  of 
any  two  numbers,  to  find  the  numbers  tbemfelves. 
Anf.  1  fit.  Add  the  difference  to  the  fum ,  and  half 
the  aggregate  will  be  the  greater  number.  2dly,  Sub- 
tract the  difference  from  the  fum,  and  half  the  remainder 
will  be  the  lefs  number. 

That  this  is  a  true  iranfladon,  is  plain  :  for  what  is 

but  half  the  aggregate  of  the  fum  and  difference 

.    a-b 

added  together?   and  what  is  but  half  the  re- 

D  2 

mainder,  after  the  difference  is  fubtracled  from  the 
fum  ? 

We  come  now,  in  the  la  ft  place,  to   examine  this 
theorem  as  it  (lands  in  general  fcerms^  and  to  try  whe- 
ther 
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ther  it  will  anfwer  the  conditions  of  the  problem  in 
the  letters  themfelves.  It  was  propofed  to  find  two 
numbers,  whofe  fnm  is  a,  and  whofe  difference  is  b ; 

and  the  anfwer  was.  that  the  greater  number  was  — — , 

2 

a  —  b 

and  the  lefs  :  now  that  this  is  a  true  anfwer. 

2  * 

will  be  evident  from  a  bare  addition  and  fubtraction 

of  the  numbers  themfelves,  without  any  other  prin- 

•c  a~\~b  a  —  b 

ciples  •,  for  if ?  be  added  to  ■— ,  their  fum  will 

r  2  2 

2$ 

be  —  or  a,  which  anfwers  the  firfl  condition  of  the 

2 

.-  a  —  b  a-\-  b 

problem ;  and  if be   fubtra&ed  from  — — 9 

zb 
the  remainder  will  be  —  or  b3  which  anfwers  the  fe° 

"      2 

cond  condition. 

This  is  that  which  is  called  a  fynthetical  demon? 
ftration,  and  doubtlefs  mews  the  truth  of  the  theo- 
rem to  which  it  belongs,  as  well  as  the  analyjis  whereby 
that  theorem  was  inveftigated ;  but  not  fo  much  to  the 
fatisfaclion  of  the  mind  :  for  a  fynthetical  demonflra- 
tion  only  (hews  that  a  proportion  is  true;  whereas  an 
analytical  one.  ihews  not  oniy  that  a  proportion  is  true, 
but  why  it  is  fo ;  places  you  in  the  condition  of  the 
inventor  himfelf,  and  unveils  the  whole  myftery.  Syn- 
thetical demondrations  ufually  require  fewer  principles 
than  analytical  ones,  as  will  evidently  appear,  by  com- 
paring both,  in  this  very  example;  and  this  I  take  to 
be  the  reafon  why  the  ancients,  generally  fpeaking, 
chofe  to  demonftrate  their  proportions  this  way ;  not 
with  a  defign  to  conceal  their  analyfis,  as  fome  have, 
unjuftly  enough,  imagined  j  but  becaufe  this  fort  of 
qemonilration  required  fewer  principles  to  proceed 
upon,  and  thofe  too  fuch  as  were  commonly  known. 

2  Problem 
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Problem     2. 

136.  What  three  numbers  are  thofe,  whereof  the  fum  of 
the  firfi  and  fecond  is  a,  that  of  the  fir fi  and  thud  b, 
and  that  of  the  fecond  and  third  c  \ 


SoLUTIO 


N. 


Put  x  for  the  fir  ft  number  fought;  then  will  the 
fecond  number  be  a  —  xt  becaufe  the  firft  and  fecond 
numbers  together  make  a;  for  a  like  reaion  the  third 
number  will  be  h  —  x,  becaufe  the  firft  and  third  to- 
gether makei> :  add  now  the  fecond  and  tnird  rtum- 
-  bers  together,  and  you  will  have  a-\-b  —  2x~c;  there- 
fore 2x  +  czza-\-b  1  therefore  ' ixzza-{-b —  c;    and  x 

a-X-b  —  c 
(or  the  firil  number)  =  — * — — ;  fubtruCt  now  the  firft 

2 

a^-b  -  c  ,.:■;'. 

number —  from  a,  or  which  is  all  one,  add 

—  a~b-\-c  ■ 

— —  to  a,  and  you  will  have  the  iecond  nutn- 

2 

.  -a-b^-c       a       -  a  ~->b  4- c  A- 2a 

ber   equal   to   —• -4-  —  —  — 

n  2.7-1  2  ~" 

a  -  b-^-c  ,  a-\-b  -  c 

:  acvain,   fubtract  the  nrlt  number 

2  .        -  a  .  2 

.    from  by  and  you  will  have  the  third  number  equal  to 

—  a  —  b-\-c      b       —  a-Y  b-\-c 

: JrT~ — '    2    ■•■"'  '   anc*   -'iUS  We  UJlVt  d^ 

the  three  numbers  fought,  to  wit, 

The  SrfV  tXtll 

2 

The  fecond,  ■ -, 


The  third, 


■> 


To  apply  this  general  folution   to  forne  particular 
cafe,  I  fhail  make  ufe  of  that  in  art.  4a,  where  it  was 

required 
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required  to  find  three  fuch  nu    be  "   that  the  fun:    r_ 

the  fir  ft  and  fecond  may  make  60,  that  of  the  firft  and 

third  80,  and  that  of  the  fecond  and   third  92  :  in 

this  cafe  it  is  plain  that  #zz6o,  b  —  %Q>  and  c  —  gi; 

a-\~b  —  c 
therefore  or  the  fir  ft  number  will  be  24  ; 

— :    or  the  fecond  number   will   be    26  ;    and 

2 

- ! —  or  the  third  number   will   be  56  ;  which 

numbers  upon  trial  will  be  found  to  be  fuch  as  the 

problem  requires.     But  that  the  theorems  here  given 

are  not  only  true  in  this  particular  cafe,  but  are  uni-' 

verfally  fo,  will  bed  appear  from  the  fynthetical  de- 

monftration  following. 

a-\-b  —  c 

1  ft,  The  firft  number ,  and  the  fecond  nura- 

'  2 

/v  _,  h -4—  f  on. 

fogj.  „ — __L_  being  added  together  make  —  or  <?,  ac- 
2  2 

cording  to  the  firft  condition,  the  other  quantities  de- 
fh-oying  one  another,, 

aA-b  —  c 
2dlv,  The  firft  number  — — ,    and   the- third 

—  a-X-b^c       .  ih 

number  ■ ■ being;  added    together   make  — 

2  °  °  2 

or  b3  according  to  the  fecond  condition. 

a  —  b-\-c 
Laftly,  The  fecond  number  — —   and  the  third 

**—  fl  -4--  D  —I-  €  2  C 

number beins  added   together  make  — 

•    '■  .  2  2 

or  €}  according  to  the  third  condition. 

This  problem  may  alfo  be  foived  fomewhat  more 
elegantly  thus  :  put  $  for  the  unknown  iura  of  all 
the  three  numbers  fought:  then  if  r,' the  fum  of  the 
fecond  and  third  numbers,  be  fubtradted  from  s,  the 
fum  of  all'  tliree5  there  will  remain  the  Brit  number 

equal 
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equal  to  s  —  c ;  in  like  manner  b,  the  fum  of  the  fir  it 

and  third  numbers,  fubtracled  from  s,  the  fum  of  all 

three,  leaves  the  fecond  number  equal  to  s  -  b ;  and 

a,  the  fum  of  the  firft  and  fecond  numbers,  fubtrafted 

from  s,  the  fum  of  all  three,  leaves  the  third  number 

equal  to  s  —  a  ;   add  now  all  thefe  three  numbers  to- 

oether,  to  wit,  s  —  c,  s  —  b,  and  s  —  a,  and  the  fum 

will  be  %s  —  a  —  b  —  c;  but  the  fum  is  s,  by  the  fup- 

a  +  b  +  c 
pofition ;  therefore,  ^s-a  —  b  —  c~  s;  and  s  =  — — , 

whence  we  have  the  following  theorem : 

g_J I3  =J — Q 

Make —  s ;  then  if  the  numbers  a,  b,  and  c, 

2 

he  taken  backwards,  and  fubtracled  fever  ally  from  s,  the 

three  remainders  s  —  c,   s— b,  and  J  — a,  zmll  be  the 

three  numbers  fought,  in  order  as  they  are  fuppofed  in  the 

problem:     Thus  it  #  =  6o,    Z?=rSo,    and  £  —  92,    as 

a-\-b-\-c 

before,  we  (Iiall  have or  s=  1 16;  wnence  the 

'  2 

firft  number  will  be  116  —  92  or  24,  the  fecond  116 

—  80  or  36,  and  the  third  116  —  60  or  56, 

S  C  H  O  L  I  U  M. 

What  three  numbers  are  thofe,  whereof  the  produSl  of 
the  firft  and  fecond  is  a,  that  of  the  firji  and  third  b, 
and  that  of  the  fecond  and  third  c  ? 

Solution. 

Put  p  for  the  product   of  all   the  three  numbers ; 

then  fiuce  c  is  the  product  of  the  two  iaft,  we  fhail 

t> 
have  the  firft  number  equal  to  -  :  for  a  like  reafon  the 
1  c 

-t)  p 

fecond  equals  7,  and   the  third  equals  — ,  and  the 

producl  of  all  three  equals  —  =  p;   therefore  pz  — 

abct  and  pzz^abc* 

Demon- 
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Demonstration. 

P      P 

—  x  -j,  or  the  product  of  the  firft  and  fecond  nutn- 

pz     abc 
bers,  is,  T-  —  T~:=a:  anc^  ^°  °f  tne  re^» 

Problem     3. 

137.  7/  is  required  to  find  tzvo  numbers  whofe  difference 
is  b,  and  the  difference  of  whofe  fquares  is  a. 

Solution. 

Put  x  for  the  lefs  number,  and  confequently  x-\-b 
for  the  greater;  then  will  the  fquare  of  the  lefs  num- 
ber be  xx,  that  of  the  greater  xx-\-2bx-\-bb>  and  the 
difference  of  their  fquares  2bx-\-bb~a ;   therefore 

,        r  a  —  bb 

2bx=a—bb}  and  x  (tne  lefs  number)  =  — 7—;  whence 

a  —  bb       b       a  —  bb-\-2bb 
x+b  (the  greater)   =— -j-  +— = ~b = 

a  +  bb 

To  apply  this  general  folution,  let  it  be  required  to 
find  two  numbers  whofe  difference  is  4,  and  the  dif- 
ference of  whofe  fquares  is  112:  here  0  =  112,  £  =  4, 

a  —  bb  a-\-bb 

bb~  16,  — -t —  =12,  —7 —  =  16  ;  therefore  the 

numbers  are  12  and  16.    The  general  demonftration 

•  r  a  —  bb 

is  as  follows  :  if  the  lefs  number  — , —  he  fubtracled 

20 

a-\-bb     ;.'...  ibb 

from  the  greater  — 7—,  their  difference  will  be  "—r 

or  by  according  to  the  firft  condition  of  the  pro- 

a  —  bb 
blem  1  again,  the  fquare  of  the  lefs  number  - — 7-  is 

aa  — 
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aa  -  iabb-\-b* 
77 ,     and    the    iquare   or    the    greater 

a  +  bb .  aa  +  2ab"--\-h*      /,.«'/  r    , 

— r—  is r^ *  ;   iubtract  the  iquare  or   the 

2b  tifbb 

lefs  from  that  of  the  greater,  and  you  will  have  the 

4abb 
difference  of  their  fquares  zz~~j^  =  a,  as  the  fecond 

condition  requires. 

Problem    4. 

138.  Let  r  and  s  be  tzvo  given  multiplicators,  whereof 
r  is  the  greater ;  it  is  required  to  divide  a  given  num- 
ber as  a  into  two  Juch  parts  >  that  the  greater  part 
when  multiplied  into  the  lefs  multiplicatox  may  be  equal 
to  the  lefs  part  when  multiplied  by  the  greater  multi- 
plicator. 

Solution. 

Put  x  for  the  greater  part,  and  a  —  x  for  the  lefs  ; 
then  will  the  greater  part  multiplied  into  the  lefs 
multiplicator  be  sx,  and  the  lefs  part  multiplied  into 
the  greater  multiplicator  will  be  ar—rx  :  but  accord- 
ing to  the  problem,  thefe  produces  are  to  be  equal  ;. 
therefore  sx~  ar  —  rx,  and  rx-\-sx  =  ar,  but  rx-^-sx  is 

x  x  r  -}-  s ;  therefore  x  x  r  -f-  s  =  ar ;  and  x  (the 

ar 

greater  of  the  two  parts  fought)  ==       ,        ;  whence 

a        ar          ar-\~as  —  ar 
a  -  x  (the  lefs  part)  equal  —  -  -pjrj  = ^rz] 

as  ar 

zz—r—  ;  fo  the  greater  part  fought  is  — 77,  and 

as 

the  lefs  t~. 
r  +  s 

The   Application. 

To  apply  this  canon,  let  it  be  required  to  divide 
84  into  two  fueh  parts,  that  five  times  one  part  may 
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be  equal  to  feven  rimes  the  other:  here  a~S^.t  r  the 

.  .   r  ar-      7<  84 

greater  multiplicator  =7,  s  =  5,  — -  =  -__=49, 

<?5  5  X  84 

"-77  =  — - —  =  35;    therefore  the   greater  part  is 

49,  and  the  lefs  35  ;  and  they  will  anfwer  the  condi- 
tions; for  flf'ft;  49  +  35  —  84;  and  fecondly,  49  x 
5  =  245  —  1$  x  7.  Again,  let  it  be  required  to  divide 
99  into  two  fuch  parts,  that  -§-  of  one  part  may  be  equal 
to  4-  of  the  other:  here 0  =  99,  r  —  \,  s  —  ^  r+j  —  ^*.^ 

—  54'  ~JL~  —  99  xtt  =  45S  fo  the  two  parts  are  54 

and  45  ;  which  is  true;  for  firft,  54-I-45  =  99  ;  and 
fecondly,  \  of  54=  i6  =  ±  of  45. 

As  to  the  demonftration  of  this  general  folution, 
it  mud  be  obferved  that  in  this  problem  there  are  two 
conditions ;  firft,  that  the  two  parts,  when  added 
together,  muft  make  a ;  and  fecondly,  that  the 
greater  part  multiplied  into  the  lefs  multiplicator  muft 
be  equal  to  the  iefs  part  multiplied  into  the  greater 
multiplicator  :  as  to  the  firft  of  the  conditions,  it  is 

ar  as 

certain  that  the  parts  — ; —    and    — r-  when   added 

ar~\-a$  » 

together  will  make    — ; ;  but  ar+as  =  a  x  r-\-s} 

cir—f~£is  i'-\—s 

therefore  ~ =r  a  x  —r-  —  a  x  1  —a:  as  to  the  fe* 

r-\-  s  r-\-s 

ar  . 

cond  condition,  if  the  greater  part  ^77-j  be  multi- 
plied into  s,  the  lefs  multiplicator,  the  product  will 

ars  as 

be  —£-  ;  and  again,  if  the  lefs  part  yr^  be  multi- 
plied into  r,  the  greater  multiplicator,  the  product 
n  will 
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will  alfo  be      .     ;  therefore  the  two  produ&s  are 

equals  as  the  problem  requires ;  and  fo  the  conditions 
are  both  fatisfied.     ^.  E.  D. 

N*  B.  If  any  one  has  a  mind  to  throw  the  forego- 
ing theorem  into  words,  it  may  eafily  be  done,  and 
in  fuch  a  manner  as  almofr.  to  carry  its  own  evidence 
along  with  it ;  for  by  the  rule  of  proportion,  r-\-s  is 

at  as 

to  r  as  a  to  —r- ;  and  r-4-s  is  to  s  as  a  to  —* — :  there- 
r-\-s  '  r  +  j 

fore>  As  the  fum  of  the  two  multiplicators  is  to  the 

greater  or  lefs  multiplicators  fo  is  the  fum  of  the  two 

parts  fought  to  the  greater  or  lefs  fart;  and  this,  I  fay, 

is  pretty  evident ;  for  had  r-\-s  been  the  number  to 
be  divided,  the  parts  would  certainly  have  been 
r  and  s ;  therefore  if  a  greater  or  lefs  number  than 

r+s  is  to  be  divided,  the  parts  ought  to  be  greater 
or  lefs  than  r  and  s  in  the  fame  proportion. 

Problem    5. 

139.  Let  t  and  s  be  two  given  multiplicators,  whereof  r 
is  the  greater  ;  it  is  required  to  divide  a  given  number 
as  a  into  two  fuch  parts,  that  r  times  one  part  being 
•added  to  s  times  the  other  may  make  fome  other  given 
number,  as  b» 

Solution. 

Put  x  for  the  part  that  is  to  be  multiplied  by  r, 
and  confequently  a  —  x  for  the  other  part  that  is  to  be 
multiplied  by  s,  and  the  produces  will  be  rx  and 
as  —  sx,  and  their  fura  will  be  rx  +  as  —  sx  —  b ;  there- 

fore  rx  —  sx=b— as,  that  is,  x  xr—s=b~ as;  there- 
fore x  (the  part  to  be  multiplied  by  r)  =—  ; 

therefore  a  -  x  (the  part  to  be  multiplied  by  s)   = 
a    b  +  as     ar  —  as  —  b  +  as    ar  —  b 

1  ~  r  —  s  ~~         r  —  s         ~  r  —  s  * 

QL  The 
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The  Application. 

Let  it  be  required  to  divide  20  into  two  fuch  parts, 
that  three  times  one  part  being  added  to  five  times 
the  other  may  make  84  :  here  azzzo,  £=84,  r  =  5, 

b  —as 
5  =  3,  aszz6o9  b-as-iA,,  r_s     (or    the   part  to 

be  multiplied  by  5)  =  V  = 1 2>  ar  =  l °°>  ar  ~  b  = 1 6 > 

■ — —  Cor  the  part  to  be  multiplied  by  3)  -  V6  -  8  ; 
r  —  s   v 

therefore  the  parts  fought  are  8  and  12;  for  firft, 
8  +  12  =  20 ;  and  fecondly,  three  times  8  +  five  times 
12=84. 

Again,  let  it  be  required  to  divide  100  into  two 
fuch  parts,  that  f  of  one  part  being  fubtra&ed  from 
4.  of  the  other,  may  leave  39 :  here  it  mutt  be  obfer- 
ved,  that  to  fubtra<5t   f  of  any  one  quantity  from 

another,  is  the  fame  as  to  add of  it  5  therefore 

4 
this  problem  when  reduced  to  the  form  of  the  general 
one,  will  ftand  thus :  To  divide  a  hundred  into. two 

fuch  parts,  that—1  of  one  part  being  added  to  +  -^ 

of  the  other  may  make  thirty -nine.     Here  a  —  \oo, 
t  -3  5       3      J9 

-aoo  ,  ,  b- as     114 

_i-=-75,    ^-«  =  39+75  =  "4»   7^7  =  7£ 

12 
500      250  250       39_i33 

=7a,  *==  — =— ,  *■-*=  — -7-7- 

133 

f!— 1--^-  — 28;    fo   the   two   parts  are  28  and 
r  —  s       19 

-   12 
72:    for  28-1-72=100;    and  moreover  £   of  28, 

that 
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that  is,  21,  fubtra&ed  from  ~  of  72,  that  is,  from 
60,  leaves  39. 

The    GENERAL    DEMONSTRATION. 
dy  —  })  Jj CIS 

The  two  parts  and  when  added  to- 

x  r  —  s  r  —  s 

ar—b-\-b—as     ar—as  r—s 

gether,  make = =  a  x —  a : 

°  r—s  r  —  s  r  —  s 

again,  the  part  ■  being   multiplied  into  r,  its 

br  —  ars 
proper  multiplicator,  gives  — ■- — ,    and   the  other 

ar  —  b 
part  ,  multiplied  into  the  other  multiplicator 

ars  —  bs 
st  gives —  ;  add  thefe   two   products  together., 

;'  .,,        ,      br  — ■  ars  +  ars  -  bs 

and  they  will  make  ■ ; 

J  r  —  s 

%.  E.  D. 

If  any  one  hereafter  mail  think  me  too  eoncife  in 
the  folurion  of  thefe  general  problems,  he  muft  have 
recourfe  to  the  particular  ones  in  the  articles  I  fhall 
refer  him  to,  which  he  will  find  explained  more  at 
large  :  and  as  to  the  application  of  thefe  general 
folutions  to  thofe  particular  cafes,  it  is  to  be  premmed 
that  by  this  time  the  learner  will  be  able  in  fome 
meafure  to  perform  that  part  himfelf ;  and  therefore 
I  fhall  for  the  future  leave  it  to  him,  except  where  I 
ihall  think  my  afMance  may  be  of  any  ufe. 

Problem     6.    (See  art.  35.) 

140.  One  meeting  a  company  of beggars ,  gives  to  each  p 
pence,  and  has  a  pence  over  ;  but  if  he  would  have 
given  them  q  pence  apiece,  he  would  have  found  he 
had  wanted  b  pence  for  that  purpofe  :  IVhat  was  the 
number  of  perfons  ? 

0^2  Solution, 
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Solution. 

The  number  of  perfons,  x. 

Pence  given,  px. 

Pence  in  all,  px-\-a. 

The  pence  that  would  have  been  given  upon  the 
other  fuppolition,  qx. 

Another  expreffion  for  the  number  of  pence  in  all^ 
$x~  b. 

Equ.  qx  —  b—px-^-a  ;  therefore  qx~px  —  b  —  az 
therefore  qx-—px  —  a-\-b\  therefore  x  (the  number  of 

perfons)  -  — . 

Demonstration. 

a-\-b 

If  the  number  of  perfons  be ,  then  the  pence 

q-p 

flpJLtfp 

given  will  be    • ,  and  the  pence  in  all  will  be 

ap-\  bp       a      ap-\-bp-\-aq  —  ap_  aq^-bp 

q-p    ^   i  q-p  q-p  &      * 

the  number  of  pence  that  would  have  been  given 

aq  -\-bq 
upon  the  fecond  fuppofition  is  ■ — — ■— ;  and  therefore 

the  other  expreffion  for  the  number  of  pence  in  all 

,     aq  +  bq     b      aqA-bp  _■■-  r  „ 

will  be  — s--=-2-J —  ;  and  the  perfect  agree- 

ment  between  this  account  and  the  former  is  an  in- 
fallible argument  that  the  number  of  perfons  was 
rightly  affigned. 

Problem     7«.    (See  art,  64.) 

£41*  It  is  required  to  divide  a  given  number  as  a  into 
two  fuch  parts  9  that  one  part  may  be  to  the  other  at 
r  to  s» 

Solution* 
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Solution. 

The  two  parts  fought,  x  and  a  -  x. 
Proportion,  x  is  to  a  ~  x  as  r  to  s. 
Equation,    sx  =  ar  -  r#  ;    therefore    rtf  -j-  j# = ar  | 

#?" 
therefore  n  for  the  firft  number)  =  —7—;  therefore 
v  '        r-j-s 

a         ar         as 
a-x  for  the  fecond  number)  =    —  _  — —  =r  — •: —  ; 

ar  as 

therefore  the  two  numbers  are  — —  and 


r  -|-  s         r-\-s 

Demonstration. 

ar  as 

I  ft.  The  two  numbers  —5—  and when  added 

'  r~\-s         r-\-s 

ar-\-as 
together  make  -  -  ,      zza. 

■     '  ar     . 

2dly,  The  firft  number  — —  is  to  the  fecond  nurn- 

as 
ber  -~r~  as  ar  is  to  as ;  becaufe  throwing  away  the 

common  denominator  is  no  more  in  reality  than  mul- 
tiplying both  fractions  by  it ;  and  every  one  knows, 
that  the  multiplication  of  two  quantities  by  the 
fame  number,  makes  no  alteration  in  the  propor- 
tion they  bore  one  to  the  other :  again,  ar  is  to  as 
(dividing  both  by  a)  as  r  to  s  ;  for  it  is  well  known 
that  a  common  diviiion  affects  proportion  no  more 
than  a  common  multiplication  :  fince  then  the  firft 
number  is  to  the  fecond  as  ar  to  as,  and  ar  is  to  as 
as  r  to  s,  it  follows,  that  the  firft  number  is  to  the 
fecond  as  r  to  s.     £%.  E.  D. 

Problem     8.     (See  art.  66.) 

142.  What  number  is  that,  which  being  fever  ally  added 
to  two  given  'numbers,  a  a  greater  number,  and  b  a 
lefs,  will  make  the  former  fum  to  the  latter  as  r  to  s  ? 
therefore  r  mujl  be  greater  than  s  ? 

(^3  Solution* 
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The  number  fought,  x. 

Proportion,  a  +  x  is  to  b-\-x  as  r  to  s. 

Equation,  br-\-rx  —  as-\-sx ;  therefore  br-^-rx  —  sx~ 

as;  therefore  rx  —  sx  —  as—br;  therefore  x zz -. 

r-s 

Demonstration.. 

The  number  bein?  added  to  0,  gives 

r  —  s  r  —s 

as  —  bs 
and  the  fame  number  being  added  to  b}  gives -j 

ar—br  as—bs 

now is  to as  ar  —  br  is  to  as  —  bs,  that 

r—s  r—s 


is,    as  r  x  a  —  b  is  to  sxa  —  b}    that   is,   as  r  to  s. 
%  E.-D. 

Scholium. 

This  problem  was  to  find  a  number,  which,  being 
feverally  added  to  a  and  b,  will  make  the  former  fum 
to  the  latter  as  r  to  s  %  let  us  now  change  the  num- 
bers a  and  b  one  for  another,  as  alfo  the  numbers  r 
and  s  one  for  another,  and  then  the  problem  will 
Hand  thus :  To  find  a  number,  which,  being  feverally 
added  to  b  and  a,  will  make  the  former  fum  to  the  latter 
as  s  to  r  :  but  the  condition  of  this  problem  is  exacliy 
the  fame  with  that  of  the  former,  and  therefore  the 
anfwer  ought  ftili  to  be  the  fame*  that  is,  as  changing 
a  and  b  one  for  another,  and  r  and  s  one  for  ano- 
ther, had  no  effeel:  upon  the  problem,  but  left  it  en- 
tirely the  fame  as  at  iirft;  fo  if  the  expreffion  of  the 
number  fought  be  juft,  the  changing  of  a  and  b  one 
for  another,  and  of  r  and  s  one  for  another,  ought 
to  make  no  alteration  in  that  expreffion,  and  the  num- 
ber fought  ought  ft.ill  to  be  the  fame  ;  for  truth  will 
always  be  confident  with  herfelf.  Let  us  try  this 
however,  and  fee  what  will  be  the  effect  of  fuc'h  a 

3  change ; 
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as  —  br 
change:  now  the  number  fought  was    — —— ;  but 

upon  this  change,  as  becomes  br,  and  br  becomes 
as,  and  r  —  s  becomes  s  —  r,  and  the  whole  expreffion 

br  —  as  br  —  as 

will  be  turned  into  this-  ;  but is  the 

s  —  r  s  —  r 

as —br 
fame  as  ;  for  changing  the  fign  of  both  the 

numerator  and  denominator  of  any  fraction,  no  more 
afft&s  the  value  of  that  fraction,  than  in  divifion  the 
changing  of  the  fign  both  of  the  divifor  and  dividend 
affects  the  value  of  the  quotient :  thus  then  we  find, 
that  the  changing  of  a  and  b  one  for  another,  and  of 
r  and  s  one  for  another,  no  more  affects  the  theorem 
for  determining  the  number  fought,  than  it  did  the 
problem  from  whence  it  was  derived. 

Problem     9. 

143.  It  is  required  to  divide  a  given  number  as  a  into 
two  fiich  parts,  that  the  excefs  of  one  part  above 
another  given  number  as  b,  may  be  to  what  the  other 
watits  of  b,  as  r  to  s ;  fuppofing  r  greater  than  s. 

Solution. 


Put  x  for  the  greater  part,  and  a  —  x  for  the  lefs ; 
then  the  excefs  of  x  above  b  will  be  x  —  b  •,  and  the 
excefs  of  b  above  a-x  will  be  x  —  a-\-b,  as  appears 
by  fubtracting a-x  from  b ;  but  by  the  problem,  the 
former  excefs  is  to  the  latter  as  r  to  s  ;  therefore  x  —  b 
is  to  x  —  a-\-b  as  r  to  s ;  multiply  extremes  and  means, 
and  you  will  have  sx  —  bs  —  rx  —  ar-\-br;  therefore 
rx  —  sx  —  ar  —  br-bs,    and  x  (the  greater   part)    — 

r ;    therefore   a  —  x  (the  lefs  part)    —  — 

—  ar-\-br-\-bs     br-\-bs  —  as 

— ~— — ;    fo  the  greater  part  is 

r—s  r—s  ° 

0^4  ar~ 
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ar-br-Bs  ■        ,,  br  +  bs  —  as 

~ ■ — ,  and  the  lefs  part  — **-*■ , 

Example, 

Let  it  be  required  (as  in  art.  41,)  to  divide  the 
number  48  into  two  fuch  parts,  that  one  part  may 
be  three  times  as  much  above  20  as  the  other  wants 
of  20 :  here  0^48,  b  =  zo,  r~^f  s=z  1  ;  for  to  fay 
that  the  excefs  muft  be  three  times  rhe  defeft,  is  no 
other  than  to  fay,  that  the  excefs  muft  be  to  the  de-< 
feet  as  3  to  1  ;  the  reft  is  eafy. 

The  general  Demonstration. 

„     _,                           ar  —  br  —  bs 
jit,  The  greater  part  » ,    and    the    lefs 

br-X-bs  -as      .  ,  ar-a$ 

part  — -r- being  added  together  make  — — : 

zza:  again,  the  excefs  of  the  greater  part  above  b,  is 
ar  —  br—bs        b        ar  —  br  —  bs  —  br  +  bs       ar  —  ibr 
r  —  s  i~~  r  —  s  ^     r  —  s    % 

and  the  excefs  of  b  above  the  lefs  part,  which  is 

what  the  lefs  part  wants  of  b,  is  —  -  ■*=*= — i — *  -% 

br  —  bs  —  br  -  bs-\-as     as -lbs 

« ..  .     -    . — ~ —  —  ^— ■■ — ■■ — ;  therefore  the  excefs  01 

r  — j  r-s 

one  part  above  b  is  to  what  the  other  wants  of  b,  as 

ar—zbr  as  —  zbs  :..  • 

■ —  is  to  \~u-.~t. — .  that  is,  as  ar  —  zbr  is  to  as-zls. 

r-r-j  r  —  s  * 


that  is,  as  rxa  —  zb  is  to  s.xa~-  zb^  or  as  r  to  s, 
&  E.  D. 

Problem     10.    (See  art.  $$.) 

144.  There  are  two  places,  whoft  difiance  from  eaeh 
ether  is  a,  and  from  whence  two  perfons  fet  out  at 
the  fame  time  with  a  defign  io  meet,  one  travelling  at 
She  rate  of  p  miles  in  q  hours,  and  the  other  at  the  rate 
oft  miles  in  s  hours :  I  demand  how  long  and  how  far 
each  travelled  before  they  met  $ 

Solution* 
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Solution. 

The  number  of  hours  travelled  by  eacfo,  x. 

px 
Miles  travelled  by  the  firit,  -- 

rx 
By  the  fecond,  «*, 

'  s 

_      ,        ,     .    px    rx 
By  them  both,  —4.—, 

' J  q     s 

Equation,  — + —  =  4;    therefore  px  -] =  tfj§ 

therefore psx^-^rx^aqs;  therefore  #  (or  the  number 

of  hours  travelled  by  each)  —  :  now  to  find 

'  y         ps-hqr 

how  many  miles  the  firft  travelled,  fay,  if  in  q  hours 

he  travelled  p  miles,  how  many  will  he  travel  in  a 

number  of  hours  ejual  to  — r —  ?  for  3-  fourth  num.- 

ber,  I  multiply  the  third  number  — -7— -  by  the  fe~ 

ps—t~qr 

apqs 
eond  />,  and  the -product  is  — L-  ;  this  asam  I  di* 

4  r  ps-\-qr  ° 

vide  by  the  firft  number  £,  and  the  quotient  is— 7— —  ; 

for  dividing  the  numerator  divides  the  whole  fraction  ; 
by  the  fame  way  of  reafoning,  the  number  of  miles 

a9r 

travelled  by  the  other  will  be  found  to  be : 

ps+q*~ 

therefore  the  whole  number  of  miles  travelled  by  them 

.    aps-\-aqr 

both  is ■ -  — j,  which  demonftrates  the  folucion. 

ps  +  yr 

Example. 

Let  the  diftance  of  the  two  places  be   154  miles ; 
U%  the  firfl:  travel  at  the  rate  of  3  miles  in  2  hours, 

aad 
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and  the  fecond  after  the  rate  of  5  miles  in  4  hours  ; 
then  we  fhall  have  #=  154,^  =  3,  $  =  2,  r  —  5,  s=za9 

.  aqs         1  ca  x  2  x  4 

ps—iz,  qr=  10,  Af-J-flr=22,    — ; —  — -^-I 

r  2  '  2  pj-["?r  22 

=  c6     a?s    ■_I54x3x4_p       *y      _  154x2x5 
""^  'ps-\-qr~  22         —    ""^i  +  gr-        22 

=  70:  therefore  each  travelled  56  hours;  the  firft 
travelled  84  miles,  and  the  other  70. 

Scholium. 

If  in  the  foregoing  problem  we  change/*  into r  and 
a  into  s,  and  vice  verfa,  the  confequence  will  be,  that 
the  firft  traveller  will  now  travel  at  the  fame  rate  as 
the  fecond  did  before,  and  the  fecond  at  the  fame  rate 
as  the  fhft  did  before  ;  but  the  motion  whereby  rhefe 
two  travellers  approach  towards  each  other  will  ftill  be 
the  fame,  and  therefore  the  time  this  motion  is  per- 
formed in,  that  is,  the  time  that  each  travelled,  muft 
ftill  be  the  face  e.  let  us  then  make  the  changes  above- 
mentioned,  firft  in  the  expreffion  of  the  time,  and  fee 
whether  that  expreffion  will  ftill  continue  the  fame  ; 
then  lerus  make  the  fame  changes  in  the  two  expref- 
fions  of  the  miles,  and  fee  whether  by  this  means 
thele  expreffions  will  not  be  converted  each  into  the 
oilier  :  nrit  then,  the  expreffion  of  the  time,  which  is 

gqs  ...  .  . 

— — — ,  by  changing  p  into  r,  and  q  into  s,  and  vicet 

ps  -j~  or 

verfa.  becomes  — ,  which  is  the  fame  as  — ■ —  , 

J    '  rq-\-sp  ps-\-qr 

therefore  the  expreffion  of  the  time  fullers  no  altera- 
tion by  thefe  changes \  fecondly,  the  number  of  miles 

travelled  by  the  firft  was  — 7 — ,    which,    alter   tne 

P~TcLr 

arq  . 

changes  abovementioned,  becomes ,   which  is 

0  3  r'q  +  sp 

the  fame  as  — ~ — ,  the  miles  travelled  by  the  fecond ; 
ps  +  qr 

and 
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and  therefore,  e  converfo,  the  expreffion  — - —    will 
J  r  ps+qr 

aps 
be  changed  into  the  expreffion  ■—— ;  and  thus  will 
to  r  ps-\-qr 

the  cafe  of  the  firft  traveller  be  changed  into  that  of 

the  fecond,  and  vice  verfa. 

Problem     15.     (See  art.  38.) 

149.  What  two  numbers  are  thofe,  whereof  the  greater 
is  to  the  lefs  as  p  to  q,  and  the  prodiicl  of  their  mul- 
tiplication is  to  their  fum  as  r  to  s  ? 

Solution. 

Put  x  for  the  lefs  number,  and  the  greater  will  be 
found  by  faying,  as  q  is  to/>,  fo  is  x  the  lefs  number  to 

"b  X  PX        X 

£-   the  greater;  whence  their  fum   will  be  -%-{-— 

PX~\~QX 

—  -1 — £l ;  on  the  other  hand,  if  the  greater  number 

q  ° 

Px  ... 

—  be    multiplied    into    x,    the    product    will    be 

q  *  * 

pxx 

— ;  therefore  the  product  of  thefe  two  numbers  will 
9 

.            .    .  ■               pxx.        px-rqx      ■ 
be  to  their  fum  as is  to ,  that  is,  as  px  to 

^-f-^  »  but  according  to  the  problem,  the  product 
is  to  the  fum  as  r  to  s  ;  therefore  #,r  is  to  ^>-f  j  as  r 
to  s;  whence  we  have  this  equation,  psx  —  pr-\-qr ; 

and  x  (the  lefs  number  fought)  =  — — - —  ;   therefore 

ps 

pr-\-qr 
px— ;  for  dividing  the  denominator  multiplies 

px 
the  whole  fraction  ;  therefore  —  for  the  greater  num- 

=  p_r±qrt 

Is 

Demon- 
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Demonstration. 

pr-X-or 
i ft,  The  greater  number  is  tq  the  lefs  as  — — 

"  qs 

,        pr~\  qr      .  . 

is  to  — - — -  ;  divide  pr-\-qr  by  itfelf,  and  the  quotient 

will  be  i  ;  fa  that  we  may  now  fay,  that  the  greater 

number  is  to  the  lefs  as  —  is  to  — ,  that  is.  as  — 

as  ps  9 

i  p  . 

Is  to  -,  that  is,  as  -  is  to  i,  that  is,  as  j&  is  to  q» 

pr  +  Qr  fr-\-qr 

adly,  The  greater  number **  and  the  lefs  — — 

J '  °  qs  ps 

,,    ,            ,             .      pt>rs  +  pqrs+pqrs+qqrs 
being  added  together  make  -  - tt-^ ~~ 

*/)rj4-2*«5m4-<7<7rj'     ,  ,  ,  - — * 

*=-"'  p— ?  but   pp  +  ipq  +  qq  5?JH-j|  i 

therefore   the  fum   of  the   two   numbers  fought  is, 
rj  x  />-{-^ 

3'd-ly,  The  greater  number  — - —  multiplied,  fojp 

— — — £ 

the  lefs produces  — — 

ps       *  pqss      « 

4thly,  Therefore  the  product  of  the  two  numbers" 

■  ;..:   ,.,..  .  ,    .      r  rrxp  +  q  .        rsxp  +  q 

fon put  is  to  their   fum  as   — — Ms  to- — -, 

°  pqss  pqss 

that  is,  ar  rr  is  to  rs,  or  as  r  toj.     J^,  £.  D* 

Problem     17. 

151.  What  tzvo  numbers  are  thofe,  the  produd,  of  who  ft- 
midtiplication  is  p,  and  the  quotient  of  the  greater 
divided  by  the  lefs  is  9  ? 

Solution. 
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Solution. 

Put  x  for  the  greater  number,  and  confequently 

P 

—  for  the  lefsj  then  will  the  quotient  of  the  grca :er 

divided  by  the  lefs  be  — -;  but,  according  to  the  pro 

xx 
blem,  this  quotient  ought   to  be  q;   therefore   — - 

P 
~q  ;  and  xx—pq,  and  x  (the  greater  number  fought) 

PP    PP     P 
zzs/pq:  again,  fince  xx~pq.  we  have  —  —  —  = — - 
*n       o      >  ri>  xx     pq      q  * 

P  V 

and  —  (or  the  lefs  number  fought)  —  \f — ;   fo  that 

X  H 

the  greater  of  the  two  numbers  fought  is  *Jpqs  and 
the  lefs  a/—. 

Example. 

Let  the  product  of  the  two  numbers  fought  be 
144,  and  the  quotient  of  the  greater  divided  by  the 
lefs  16  ;  then  we  fhall  have/>  =  144,  q—i6,pq  —  144 

P     *44      ,P      12 
xi6,  ^=12x4  =  48;  -=7g  ,  <•-  =  —  =  31 

therefore  the  numbers  are  48  and  3. 

Demonstration, 

P  PP? 

ift,  pq  multiplied  mto  ~  gives  —  a= ■■  pp ;   there- 

P 

fore  slpq  multiplied  into  sl~  gives  p. 

P  PQCf 

2dly,  pq  being  divided  by  —-  gives  71  =qq\  there^ 

P 
fore  *Jpq  being  divided  by  V7  gives  q.    ^  E.  D. 

Prqblim 
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Problem     21.     (See  art.  130.) 

155.  What  two  numbers  are  thofe,  whofe  difference 
being  multiplied  into  the  difference  of  their  fquares 
will  make  a,  and  whofe  fum  being  multiplied  into  the 
fum  of  their  fquares  will  make  b  ? 

Solution. 

For  the  two  numbers  fought  put  x  and  y ;  then 
according  to  the  firfl  fuppofition,  x  —y  x  xz  —y7-,  or 
x— y  x  x—  y  x  x-\~y,  or  xx  —  zxy-\-yz  x  x-\-yzza; 
therefore 


Equ.   ift,  **-2Ky-ff  r=— ry 

Again,     according     to     the     fecond     fuppofition, 
x-{-y  x  xz-\-yz  zz  b ;  therefore 

Equ.  2d,  *+f;=Jjpy 

From  twice  the  fecond  equation  fubtraft  the  firll^ 

lb 
that  is,  from  2.x2  f  -j-2/1  =      ■ 


<2 


fubtracl  x"-  —  ix^A-f~ — i — 

•'■•■-<      #  -J-j> 

j  t  .11  lb  — a 

and  there  will  remain  #2  +  2*y  +  ya  =  — : — *, 

J    J      x -\- y 

2    ib  ■—  d  ' 3 

that  is,  x+y  —  — r— ;  therefore  x-\-yzzib- a;  make 

ib-a  —  r\  that  is,  put  r  for  the  cube  root  of  %b  —  a9 
and  you  will  have 

Equ.  3d,  x-}-y~r. 

Again,  in  the  firfl:  equation  we  had  x1  —  zxy-\-y2  zz 

a         a  .     2      a  a 

^■  =  ~,  that  is,  x~y  =-;  makcy=«,    that 

is. 
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a 
is,  put  s  for  the  fquare  root  of  -—,  and  you  will 

have 

Equ.  4th,  x-y  —  s. 
Add  the  third  and  fourth  equations  together,  and 

r-\-s 
you  will  have  2X  =  r-\-s,  and  x——~-  ;  fubtract  the 

fourth  equation  from  the  third,  and  you  will  have 

r  —  s 
2y  =  r-s}  and  y  ■= j  whence  we  have  the  fol- 
lowing canon  : 

a 
Make  2b  —  arrr3,  and  —  =  s%    and  the  numbers 

r  +  s           r  —  s 
/ought  will  be  ,  and . 


Demonstration. 


r~\-s         r  —  s 

The  difference  of  the  numbers  — —  and  is  s. 

2  2  * 

and  the  difference  of  their  fquares  is  rs,  as  is  eafily 
tried ;  therefore  the  difference  of  the  numbers  mul- 
tiplied  into  the  difference  of  their  fquares   is  rss~ 

ra  u     r         c    1  *  r  "^~S        j 

—  ~ai  again,  the  lum  or  me  numDers  and 

r  &     9  2 

r  —  s                                             .                       rz  -j-  sz 
is  r,  and  the  fum  of  their    fquares  is  ; 

therefore  the  fum  of  the  numbers  multiplied  into 

r3  +  rss 
the  fum  of  their  fquares  is ;  but  r^  —  ib  —  a 

by  the  canon,  and  rss  — a  by  the  fame;  therefore  the 
fum  of  the  numbers  multiplied  into  the  fum  of  their 

2<£  —  a-\-a 
iijuares  is ! —  —b.     Q  E.  D. 


Problem 
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Problem     22* 

156.  Out  of  a  common  pack  of  fifty -two  cards ,  let  part 
be  dijtributed  into  fever al  dijlinel  parcels  or  heaps  in 
the  manner  following  :  upon  the  lowejl  card  of  every 
heap  let  as  many  others  be  laid  as  are  fufficient  to  ?nake 
up  its  number  twelve  %  as,  if  four  be  the  number  of 
the  lowejl  card,  let  eight  others  be  laid  upon  it ;  if 
five,  let  feven  ;  ;/  a,  let  twelve  —  a,  &c. :  //  is  re- 
quired,  having  given  the  number  of  heaps,  which  we 
jhall  call  n,  as  alfo  the  number  of  cards  fill  remain- 
ing in  the  dealers  hand,  which  we  jliall  call  r,  to  find 
the  jum  of  the  numbers  of  all  the  bottom  cards  put 
together* 

Solution. 

Let  a,  b)  c,  &c.  exprefs  the  number  of  the  bottom 
card  in  the  feveral  heaps:  then  will  12  — a  exprefs 
the  number  of  all  the  cards  lying  upon  the  bottom 
card  of  the  firlt  heap,  that  is,  the  number  of  all  the 
cards  of  the  firfr.  heap  except  the  loweft,  will  be  12-^5 
therefore  13— tf  will  be  the  number  of  all  the  cards 
in  the  firft  heap ;  for  the  fame  reafon,  13  —  b  will  be 
the  number  of  all  the  cards  in  the  fecond  heap  ;  and 
13  —  c  the  number  of  all  thofe  in  the  third,  and  fo  on; 
therefore  the  number  of  all  the  cards  in  all  the  heaps 
will  bei$xn  —  a  —  b—c,  &c. :  make  a-\-b-\-c,  &c.  (or 
the  fum  of  the  number  of  all  the  bottom  cards)  =%> 
and  then  we  (hall  have  the  numbers  of  all  the  cards 
drawn  out  into  heaps  —i%n—X',  but  thefe,  together 
with  r,  the  number  of  cards  undrawn  out,  make  up 
the  whole  pack  52  ;  therefore  we  have  this  equation, 
i$n  —  x-}-r  —  $2\  therefore  .Y-j-52  —  i%n-\-r  ;  there- 
fore #r:  13/2-52-f-f  ;  but  52  =  13x4;  therefore 
138  —  52=  13  x  n  —  4;  therefore  x Us.  13  x  n  —  ^-^-r;  in 
words  thus :  From  the  number  of  heaps  fubtracl  four  ; 
multiply  the  rejl  by  thirteen  ;  and  this  froduff,  added  to 
the  number  of  cards  fill  remaining  in  the  dealer's  hand,, 

will 
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will  give  thefum  of  the  numbers  of  all  the  bottom  cards 
put  together:  as  for  example,  let  there  be  three  heaps, 
and  thirty  cards  remaining ;  now  4  fubtra&ed  from  3 
leaves  —  1 ;  this  multiplied  by  13  gives  -  13,  and 
this  product  added  to  30,  the  number  of  cards  re- 
maining, gives  1 7  for  the  fum  of  the  numbers  of  all 
the  bottom  cards. 

A  more  univerfal  theorem  is  as  follows : 
Let  n  be  the  number  of  heaps  as  before,  p  the  number  of 
cards  in  a  pack ;  let  as  many  cards  be  laid  upon  the  low  eft 
of  every  heap  as  are  fufficient  to  make  up  its  number  q  ; 
andlafily,  let  r  be  the  number  of  remaining  cards  as  be- 
fore ;  and  the  fum  of  the  numbers  of  all  the  bottom  cards 
will  be  found  /j^q+ixn  +  r-p, 

Problem     24.     (See  art.  1 1  r.) 

158.  What  two  numbers  are  thofe,  whofe  fum  is  a,  and 
the  producl  of  whofe  multiplication  is  b  ? 

Solution. 

The  two  numbers  fought,  x  and  a  —  x. 
The  producl:  of  their  multiplication,  ax-—xx  —  b% 
whence,  changing  the  figns,  xx  —  ax  —  —b>  and  com- 

'     .        .       _  aa       aa  aa  —  A.b 

pletin?  the  Iquare,  xx  —  ax-\ —  — —  bzz — 

*        6  4  4         4  4 

s  s 
=— ;  extract  the  fquare  root  of  both  fides,  that  is, 
4 

aa  s  s 

of  xz  —  ax  -f  —  on  one  fide,  and  of  —  on  the  other, 
4  4 

and  you  will  have  x  -  —  —  ±  — ,  and  x  —     ~~~   : 
.  2  2  2 

whence  the  following  canon  : 

Make  aa  —  4b  =  ss,  and  the  greater  number  will  be 

,  and  the  lefs  number  -. 


K  Th< 
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The  Synthetical  Demonstration. 

«    ®  +  s    , ,   ,        a-s    .       2a 
ift,  added  to gives  -—  or  a, 

a  +  s       ,  .  ,.   ,  .         a-s      .        aa-ss 

adly,  —  multiplied  into  ■ gives  — — -=: 

aa  —  aa-^r^h 
(by  fubitituting  -aa  +  qb  inftead  of  -  ss) 

4 

4  - 

An  Example  to  the  foregoing  Canon, 

What  two  numbers  are  thofe,  whofe  fum  is  twenty- 
five,  and  the  product  of  whole  multiplication  is  144? 

a+s 
Here  0  =  25,  b—i^,  aa-\b  or  ss  —  ^,  s=7,  —■ ■ 

—  16,  — -  =  9  ;  fo  the  numbers  are  9  and  16. 

Problem     25.     (See  art.  1 13.) 

$59.  What  two  numbers  are  thofe,  whofe  fum  is  a,  and 
the  fum  of  their  fquares  b  ? 

Solution. 

The  two  numbers  fought,  x  and  a-x\ 
The  fquare  of  the  former,  xx. 
The  fquare  of  the  latter,  aa  -  2ax  +  xx. 
The  fum  of  their  fquares  aa  -  lax  +  2xx  =  b ;  there- 

b  —  aa 
fore  zxx  —  iax  —  b-aa,  and  xx—ax— — - — ,    and 

2d 

aa       aa      b-^-aa     2b -aa      ss 

xtf  —  ax-\ = — ■  + — ~ — =- — ■ "=T~j  extract 

442  44 

ad 

the  fquare  roots,  that  is,  the  root  of  xx-ax-\-— 

c  on 
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s  s 
on  one  fide,  and  of  —  on  the  other,  and  you  will 

4 

have  a mfc—,  and#x  = — -;   whence  the  fol- 

2  2  2 

lowing  canon  1 

Make  2b  -  aa  ~ss,  and  you  will  have  for  tbt 

2  — —  9 

greater  number,  and for  the  lefs. 

Demonstration 

lit,  — —  added  to — -  gives  a. 
2  2      & 

2dly,  The  iquare  or  —  is  — -— —  ;  the 

2  4 

*.-J.    <M  — 2*J+JJ 

fquare  or  — ~  is- ;  and  therefore  the  fum 

1  2  4 

.    2aa-\-iss     aa  +  ss 

of  their  fquares  is    = — —~  (by  the  ca- 

4 
aa+2b-aa 

non)— —=b.    sj.  E.  D 

2 

^«  Example  to  the  foregoing  Canon. 

What  two  numbers  are  thofe,  whofe  fum  is  28, 
and  the  fum  of  their  fquares  400?      Here  a  —  2$, 

#r=4QQ,   20  —  aa  or  xj=id,  s~ 4.     =r  1  p> 

r±i2;  therefore  the  numbers  are  12  and  16. 

P  r  o  e  l  e  m     26.     (See  art.  114.) 

160,  What  two  numbers  are  thofe,  whofe  fum  is  a5  and 

the  fum  of  their  cubes  b  ? 

Solution. 

The  two  numbers  fought,  x  and  a  —  x. 
The  cube  of  the  former,  x\ 

R  2  The 
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The  cube  of  the  latter,  tf  -*$a7-x-\-T>ax'1  —  x3. 
The  fum  of  their  cubes,  a3  -  %alx-\-iax'l  —  bi  there- 
fore %axz-~3alx  =  b—a3;  divide  by  3*7,  and  you  will 

b— a1                              aa          aa 
have  xx  —  ax~ ,  and  xx  —  dxA r: 4- 

,3*  4  4 

b  —  a3       Ah—a?        1        4b— as      ss 
. ~- — — x — — j    extract   the 

30  l2a  4  3a  4 

fquare  root  of  both  fides,  that   is,  of  tf#  —  tf#  +  — 

4 

on  one  fide,  and  of  —  on  the  other,  and  you  will 
4 

a           s                 a  —  s 
have  x =z±  —  and  x  — *,  whence  the  fol- 

22  2 

lowing  canon  : 

Make =  ss.  and  you  will  have  for  the 

3a  2    J 

a  —  s 

greater  number,  and for  the  lefs. 


Demonstration. 

a    a  +  s    jj  j       a~s     • 
lit,  added  to—  gives  a, 

3     2  2     & 

ji      t.         ,       ca+s.  ^3  +  3^4-3^2+i3        , 
2dly,  The  cube  of  is — ~ ,  and 

the  cube  or  —  is ~ ;    therefore, 

2  8  i 

r    ,   •        ,       .      2«3  +  6^j2       a* -\-%ass 

the  fum  or   their  cubes  is  — - — ■= =: — - 

8  4 

:= — —  by  the  canon,  —  b.     £KE.D. 

An  Example  to  the  foregoing  Canon* 

What  two  numbers  are  thofe,  whofe  fum  is  7,  and 
the  fum  of  their  cubes  1^  ?     Here  azzy,  b—i^ 

4b  -a* 
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Ab-cfi  a-\-s  a-s 

2 or*  =  9,  J  =  3>  T~"  =  5>   IT^2'  fo  the 

numbers  are  5  and  2. 

Problem     27. 

161.  It  is  required  to  find  two  numbers  whofe  difference 
is  d,  and  which,  dividing  a  given  number  as  a,  will 
have  two  quantities  whofe  difference  is  b. 

Solution. 

The  two  numbers  fought,  x  and  x+d. 

a  a 

The  two  quotients  —  and     ,    ,, 

x         X'\  a 

_  #        <s  ad 

Their  difference,  —  -  —r~i  —  — T~7~  =  «  >  there- 
a?      #-{-#      xx-\-ax 

fore  bxx-\-bdx  —  ad,  and  ##+<&= -7-;  therefore  m? 


JJ       <zi       <^<i       1       4«d  w 

+<?*+— =  -r+T  =  4x~*~+T;ex" 

tract  the  fquare  root  of  xx-\-dx-\ on  one  fide, 

4  d 

and  of  —  on  the  other,  and  you  will  have  xA —  zs 
4  J  2 

j       ,                j~ d      ~s  —  d ■    r      - .     . 
d=-,  whence  #== or ;  fet  afide  the  nega- 

2  22  ° 

tive  root,  and  you  will  have  x  (the  lefs  divifor)  == 
s-—  d  '  s  —  d      d      s-\-d 

—  9  and.v  +  d(the  greater)  ="~J"+7"  =  "T~* 

and  we  (hall  have  the  following  canon  : 

M?^  — j- — J-  d  d  =r  s  s,   and  you  will  have  - — 

s—d 
for  the  greater  divifor,  and for  the  lefs. 


N.B. 
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N»  B*    That  — —   is  an  affirmative  quantity,    is 

evident  from  hence,  that  ss~ -j~-{-dd;  therefore  ss 

is  greater  than  dd,  and  s  greater  than  d  5  therefore 

s  —  d 

= — -  is  affirmative. 


The  Demonftrafion  of  the  Canon,, 

s  —  d 

1%  If  the  lefs  divifor  ■ be  fubtracted  from  the 

2 

s-\-d 
greater  — — ,  the  remainder  will  be  d\  therefore  the 

difference  of  the  divifors  is  d. 

2,dly,  If  the  dividend  a  be  feverally  divided  by  the 

s  ~  d  s  A-  d 

two  divifors and  —,  the  two  quotients  will  be 

■  '■_  y  and  — 7-7  refpe&ively,  whereof  the  former  will 

l>e  the  greater,  as  having  a  lefs  denominator  ;  there* 

rr  •  ia         ia 

fore  the  difference  of  the  quotients  is  — -7--- r~l 

^  j  —  a     s-\-4 

2as  +  zad  —  zas -\- iad      4ad       4a  d 

=  — — ^ — _- — . —  _- _  =  — -  by  the  canon. 

s$  —  dd  ss  —  dd     ^aa    J  * 

T 

Am  Example  to  the  foregoing  Canon* 

Let  it  be  required  to  find  two  divifors  whofe 
difference  is  1,  and  which,  dividing  a  given  number 
as  144.3  will  have  two  quotients  whofe  difference  is  jl. 

Here  ^^=144,  $=.$,  fci,  —j — -\- dd  or  j.s  =  289, 

s  =  17, 
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s-\-d          s—d 
^17, =  9,  =  8;    therefore  the  divifors 

are  8  and  9,  and  the  quotients  18  and  16. 

Scholium. 

If  in  this  laft  problem  we  had  put  x  for  the  greater 
quantity,  and  x  —  d  for  the  lefs,  the  equation  would 

have  been  - — 3- —  =  b.   or  ~r~b3  which  is 

x  —  d     x  xx  — dx 

different  from  the  former ;    and  therefore  it  could 

not  be  expe&ed  that,  in  that  equation,  the  two  roots 

fhould  be  the  numbers  fought,  but  rather  the  two 

different  values  of  x,  the  letter  of  them. 

Problem     28.     (See  art.  118.) 

562.  What  number  is  that,  which,  being  added  to  its 
Jquare  root,  will  make  a  ? 

Solution, 

Put  xx  for  the  number  fought,  and  you  will  have 
this   equation,    xx+ix~a  ;    therefore  xx  -f-  ix  -f~ 
i  1      4^+1      ss        .       .  ,i  s 

-~a  A-  —  =:  ■ — —  =  — ;    therefore  xA =  ±-^; 

4*444  l    2  2 

therefore  x= or :  If  #  be  made  =  — =— . 

22  2 

ss  —  is  4- 1 
you  will  have  xx=— —  $  if  x  be  made  equal  to 

—  S  —  l  JJ+2J+I  . 

* ,  you  will  have  xx  —  — ■ —  5  whence  the 

2  4 

following  canon  : 

Make  4a  + 1  —  ss,  and  the  number  fought  •will  he 

SS  —  2S-J-I  SS-J-2S-J-I 

« or :  according  to  the  fquare  root 

to  be  added  is  taken  affirmatively  or  negatively, 

R  4  Demon- 
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Demonstration. 

SS  —  2S  4"  I 

Cafe  \fly  If  to  the  number be  added  its 

$ —  I  2S  —  2 

affirmative  fquare  root  ,  or  »  the  fum  will 

^  2.-4 

jj  —  1 

be —  a*  by  the  canon. 

4 

J  J  -f-  2  x  4- 1 

Gz/fc  26?,  If  to  the  number be  added  its 

4 

j  __  i  _  ox  —  2 

negative  fquare  root ,  or  ,  the  fum 

Jj  —   I 

will  again  be =za9  as  before,     j^  £.  D. 

Problem     31. 

165.  What  two  numbers  are  thcfe,  who fe  fum  added  to 
the  fum  of  their  fquares  is  a,  and  whofe  difference 
added  to  the  difference  of  their  fquares  is  b  ? 

Solution. 

Put  *  and  y  for  the  two  numbers  fought,  and  the 
fundamental  equations  will  be  lit,  x  4-  y  +  xz  +yz  =  a ; 
2dly,  x—y--\-xz—  yz  =  b  ;  which  equations  when  re- 
duced to  order  will  ftand  thus  ; 

Equ.   id,     xx  +  x-\-yy-\-y  =  a, 

Equ.  2d,     xx-\-x—yy~y  —  b, 
Add    thefe   two    laft    equations    together,    and    you 
will  have  2xx  -f-  zx  =r  a  -\-  b  -,  whence   *#■+  i*  = 
a-\-b  1        a  +  b        1       *ia-\-ib-\-i 

,  and  XX+1X  +  -—  zz 4- — ~ : — 

2  .   4  2^4  4 

rr  r."-.-  .  1 

_  —  .    extract  the  root  of  x  x  4-  1 x  4-  —  on  one 

4  4 
rr 

fide,  and  of  on  the  other,  and  you  will  have 

1  r  r  ','■  1 

x  4-  — = —  and  x=z  — - :    again,    fubtract    the 

2  2  2  ° 

fecond 
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fecond  equation  from  the  firfl,  and  you  will  have 

a  —  b 
zy*-\-2y  —  a-h ;    and  y%-\-y  = >  and  y-  -j-  \y  -f- 

1        2a-ib+i       SS  15, 

—  =  —  ;  whence  y-\ =  —,  and  y 


4  4 

s-  1 


;  whence  the  following  canon. 
2 

Make  2a  +  2b-)- 1  =  rr,   tftfi  2a  -  2b  +  1  =  ss,  d»i 

r  —  1 
you  zvill  have  the  greater  number  equal  to ,  and  the 

left  number  s- 


2 


Demonstration. 

r  —  1  J  —  1  r+j  —  2 

The  fum  of   and is  ,    or 

222 

2r  +  2s~  4. 

4 

The  iquare  of is « 

^24 

I  he  iquare  or is  ■ — . 

2  4 

ya  _i_  j*2  —  2  ?* 2  j  1  2 

therefore  the  fum  of  their  fquare  is ; 

4 

add  to  this  the  fum  of  the  numbers  above  found,  to 

wt,    ,  and  you  will  have  the  fum  of  the 

4. 

numbers  added  to  the  fum  of  their  iquares  equal   to 

r2-\-ss  —  2 

;  but  r2+j2  =  4*3:+2  by  the  canon  ;  there* 

4 

ra-4-jz  —  2 

fore  rr-\-ss  —  2  =  /Lai  and ,  or  the  fum  of 

4 
the   numbers   added   to  the   fum  of  their  fquares, 

r—\         s~ 1 
equals  a :  again,  the  difference  or  and  — -  is 

r- 
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— —    or  — —  ;  and  the  difference  of  their  fquares 
2  4 

y1  —  S1,rt—2.S T 

Is  ■ — — ;  therefore  the  difference  of  the  nura- 

4 
bers   added   to    the  difference  of    their    fquares,   is 

- ~ —  by  the  canon,   ~b,     £K  E.  D, 


4n  Example  to  the  foregoing  Canon. 

Let  the  fum  of  the  numbers  added  to  the  fum  of 
their  fquares  be  26,  and  their  difference  added  to  the 
difference  of  their  fquares  14;  and  we  fhall  have 
a  —  26,  b  =  14,  za  -{•  zb  -\-  1  or  rr  =  81,  r  =  9, 

• =4,  2a -lb  -t- 1  or  sszz  25,  s  —  5, —  25  and 

fo  the  numbers  fought  will  be  4  and  2. 

Problem     32. 

166.  JF&tff  lioo  numbers  are  thofe,  the  fum  of  whofe 
fquares  is  a,  and  the  produU  of  their  multiplication  b  ? 

Solution. 

For  the  two  numbers  fought  put  x  and  — ,   and  the 

fum  of  their  fquares  will  be  #24  71  —  ^  J  therefore  a4 

4-  £2  ~  fj#s ;  therefore  ,v4  —  tf#2  =  —  bbt  and  a;4  —  axx 4- 

<iM       #<2                  <2tf  —  a££         w  _     .      .  . 

—  _ —  bb=z —  — ;  extract  the  fquare 

4        4  4  4 

root  of  xA  —  ax%Jr —  on  one  fide,  and  of  —  on  the 

4  4 

1  as 

other,  and  you  will  have  xz zz± — ,    and   xz  sz 

ar±zs 

;    and  fince   this  equation    will  be   the   fame, 

which- 
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whichfoever  of  the  unknown  quantities  x  is  made  to 
ft  and  for,  you  will  have  the  following  canon  : 

Make  aa  — 4bb  =  ss,  and  you  will  have  the  fquare  of 

a-j-s 

the  greater  number  equal  to—1 — ,  and  the  fquare  of  the 

a  — s 
lefs  equal  to -. 

Demonstration. 
If   the  fquare  of  the  greater  number,,    which  is 

• ,  be  added  to  the  fquare   of  the  lefs  number, 

2 

a  -\~  s  2a 

which  is—,  the  fum  of  their  fquares  will  be  — 

1  2 

or  a :  again,  if  the  fquare  of  the  greater  number, 

a  -\~  s 

'which  is  ,  be  multiplied  into  the  fauare  of  the 

2 

a  —  s 
lefs  number,  which  is  — — ,  the  producl  of  thefe  two 

jare: 
\bb 


aa  —  ss     aa  —  aa-\-  qbb 

fquares  will  be  ~ by  the  canon 

4  4 


•—bb\  but  if  the   fquare  of  the  greater  num- 
4  .''.'.. '  '■ 
ber  multiplied  into  the  fquare  of  the   lefs   gives  bb, 

then  the  greater  number  multiplied' into  the  lefs  will 
give  b,     Q  E.  D, 

An  Example  to  the  foregoing  Canon, 

Let  the  fum  of  the  fquares  of  the  two  numbers 
fought  be  400,  and  the  product  of  their  multiplication 
192  j  then  you  will  have  £  =  400,  £1=192,  az  —  Jib1- 

'       \  a~)rS  1        r  c      < 

or  s~  =  12544,  J  —  1 12,  — — ■    or    the   iquare   or    tno 

greater  number  =256,  — —  or  the  fquare  of  the  lefs 

number  =144;  therefore  the  greater  number  is  16, 
gnd  the  lefs  12. 

THE 
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BOOK        V. 


In  what  Cafes  a  Problem  may  admit  of  many  Anfwers* 

Art.  168.  TT  has  already  been  obferved,  that  if  in 
jL  any  problem  the  number  of  independent 
conditions  be  equal  to  the  number  of  unknown  quan- 
tities, fuch  a  problem  will  admit  but  of  one  folution; 
or  if  it  admits  of  more,  they  will  however  be  fo  de- 
termined as  to  leave  no  room  for  arbitrary  por- 
tions :  but  if  the  conditions  be  fewer  in  number  than 
are  the  unknown  quantities,  thofe  that  are  wanting 
may  then  be  fupplied  by  the  Analyft  himfelf  at  plea- 
fure ;  and  as  there  is  infinite  choice,  it  is  no  wonder 
if  in  fuch  a  cafe  a  problem  admits  of  an  infinite  num- 
ber of  anfwers,  especially  where  fractions  are  taken 
into  that  number  ;  but  if  the  problem  relates  to  whole 
numbers  only,  then  the  number  of  anfwers  will  forne- 
times  be  finite  and  fometimes  infinite,  as  the  nature  of 
the  problem  will  bear.  This  will  be  fufficientiy  il- 
luftrated  by  the  two  following  examples : 

Ex- 
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Example     i.    ■ 

Let  it  be  required  to  find  two  numbers,  whofe  fum  is 
equal  to  ten  times  their  difference. 

Here  putting  x  andjy  for  the  two  numbers  fought, 
it  is  plain  that  in  this  cafe  we  have  but  one  condi- 
tion, and  confequently  but  one  equation,  to  wit, 
x  +  y  =  iox  —  10  y9    which  equation   being  reduced, 

1 1  y 

gives  x= — -;  and  this  is  all  the  problem  requires. 

Here  then  it  is  plain  that  the  Analyfl:  is  entirely  at 

liberty  to  fubftitute  whatever  whole  number,  mixt 

number,  or  proper  fraftion,  he  pleafes  for  y9  provided 

1 1  y 
h&  does  but  make  x=— — ;  and  the  two  quantities 

9 
x  and  y  will  folve  the  problem.     As  for  inftance,  let 

1  1  jy      1 1 

—  be  put  for  y :  then  will  x  or  —  be  -77,    and  thofe 

2  r  J  9         18 

two  fractions  ^\  and  §  or  T|-  w^  folve  the  problem ; 
for  their  difference  is  4.,  and  their  fum  y.  But  if  it 
be  intended  that  x  and  y  (hall  both  be  whole  numbers, 
then  fuch  a  whole  number  muft  be  fubftituted  for  y 
as  will  admit  of  9  for  a  divifor  without  a  remainder  : 
but  of  fuch  whole  numbers  there  is  infinite  choice,  as 
9,  18,  27,  36,  &c. ;  therefore  this  queftion  is  capa- 
ble of  an  infinite  number  of  anfwers,  both  in  whole 
numbers  and  fractions. 

Example     2. 

Let  it  now  be  required  to  find  two  numbers  x  and  y,  the 
producl  of  whofe  multiplication  is  equal  to  ten  times 
their  difference. 

Here  the  equation  will  beyxzziQx  —  ioj,  which 

icy 

being;  reduced,    gives   x~ .    Here  it  is  plain 

t>  >    &  10— jy  r 

that  y  muft  be  lefs  than  10 ;  for  ifj  was  equal  to  10, 

1      ,  the 
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loy 

the  fraction  "—  would  be  infinite,  as  will  be  fhewa 

1  o  —  y 

in  another  place  $  and  if  y  be  greater  than  10,  then 

10—  y,  and  confequently  - — ■ —  will  be  a  negative 

quantity,  whereas  the  problem  may  be  fuppofed  to 
relate  to  affirmative  quantities  only :  however,  as 
there*  is  infinite  choice  of  fractions  between  o  and  10, 
and  as  any  of  thefe  may  be  fubftituted  for  jp,  the  pro- 
blem will  ftill  be  capable  of  an  infinite  number  of  fo- 
lutions,  if  fractions  may  be  admitted  ;  but  if  it  be  re- 
quired that  x  and  y  be  both  whole  numbers,  then 
there  cannot  be  above  nine  fuch  numbers  that  can  be 
put  for  y  j  nor  perhaps  all  thefe  neither,,  as  remains 
in  the  next  place  to  be  fhewn.  Now  to  find  what 
whole  number  being  put  forjy  will  bring  out  x  a  whole 

icy 
number  alio,  I  reduce  the  quantity  — to  a  more 

lo~y 

fimple  one,  by  dividing  lojy  by  10  —y9  or  rather  by 
— y-r  10,  beginning  with  —  y  thus  :  loy  divided  by 
—y  quotes  —  iq,  which  I  put  down  in  the  quotient ; 

then  multiplying  the  divifor  —y-\-io  by  —  10,  the 

quotient,  I  find  the  product  to  be  "\-ioy  —  I00;>  which. 

being  fubtra&ed  from  loy  the  dividend,  leaves  100 

for  a  remainder ;  but  not  intending  to  carry  on  the 

divifion  any  farther,  I  reprefent  the  reft  of  the  quo- 

100  100 

tient  by  the  fraction ;  fo   #=    — —  —  10; 

3  10— y  10—  y 

therefore,  that  x  may  be  a  whole  number,  it  is  ne- 

ceiTary  that •  be  a  whole  number  ;  but  this  will 

1  10  —  y 

be  inipoffible,  unlefs  10  —y  be  fome  one  of  the  divF- 
fors  of  100,  I  mean,  fuch  a  number  as  will  divide  ioj 
without  remainder:  I  enquire  therefore  in  the  next 
place,  how  many  fuch  divifors  100  will  admit  of  that 
are  under  jo;  for  ib  long  as  y  is  any  thing,  10  —  y 
mn It   be  lefs  than  ic  %  and  I  find  four  fuch  divifors, 
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to  wit,  1,  2,  4,  and  5  ;  therefore  if  10—^  be  put 

100 
equal  to  any  of  thefe,  x  or  — -10   mud  come 

out  a  whole  number  ;  and  it  mufl  alfo  come  out  affir- 
mative; for  fo  long  as  10  —y  is  greater  than  nothing 

100 

and  lefs  than  10, will  always  be  greater  than 

10  —  y 

,  that  is,  than  10,  and  coniequently  -10 

10  10—  y 

or  x  will  be  affirmative.     Let  us  then  fuppofe  -firft-, 

10/ 
so—  y~i9  and  we  fhall   have  y  =  g,   and  — --—  or 

.#  =  90.  2dly,  if  10—  y=29  we  fhall  have  y=S9 
and  a  =  40.  3dly,  if  10— 7  =  4,  we  fhall  have y  =  6t 
and  x  =  'i$.  Laftly,  if  10  — y  — 5,  we  fhall  have 
j  =  5,  andff=io:  therefore -this -queflion  admits  of 
4  folutions  in  whole  numbers,  to  wit,  90  and  9, 
40  and  8,  15  and  6,  and  10  and  5-,  all  which  equally 
anfwer  the  condition  qf  the  problem,  as  will  appear 
upon  trial. 


T  H  E 


[    *72    3 


THE 

ELEMENTS    of    ALGEBRA. 

-i.      ■    ..I       ■  -    i ■  ■ .  i      . .        ...         ■      •  ti 

BOOK      VII. 
OF     PROPORTION. 


Of  the  necejfity  of  refuming  the  Doclrine  of  Proportion, 
and  removing  fame  Difficulties  which  feem  to  attend 
it,  as  delivered  in  the  Elements. 

Art,  261.  TTN  the  15th  and  16th  articles  of  this  trea- 
J^  tife  I  have  laid  down  as  clearly,  and  yet 
as  fuccinclly,  as  I  was  able,  the  doctrine  of  proportion  (o 
far  as  it  relates  to  numbers  and  commenfurable  quanti- 
ties, whereof  any  one  may  be  coniidered  as  fome  multi- 
ple, part,  or  parts,  of  another  of  the  fame  kind  ;  and 
it  ferved  well  enough  all  the  purpofesit  was  defigned 
for.  But  being  in  the  next  book  to  apply  Algebra 
to  Geometry,  and  (o  to  coniider  proportion  as  it  re- 
lates to  magnitudes  in  general,  whether  commenfurable 
or  incommenfurable,  I  ihould  come  fhort  of  the 
dxpiZsia  geomeirica,  was  I  not  to  refume  this  fub- 
iecf,  and  to  confider  it  now  in  its  full  extent  as  it  is 
laid  down  in  the  fifth  book  of  the  Elements  of  Geo- 
metry. 
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rnetry.  I  might  indeed  have  excufed  myfelf  from 
"this  part  of  my  talk,  and  fhould  have  been  very  glad 
to  have  done  it,  by  referring  the  reader  at  once  to  the 
elements  themfelves  without  any  further  affiftance ; 
but  I  could  not  withftand  fome  r'eafons  drawn  from 
experience,  which  to  me  feemed  to  plead  very  pow- 
erfully to  the  contrary. 

I  frequently  obferve,  that  moft  of  thofe  who  fet 
themfelves  to  read  Euclid,  when  they  come  at  the 
fifth  book,  which  treats  of  proportion,  either  entirely 
pafs  it  by  as  containing  fomething  too  fubtil  to  be 
comprehended  by  young  beginners,  or  elfe  touch  fo 
very  flightly  upon  it  as  to  be  little  the  better  for  it ; 
and  thus  the  doctrine  of  proportion  (which  is  certainly 
the  moft  extenfive,  and  confequently  the  moft  ufeful, 
part  of  the  Mathematics)  is  either  taken  for  granted, 
or  at  bed:  but  partially  underftood  by  them.  The 
fchemes  there  made  ufe  of  are  fcarce  bold  enough,  I 
had  almoft  faid,  fcarce  complicated  enough,  to  affect 
the  imagination  fo  ftrongly  as  is  neceffary  to  fix  the 
attention. 

The  firft,  fecond,  third,  fifth,  and  fixth,  propofitions 
are  felf-evident,  as  well  as  fome  others,  and  upon 
that  very  account  create  an  impatient  reader  much 
greater  uneafinefs  than  if  they  were  farther  removed 
from  common  fenfe;  becaufe  the  truths  from  whence 
thefe  propofitions  are  deduced  are  not  fo  diftinct  from 
the  propofitions  themfelves  as  in  many  other  cafes. 
But  it  ought  to  be  confidered,  that  the  perfection  of 
all  arts  and  fciences  in  general,  and  of  Geometry  in 
particular,  is,  to  fubfift  upon  as  few  firft  principles  or 
axioms  as  is  poffible ;  and  therefore,  whenever  a  pro- 
portion, how  evident  foever  it  may  appear  in  itfeif, 
can  be  deduced  from  any  that  is  gone  before,  it 
ought  by  all  means  to  be  fo  deduced,  and  not  to  be 
made  a  firft  principle,  and  fo  unnecelfarily  to  increafe 
their  number. 

The  defign  of  a  geometrical  demonftration  is  not 
fo  much  to  illuftrate  the  proportion   to  which  it  is 

S  annexed. 
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annexed,  or  to  render  it  more  evident  than  it  would 
have  been  without  it  (though  this  ought  certainly  to 
be  done  wherever  the  nature  of  things  will  permit), 
as  it  is  to  Ihew  the  neeeffary  connection  the  propoli- 
tion  to  be  demonftrated.  has  with  fome  previous  truth 
already  admitted  or  proved,  fo  as  to  ftand  and  fall  to* 
gether,  whether  fuch  previous  truths- be  more  or  lefs 
evident  than  the  proportion  to  be  demonftrated  :  I  fay 
more  or  lefs  evident ;  for  it  is  not  uncommon  in  the 
cotirfe  of  Euclid's  geometry  to  meet  with  proportions 
demonftrated  from  others  that  are  lefs  evident  than 
themfelves.  For  an  inftance  of  this  we  need  go  no 
farther  than  the  twentieth  proportion  of  the  firft  book, 
where  it  is  demonftrated  that  in  every  triangle  any  two 
fides  taken  together  are  greater  than  the  third:  now 
it  is  certain  that  this  proportion  is  more  evident  than 
that  the  external  angle  is  greater  than  either  of  the 
internal  and  oppofite  ones;  and  yet  the  former,  by  the 
help  of  the  19th  propolition,  is  demonftrated  from 
the  latter. 

But  there  is  another  reafon  to  be  given  for  demon- 
ftrating  felf-evident  propositions  in  many  cafes,  and 
particularly  in  this  fifth  book  of  the  elements.  A 
propolition  may  fometiraes  be  taken  to  be  felf-evident 
according  to  our  narrow  and  feanty  notions  of  things, 
which,  when  better  underftood,  will  be  found  to  be 
othervvife.  Tbefe  proportions,  to  wit,  that  equal 
quantities  will  have  the  fame  proportion  to  a  third, 
that  of  tzvo  unequal  quantities  the  greater  will  have  a 
greater  proportion  to  a  third  than  the  lefs,  and  fome 
others  of  the  fame  ft  a  rap  in  the  fifth  book,  are  iuch 
as  will  pafs  with  moll  for  felf-evident  propofitions ; 
•and  fo  they  are  without  all  doubt  according  to  the 
common  conception  of  proportionality;  but  when 
they  come  to  be  examined  according  to  the  jufter  and 
more  extenfive  idea  Euclid  has  given  of  it,  I  fear 
they  will  both,  and  the  latter  more  efpecially,  be 
found  to  want  demonflration. 
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In  a  perfect  and  regular  fyftem  of  elementary  Geo- 
metry, fuch  a  one  as  that  of  Euclid  may  be  fuppofed 
to  be,  or  at  leait  to  have  been,  certain  properties  of 
lines,  angles,  and  figures,  are  to  be  laid  down,  and 
thofe  of  the  limpleft  kind,  for  definitions ;  from 
whence,  and  from  one  another,  all  the  reft  are  to  be 
derived  with  the  utmoft  rigour,  without  the  lead  ap- 
peal even  to  common  fenfe.  Common  fenfe  is  by  no 
means  to  be  made  the  ftandard  of  any  geometrical 
truths  whatever,  except  firA  principles :  its  province 
mud  be  only  to  judge -whether  a  proportion  be  duly 
'demonstrated  according  to  the  rules  already  prefcribed, 
that  is,  whether  the  necelTary  connexion  it  has  with 
iiny  previous  truth  be  clearly  and  diftinc'rly  made  out ; 
when  that  is  done,  nothing  remains  but  to  pafs  fen- 
tence.  Whilfl  the  fcience  continues  thus  circum- 
fcribedj  no  miftakes,  no  difputes,  can  arife  concern- 
ing its  boundaries ;  but  whenever  thefe  come  to  be 
tranfgreffed,  fuch  a  loofe  will  be  given  to  Geometry 
that  it  would  be  impofllble  to  agree  upon  any  others: 
whereby  to  reftrain  it. 

Thus  much  I  thought  proper  to  lay  down  concern- 
ing the  nature  of  a  geometrical  demonltration,  that 
young  ftudents  may  not  fometimes  think  themfelves 
difappointed,  or  not  proceed  with  that  coolnefs  and 
judgement  abfolutely  necelTary  to  conduft  them 
through  the  elements  of  Geometry. 

But  as  to  the  matter  in  hand,  there  is  another  dif* 
ficulty  (till  behind.,  which  I  believe  is  often  a  greater 
difcouragement  to  young  beginners  in  their  entrance 
into  the  doctrine  of  proportion,  than  any  which  have 
hitherto  been  alledged,  and  that  is  the  difficulty  of 
underftanding  and  applying  Euclid's  definition  of  pro- 
portionable quantities.  But,  to  take  away  all  excufe 
from  this  quatter,  I  have  here  annexed  a  fro  all  differ* 
tation,  conducing  (as  I  take  it)  to  clear  up  that  defi- 
nition. It  is  an  extract  out  ot  fome  loofe  papers  I 
have  by  me ;  and  therefore  the  reader  muff  not  be 
furprized  if  he  finds  fome  things  repeated  here  which 

S  2  have 
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have  already  been  mentioned  in  another  part  of  this 
book. 

A  Vindication  of  the  fifth  Definition  of  the  fifth  Book 
of  Euclid's  Elements, 

262.  N.  B.  For  a  more  diitincl:  underftandincr  of 
what  follows,  it  muft  be  obferved,  that  By  a  fart,  in 
the  fenfe  of  the  fifth  book  of  Euclid,  is  meant  an  aliquot 
part,  and  not  a  part  as  part  related  to  fome  whole.  Thus 
3  is  a  part  of  12  in  Euclid's  fenfe,  as  being  juft  four 
times  contained  in  it  ;  and  though  9  be  a  part  of  12 
in  the  fame  fenfe  as  the  part  is  diflinguimed  from 
the  whole,  yet  9  in  Euclid's  fenfe  is  not  a  part,  but 
parts  of  12,  as  being  three  fourth  parts  of  it. 

1  ft.  If  Hvo  quantities  A  and  B  be  commen fur  able  i 
then  A  muft  neceffarily  be  either  fome  multiple ,  or  fome 
part,  or  fome  parts,  of  B.  For  if  A  and  B  be  com- 
menfurable,  then  either  B  muft  meafure  A,  or  A  mult 
meafure  B>  or  they  mud  both  be  meafured  by  fome 
third  quantity  :  if  B  meafures  A  any  number  of  times^ 
fuppofe  3  times,  then  A  will  be  equal  to  3  times  B, 
and  confequently  will  be  a  multiple  of  B  :  if  A  mea- 
fures B  any  number  of  times,  fuppofe  3  times,  then 
A  will  be  a  third  part  of  #,  and  confequently  will  be 
a  part  of  B:  if  A  and  B  do  not  meafure  one  the  other, 
let  C  meafure  them  both,  and  let  C  be  contained  ex- 
actly in  A  3  times  and  in  B  4  times :  then  will  a  third 
part  of  A  be  equal  to  a  fourth  part  of  B,  as  being 
both  equal  to  Cj-  multiply  both  fides  of  the  equation 
by, 3,  and  you  will  have  2.  of  A,  or  A  equal  to  f  of  B  ; 
therefore  in  this  cafe  A  is  faid  to  be  parts  of  J?. 

2dly.  If  two  quantities  A  and  B  are  incommenfarable  y 
then  A  can  neither  be  any  multiple  of  B,  nor  any  pari 
or  parts  of  it,  For  if  A  was  any  multiple  of  B,  then 
B  would  meafure  both  itfelf  and  A,  which  contradicts 
the  fuppofition  of  their  incommenfurability  :  in  like 
manner,  if  J  was  any  part  of  B,  then  A  would  mea- 
fure both  itfe'f  and  B:  m  the  lad  place  I  fay  that  nei- 
ther 
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ther  can  A  be  any  parts  of  B ;  for  if  A  was  any  parts 
of  B>  fuppofe  I  of  i>,  then  J  of  B  would  meafure 
both  A  and  B,  which  ftill  contradicts  the  fuppofition  : 
A  indeed  may  be  greater  or  leis  than  fome  part  or 
parts  of  B,  but  can  never  be  equal  to  any  ;  fo  fubtii 
is  the  compofition  of  continued  quantity.  As  for  in- 
ftance;  it  is  demonftrated  in  art.  201,  that  the  fide 
and  diagonal  line  of  a  fquare  are  incommenfurable  to 
each  other  :  let  then  A  be  the  diagonal  of  a  lquare 
whofe  fide  is  Bs  and  the- Iquare  of  A  will  be  to  the 
fquare  df  B  as  2  to  1,  as  is  evident  from  the  47th  of 
the  firft  book  of  Euclid ;  therefore  A  will  be  to  B  as 
the  fquare  root  of  2  is  to  1 ;  but  the  fquare  root  of  2 

r^       i.      •      I4                            1      *4X 
is  1.  414,  &c.  that  is,  T-,  or  more  nearly   •,    or 

more  nearly  ftill  :  whence  it  follows,  that  if  the 

'  1000 

fide  of  a  fquare  be  divided  into  10  equal  parts,  the 
diagonal  will  contain  more  than  14  of  thefe  parts, 
but  not  fo  much  as  15  of  them  ;  if  the  fide  be  divided 
into  100  equal  parts,  the  diagonal  will  contain  above 
141  of  fuch  parts,  but  not  142  ;  if  the  fide  be  divided 
into  1000  equal  parts,  the  diagonal  will  contain  above 
1414  of  fuch  parts,  but  not  1415  ;  and  fo  on  ad  infi- 
nitum :  therefore  the  diagonal  of  a  fquare  can  never 
be  exactly  expreff;d  by  parts  of  the  fide,  any  more 
than  the  fide  can  by  parts  of  the  diagonal.  The  fide 
may  indeed  be  fet  off  upon  the  diagonal,  and  fo  be 
confidered  as  part  of  it,  fo  far  as  part  of  the  whole  % 
but  the  fide  can  never  be  exactly  exprefled  by  any 
number  of  aliquot  parts  of  the  diagonal,  be  thefe 
parts  ever  fo  fmall.  Limits  may  be  found  and  ex- 
preffed  by  parts  of  the  diagonal  as  near  as  poffible  to 
each  other,  between  which  the  fide  (hall  always  con- 
fill,  and  by  which  it  may  be  exprevTed.to  any  degree 
of  exaclnefs  except  perfecl  exaclnefs  *.  And  thus  alfo 
ftiay  approximations  be  made  in  the   exprefiions  of 

*  See  the  Quarto  Edition,  p.  3069 

S  3  many 
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many  other  incommenfurable  quantities  one  by  ano- 
ther, 

3dly,  From  the  laft  fection  it  appears,  that  If  two. 
quantities  A  and  B  be  inconunenfurable,  no  multi-pie  of- 
one  can  ever  be  equal  to  any  multiple  of  the  other.  For 
if,  for  instance,  4/f  could  be  equal  to  $B,  then  (di- 
viding by  4)  A  would  be  found  to.  be  juft  2.  of  i>,  con- 
trary to  what  has  been  above  demonhrated. 

4thly,  If  four  quantities  A,  B,  C,  and  D,  be  fuch, 
that  A  is  the  fame  part  or  parts  of  B  that  C  is  of  D^ 
then  are  thofe  four  quantities  A,  B,  C,  and  T)3faid  to, 
be  proportionable,  or  A  is  f aid  to  have  the  fame  propor- 
tion to  B  that  C  hath  to  D.  Thus  if  A  be  a  fourth 
part  of  B,  and  C  a  fourth  part  of  D.  then  A  will  be 
the  fame  part  of  B  that  C  is  of  D,  and  they  will  be. 

proportionable.     Thus  again,  if  A  =r—  5,  and  Cr: 

4 

-D.  or  if  Azz  —  B  or  2$,  and  C— -  D  or  2Z),  or 
4  4  4 

11  11 

if  A— — Bs  and  C=  —  D,    in   all   thefe  inftances 

4  .4 

(comprehending  multiples  under  the  notion  of  parts) 
A  may  be  laid  to  be  the  fame  parts  of  B  that  C  is  of 
D;  and  therefore,  according  to  this  definition,^  hath 
the  fame  proportion  to  B  that  C  hath  to  D9  which  is 
true,  and  the  mark  of  proportionality  here  given  is 
infallible,  but  not  adequate  to  our  idea  of  it ;  for 
though  this  mark  be  never  found  without  proportion- 
ality, yet  proportionality  is  often  found  without  this 
mark.  Proportionality  is  often  found  among  incom- 
menfurablcs ;  but  it  can  never  be  tried  or  proved  by 
the  marks  here  given.  I  believe  nobq/ly  ever  doubted 
that  the  fide  of  one  fquare  hath  the  fame  proportion  to 
its  diagonal  that  the  fide  of  any  other  fquare  hath  to 
its  diagonal ;  and  therefore  A  may  have  the  fame 
proportion  to  B  that  C  hath  to  D,  though  A  be  in- 
commenfurable to  B,  and  C  to  D  :  yet  who  can  fay 
in  this  cafe,  that  A  is  the  fame  part  or  parts  of  B  that  C 

is 
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is  of  D,  when  it  has  already  been  fliewn,  that  A  is  no 
part  or  parts  of  B,  nor  C  of  D  ?  This  way  therefore 
of  defining  proportionable  quantities  by  a  fimilitude 
of  aliquot  parrs,  cannot  (in  flriclnefs  of  Geometry) 
be  laid  down  as  a  proper  foundation,  fo  as  from 
thence  to  derive  all  the  other  properties  of  proportio- 
nality :  for  fince  thefe  properties  are  to  be  applied  to 
incommenfurable  as  well  as  commenfurable  quantities, 
it  is  fit  they. mould  be  deduced  from  a  fundamental 
property  that  relates  equally  to  both. 

5thly,  In  order  then  to  eftabliih  a  more  general 
character  of  proportionality,  1  (hall  affurae  the  follow- 
ing principle,  which  equally  relates  to  commenfurable 
and  incommenfurable  quantities  ;  and  which,  I  be- 
lieve, there  is  no  one  who  has  a  jufl  idea  of  propor- 
tionality, which  way  foever  he  may  choofe  to  ex- 
prefs  it,  or  whether  he  can  exprefs  it  or  not,  but  will 
eafily  allow  me,  which  is,,  that  If  four  quantities  A, 
B,  C,  and  D,  be  proportionable,  thai  is,  if  A  has  the 
fame  proportion  to  B  thai  C  hath  to  D,  it  will  then  be 
impoffible  for  A  to  be  greater  than  any  part  or  parts  of 
B,  but  C  muft  alfo  be  greater  than  a  like  part  or  parts 
of  D  ;  or  for  A  to  be  equal  to  any  part  or  parts  of  B, 
but  thai  C  muft  alfo  be  equal  to  a  like  part  or  parts  of 
I)  ;  or  for  A  to  be  lefs  than  any  part  or  parts  of  B,  but 
that  C  mufi  alfo  be  lefs  than  a  like  part  or  parts  of  D„ 
Thus  if  A  hath  the  fame  proportion  to  R  that  C  hath 
to  D,  it  will  then  be  impoffible  for  A  to  be  greater 

than,  equal  to,  or  lefs  than,  - — -of  B3  but  C?  muft  alfo 

14. 

be  greater  than,  equal  to,  or  lefs  than,  —  of  iX  This 

principle,  Ifay,  is  fo  very  clear  that  nothing  more  needs 
to  be  faid  of  it,  either  by  way  of  explication  or  demon- 
flration  :  and  if  by  the  help  hereof  I  can  demonstrate 
the  converfe,  we  mall  then  have  a  general  mark  of  pro- 
portionality as  extenfive  as  proportionality  itfelf.  Now 
the  converfe  of  the  foregoing  proportion  is  this}  If  there 

S  4  be 
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be  four  quantities  A,  B,  C,  and  D,  and  if  the  nature  of 
thefe  quantities  be  fuch,  that  A  cannot  poffibly  be  greater 
than,  equal  to,  or  lefs  than,  any  part  or  farts  of  B,  but 
at  the  fame  time  C  muji  neceffarily  be  greater  than,  equal 
to,  or  lefs  than,  a  like  part  or  parts  of  D5  let  the  num- 
ber or  denomination  of  thefe  parts  be  what  they  will ;  I 
fay  then,  that  A  mufl  neceffarily  have  the  fame  propor- 
tion to  B  that  C  hath  to  D.  If  this  be  denied,  let 
ibme  other  quantity  E  have  the  fame  proportion  toD 
that  A  hath  to  B,  that  is,  let  A,  B,  E,  and  I),  be  pro-? 
portionable  quantities;  then  imagining  the  quantity 
D  to  be  divided  into  any  number  of  equal  parts,  fup- 
poie  10,  let  E  be  greater  than  14  of  thefe  parts  and 

14. 
lefs  than  1  c,  that  is,  let  E  be  greater  than  —   and 
o  &  10 

lefs  than  —  of  D ;  then  mufl  A  neceffarily  be  greater 

than  —  and  lefs  than  —  of  B :  this  is  evident  from 
10  10 

the  conceffion  already  made,  fince  A  is  fuppofed  to 

have  the  fame  proportion  to  B  that  E  hath  to  D>  But 

-r   A  T    r" 

if  A  be  greater  than  —  and  lefs  than  —   of  B,  then 

14  1  c 

C  mufl  be  greater  than  —  and  lefs  than  —  of  D  by 
0  10  10  J 

the  hypothefis ;  the  relation  between  A,  B,  C,  and  D, 

being  fuppofed  to  be  fuch,  that  A  cannot  be  greater 

or  lefs  than  any  part  or  parts  of  B>  but  C  accordingly 

mud  be  greater  or  lefs  than  a  like  part  or  parts  of  D. 

Therefore  we  are  now  advanced  thus  far,  that  if  I£ 

14  15 

lies  between  —  and  —  of  D,  C  mufl  alfo.  neceffarily 
10         10  i 

lie  betwixt  the  fame  limits ;  now  the  difference  betwixt 

—  and  —  of  D  is  —  of  D ;  therefore  the  difference 
10  10  10 

-betwixt  C  and  E,  which  lie  both  between  thefe  two 

limits 
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limits,  rcmft  be  lefs  than  —  of  D.     This  is  upon  a 

10 

fuppoiition  that  the  quantity  D  was  at  firft  divided  into 

10  equal  parts ;  but  if  inftead  of  10  we  had  fuppoted 

it  to  have  been  divided  into  100,  or  ioqo,  or  ioooo, 

equal   parts  (which  fuppofitions  could  not  have  afr 

fedfced  the  quantities  C  and  E),  the  conclufion  would 

then  have  been,  that  the  difference  betwixt  C  and  E 

would  have  been  lefs  than  the  hundredth,  or  thou* 

iandth,  or  ten  thoufandth,  part  of  D ;  and  fo  on  ad 

infinitum :  therefore  the  difference  between   C  and  E 

(if  there  be  any  difference)  mull  be  lefs  than  any  part 

of  D  whatever ;  therefore  the  difference  between  C 

and  E  is  only  imaginary,  and  not  real  j  therefore  in 

reality  C  is  equal  to  £.     Since  then  C  is  equal  to  E, 

and  that  A  is  to  B  as  E  is  to  D,  the  confequence  mud 

be  that  A,  is  to  B  as  C  is  to  D.     §j.  E.D. 

Here  then  we  have  a  proper  characterillic  of  pro-* 
portionality  which  always  accompanies  it,  and,  on  the 
other  hand,  it  is  never  to  be  found  without  it,  to  wit, 
that  four  quantities  may  be  faid  to  be  proportionable, 
the  firft  to  the  fecond  as  the  third  is  to  the  fourth, 
when  the  firft  cannot  be  greater  than,  equal  to,  or 
lefs  than,  any  part  or  parts  of  the  fecond,  but  the  third 
muff  accordingly  be  greater  than,  equal  to,  or  lefs 
than,  a  like  part  or  parts  of  the  fourth  :  or  thus  ; 
pour  quantities  may  be  faid  to  be  proportionable  as  above, 
■when  the  firji  cannot  be  contained  between  two  limits  ex-r 
preffed  by  any  parts  of  the  fecond,  how  near  foever  thefe 
limits  may  approach  to  each  other,  but  the  third  tnufk  ne- 
ceffarily  be  contained  between  the  limits  exprejfed  by  lik$ 
parts  of  the  fourth. 

6thly,  Had  Euclid  (lopped  here,  without  refining- 
any  further  upon  the  criterion  of  proportionality  deli- 
,  vered  in  the  laft  fedtion  (for  I  dare  venture  to  affirm, 
he  was  no  ftranger  to  it),  I  doubt  not  but  it  would 
have  given  much  greater  fatisfaction  to  the  generality 
qf  his  difciplesj  efpecially  thole  of  a  }efs  delicate  tafte, 

than 
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than  that  which  he  advances  in  the  fifth  hook  of  his 
Elements,  as  being  more  clofely  connected'  with  the 
common  idea  of  proportionality  :  but  it  was  ea.fy  to 
fee,  that  in  demonftrating  feveral  other  affections  of 
proportionable  quantities  upon  this  fcheHie-,  there 
would  then  be  frequent  occafion  for  taking  fuch  and 
fuch  parts  of  magnitudes,  as  there  is  now  for  taking- 
fuch  and  fuch  multiples  of  them,  the  praxis  of  which 
partition  had  no  where  as  yet  been  taught  by  Euclid ; 
nay,  he  rather  feems  to  have  determined,  as  far  as 
poffible,  to  avoid  it,  and  that  upon  no  ill  grounds 
neither  ;  for  the  ufe  of  whole  numbers  is  in  all  cafes 
juftly  e  (teemed  more  natural  and  more  elegant  than 
that  of  fractions,  and  the  multiplication  of  quantities 
has  always  been  looked  upon  as  more  fimple  in  the 
conception  than  the  refolution  of  them  into  their  ali- 
quot parts,  It  is  for  this  reafon  that  Euclid  never 
ihews  how  to  multiply  a  line  or  any  other  quantity 
whatever,  aifuming  the  praxis  thereof  as  a  fort  of 
poflulatum ;  whereas  in  the  ninth  propofition  of  the 
fixth  book  of  his  Elements  he  Ihews  how  to  cut  off 
any  aliquot  part  of  any  given  line  whatever.  Upon 
thefe  and  fuch  like  confiderations  it  was  that  Euclid 
refolved  to  advance  his  chara&eriftic  property  of  pro- 
portionality one  ftep  higher,  by  fubftituting  multiples 
inftead  of  aliquot  parts  in  fuch  a  manner  as  we  fhall 
now  defcribe  ;  and  we  (hall  at  the  fame  time  demon- 
itrate  the  juftnefs  of  his  definition  from  what  has  been 
already  laid  down  in  the  laft  fecYion.  The  propofition 
to  be  demonflrated  {hall  be  this :  If  there  he  four  quan- 
tities,  A,  B,  C,  and  D,  whereof  EA  and  EC  are  any 
equimultiples  of  the  firfl  and  third,  and  FB  and  FD  are 
any  other  equimultiples  of  the  fecond  and  fourth ;  and  if 
now  thefe  quantities  are  of  fuch  a  nature,  that  EA  can- 
not be  greater  than,  equal  to,  or  lefs  than,  FB,  but  at 
the  fame  time  EC  muft  necejfarily  be  greater  than,  equal 
to,  or  lefs  than,  FD,  when  compared  refpeclively,  be  the 
multiplicators  E  and  F  what  they  will:  I  fay  then  that 
A  mufl  necejfarily  have  the  fame  proportion  to  B  that  C 

hath 
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ibatb  to  D.  Now  that  four  quantities  may  be  under 
fuch  circumdances  as  are  here  defcribed,  can  be 
queftiqned  by  no  one  who  has  with  any  attention  con- 
fidered  the  nature  of  proportionable  quantities :  for 
fuppofe  A  to  be  the  diameter  and  B  the  circumference 
of  any  circle,  and  C  to  be  the  diameter  and  D  the 
circumference  of  any  other  circle  ;  who  doubts  but 
that  twenty-two  times  the  diameter  of  one  circle  will 
be  greater  than,  equal  to,  or  lefs  than,  feven  times 
$he  circumference,  according  as  twenty-two  times  the 
diameter  of  the  other  circle  is  greater  than,  equal  to3 
or  lefs  than,  feven  times  the  circumference  of  that 
circle  ?  I  now  proceed  to  the  demo.n,ftration  of  the 
prcpofition. 

If  it  be  denied  that  A  is  to  B  as  C  is  to  D,  let  A  be 
to  B  as  G  is  to  D  ;  and  then,  fuppoiing  D  to  be  di- 
vided into  10  equal  parts,  let  G  be  greater  shan  14 
of  thefe  parts,  and  lefs  than  15  :  then  fince  by  the  fup- 
pofition  A  is  to  B  as  G  is  to  D,  we  fhall  have  A  greater 

14  1  c 

than  —  and  lefs  than   -    of  B\  therefore  10 A  will  be 
10  10 

greater  than  14.Z?  and  lefs  than  i$B;  but  by  the  hy- 
jjothefis,  no  multiple  of  A  can  be  greater  or  lefs  than 
any  multiple  of  B,  but  the  fame  multiple  of  C  mud  be 
greater  or  lefs  than  the  fame  multiple  of  D  ;  therefore 
ioCis  greater  than  14D  and  lefs  than  1  $D ;  there- 
fore C  is  greater  than  —  and  lefs  than  —  of  D; 
&  10  10 

therefore  if  G  be  a  quantity  between  —  and  —  of  D, 

Cmuft  alfo  be  a  quantity  between  the  fame  limits;  there- 
fore the  difference  betwixt  C  and  G  mud  be  lefs  than 

— -  of  D.  This  is  upon  a  fuppofition  that  D  was  divided 

into  $0  equal  parts;  but  C  and  G  will  be  the  fame, 
into  what  number  of  parts  foever  we  fuppofe  D  to  be 
divided  j  therefore  if  we  fuppofe  D  to  be  divided  into 

too, 
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ioo,  iooo,  or  ioooo,  equal  parts,  &c.  the  difference 
betwixt  C  and  G  might  have  been  fhewn  to  be  lefs 
than  the  hundredth,  or  the  thoufandth,  or  the  ten 
thoufandth,  part  of  D ;  and  io  on  ad  infinitum  ;  there- 
fore G  and  G  are  equal,  as  was  fhewn  in  the  5th 
feclion.  Since  then  A  cannot  be  greater  than,  equal 
to,  or  lefs  than,  any  part  or  parts  of  J5,  but  G  muft  be 
greater  than,  equal  to,  or  lefs  than,  alike  part  or  parts 
of  D,  becaufe  A.  is  to  B  as  G  is  to  D  ;  and  fince  G 
cannot  be  greater  than,  equal  to,  or  lefs  than,  any 
part  or  parts  of  D,  but  C  muft  be  greater  than,  equal 
to,  or  lefs  than,  the  fame  part  or  parts  of  D,  becaufe 
G  and  C  are  equal ;  it  follows  ex  aquo,  that  A  cannot 
be  greater  than,  equal  to,  or  lefs  than,  any  part  or 
parts  of  B,  but  that  C  muft  accordingly  be  greater 
ihan,  equal  to,  or  lefs  than,  a  like  part  or  parts  of 
D ;  and  confequently  that  A  is  to  B  as  C  is  to  D,  ac- 
cording to  the  mark  of  proportionality  given  in  the 
laft  fe&ion.     ^  E,  D. 

Four  quantities  then  may  be  /aid  to  be  proportionable,, 
the  firft  to  the  fecond  as  the  third  to  the  fourth,  'when 
no  equimultiples  whatever  can  be  taken  of  the  firji  and 
third,  but  what  invji.  either  be  both  greater  than,'  or 
froth  equal  to,  or  both  lefs  than,  any  other  equimultiples 
that  can  -pojjibly  be  taken  of  the  fecond  and  fourth,  zvhen 
compared  refpeclively. 

7thly,  As  a  number  is  a  difcrete,  and  not  a  con- 
tinued quantity,  there  is  fuch  a  thing  as  a  minimum  in 
the  parts  of  number,  whereas  in  thofe  of  extenfion 
there  is  none;  whence  it  follows,  that  the  parts  of 
number  muft  neceffarily  be  more  diflindfc,  and  for 
that  reafon  more  ailignable,  than  are  the  parts  of  ex- 
tenfion. Again,  as  all  numbers  are  commenfurable 
by  unity,  every  number  may  be  conceived  either  as 
fome  multiple,  or  feme  part,  or  fome  parts,  of  every 
other.  Hence  it  is  that  Euclid,  defining  propor- 
tionable numbers,  makes  life  of  the  definition  given 
|p  the  4th.  feilion;  fo  unwilling  was  he  to  recede  from 

5  the 
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the   common    notion   of  proportionable    quantities, 
Whenever  the  fubject  he  treated  of  would  bear  it. 

Of  the  feventh  Definition  of  the  fifth  Book  of  Euclid, 

263.  If  it  be  allowed  to  be  a  fufficient  mark  of  the 
proportionality  of  four  quantities,  when  they  are  (o 
related  to  one  another  in  their  own  natures,  that  no 
equimultiples  can  be  taken  of  the  fir  ft  and  third,  but 
what  muft  either  be  both  greater  than,  or  both  equal 
to,  or  both  lefs  than,  any  other  equimultiples  that  can 
pofiibly  be  taken  of  the  fecond  and  fourth ;  then 
wherever  it  happens,  or  may  happen  ctherwife,  there 
can  be  no  proportionality.  As  for  inftance,  If  hi 
comparing  equimultiples  of  the  fir Jl  and  third  with  other 
€quimultiples  of  the  fecond  and  fourth,  there  be  any  cafes 
wherein  the  fir  ft  multiple  Jhall  be  greater  than  the  fecond^ 
and  yet  the  third  not  greater  than  the  fourth;  or  wherein 
the  firft  multiple  Jhall  be  lefs  than  the  fecond,  and  the 
third  not  lefs  than  the  fourth  ;  then  the  firft  quantity 
■will  not  have  the  fame  proportion  to  the  fecond  that  the 
third  hath  to  the  fourth,  but  either  a  greater  as  in  the 
former  cafe,  or  a  lefs  as  in  the  latter.  Nay,  and  I 
may  add  further,  that  if  of  four  quantities,  the  firft 
hath  a  greater  proportion  to  the  fecond  than  the  third 
hath  to  the  fourth,  there  muft  be  cafes  ex  if  ling,  whether 
thofe  cafs  can  be  o.jfigned  or  not,  wherein  of  equimultiples 
cf  the  firft  and  third,  and  of  other  equimultiples  of  the 
fecond  and  fourth,  the  firjl  multiple  fid  all  exceed  the  fe- 
cond, and  yet  the  third  Jhall  not  exceed  the  fourth  :  for 
if  no  iuch  cafes  were  poffible,  then  the  firft  quan- 
tity muft  either  have  the  fame  proportion  to  the  fe- 
cond that  the  third  hath  to  the  fourth,  or  a  lefs  :  both 
which  are  contrary  to  the  fuppofition.  Thus  we  have 
found  the  fifth  and  feventh  definitions  of  the  fifth 
book  of  the  Elements  both  of  a  piece. 


A  Queflion 


286  Concerning  Ihe  fifth  Definition    Book  VI tb 

A  Quefiion  arifing  out  of  the  foregoing  Article, 

264.  This  is  all  that  was  hecefTary  to  be  obferved 
concerning  the  foregoing  definitions ;  but  if,  haying 
given  four  quantities  A,  B,  C,  and  D,  whereof  A  hath 
a  greater  proportion  to  B  than  C  hath  to  D,  any  one^ 
for  his  own  private  fatisfa&ion,  would  know  how  to 
find  fuch  equimultiples  of  A  and  C,  and  fuch  other 
equimultiples  of  B  and  Z),  that  £s  multiple  lhall  ex- 
ceed that  of  B,  and  at  the  fame  time  Cs  multiple 
mall  not  exceed  that  of  D,  it  mull  be  done  thus  :  If 
the  quantities  A,  B,  C,  and  D,  be  commenfurables- 
let  their  ratios  be  expfeffed  by  numbers :  as  for  in- 
stance, let  A  be  to  B  as  7  to  5,  and  let  C  be  to  D  as 
4  to  3  ;  then  will  4  and  3,  the  numeral  expreflions 
of  the  lefler  ratio,  be  the  multiplicators  required,  if 
of  the  terms  A  and  B,  the  greater  term  A  be  multi-* 
plied  into  the  leffer  multiplicator  3,  and  the  leffer  term 
B  into  the  greater  multiplicator  4;  for  then  $A  (21) 
will  be  greater  than  4.B  (20),  and  yet  3C  (12)  will 
not  be  greater  than  4Z)  (12),  for  the  two  laft  mul- 
tiples are  equal.  But  if  fuch  multiples  be  required^ 
that  the  firit-  multiple  ftiall  be  greater  than  the  fecondj 
and  at  the  fame  time  the  third  multiple  fhall  be  lefs 
than  the  fourth,  then  fome  intermediate  fraction  mud 
be  taken  between  Z-  and  t,  and  the  terms  of  fuch  a^ 
fraction  will  be  the  multiplicators  required.  As  for 
inflance,  throwing  the  extreme  fractions  into  deci- 
mals, we  have  ^-=1*4,  and  4~i*34~  »  therefore 
if  any  decimal  fraction  be  taken  between  1*4  and 
i*34,  fuch  a  fraction  being  reduced  to  integral 
terms  will  give  the  multiplicators  required.     Let  us 

rr  t  1 37c         11       .  ...   .  . 

aifume  1*275,  that  is  — —    or  -5- ;    then   will  SA 
OIJ-  1000  8 

(56)  be  greater  than  11B  (5$),  and  at  the  fame  time 

867(32)  will  be  lefs  than  nD  (33). 

If  the  quantity  A  be  incommenfurable  to  B,  or  C 

to  Dt  or  both  to  both,  find  however,  by  fcholiurrt 

the 
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the  fecond  in  arr.  179  *,  fuch  numbers  as  will  exprefs 
thefe  ratios  as  accurately  as  occafion  requires.  As 
let  the  ratio  of  the  number  E  to  the  number  F  be 
nearly  the  fame  with  that  of  A  to  B,  and  let  the  ratio 
of  the  number  G  to  the  number  H  be  nearly  the  fame 
with  that  of  C  to  D;  then  if  either  of  thefe  ratios,  to 
wit,  the  ratio  of  E  to  F9  or  the  ratio  of  G  to  H,  lie 
between  the  ratios  of  A  to  B  and  of  C  to  Z),  the  terms 
of  the  intermediate  ratio  will  make  proper  multiplica- 
tors,  but  if  neither  of  thefe  cafes  happen,  fome  inter- 
mediate fraction  muft  be  taken  between  the  two  frac- 

.       E         G 
tions  77  and  -77. 

Having  thus  prepared  my  young  ftudent  for  Eu- 
clid's doctrine  of  proportion,  partly  by  fetting  him 
right  in  his  notions  of  things,  and  partly  by  removing 
out  of  his  way  all  that  rubbim  which  feemed  to 
block  up  his  entrance  to  it ;  I  hope  I  fhall  now  be  able 
to  conduft  him  through  the  whole  with  a  great  deal 
of  eafe,  and  then  he  will  meet  with  fewer  difficulties 
in  reading  the  following  proportions  than  an  equal 
number  in  any  other  part  of  the  Elements  :  and  yet  all 
I  have  done  herein  has  been  only  to  mitigate,  as  far 
as  I  thought  proper,  the  rigour  and  feverity  of  the 
author's  manner  of  writing,  and  to  render  his  demon- 
ftrations  more  eafy  to  the  imagination,  which  the  com- 
piler in  his  whole  fyftem  feersis  to  have  had  no  great 
tendernefs  for:  but,  whatever  I  have  done  elfe,  I  have 
taken  care  to  preferve  the  force  of  the  demonstrations, 
and  I  hope,  in  a  great  meafure,.  tkeir  elegancy  too.  I 
have  ufed  no  algebraic  computations  in  demonftratinp- 
'thefe  propositions,  except  what- may  be  juftified  by 
the  antecedent  ones ;  as  well  knowing  that. thefe  prin- 
ciples were  never  intended  to  depend  upon  arithmeti- 
cal operations,  but  rather  arithmetical  operations  upon 
rheuu  I  have  however,  for  the  reader's  eafe,  made 
life  of  the  fimpleft  algebraic  notation.  Thus  A,  B,  (?,  A 
iignify  magnitudes  of  any  kind  whatever;  E}  F3  G,  H, 

*  See  the  Quarto  Edition,  p.  285. 
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always  fignify  whole  numbe rs,  unlefs  where  notice  is 
given  to  the  contrary :  A-\-B  fignifies  the  fum  of  any 
two  homogeneous  magnitudes  A  and  B  ;  A  —  B  their 
difference,  or  the  excefs  of  A  above  B ;  EA  and  FB 
fignify  any  two  multiples  of  A  and  B,  the  multipli- 
cators  being  E  and  F;  &c.  I  have  fometimes  alfo 
ufed  very  eafy  confequences  of  this  notation ;  as  that 
if  A  —  B  be  added  to  By  the  fum  will  be  A,  which  in- 
deed is  a  general  axiom,  and  laying  no  more  than 
that  if  to  any  magnitude  be  added  the  excefs  of  a 
greater  above  it,  the  fum  will  be  the  greater  magnitude* 

The  Fifth  Book  of  EUCLID'S  Elements. 

Definitions. 

2.6$.  i.  Alefer  magnitude  is  /aid  to  be  apart  of  g 
greater,  when  the  lejfer,  meafures  the  greater. 

2.  A  greater  magnitude  is  faid  to  be  a  multiple  of  a 
lefs,  when  the  greater  is  meafured  by  the  left. 

Note.  Our  language  is  not  nice  enough  to  exprefs 
thefe  two  definitions  as  they  are  in  the  Greek  and 
Latin. 

We  may  further  obferve,  that  by  thefe  two  defini* 
tions  every  fimple  quantity  is  excluded  from  being 
'confidered  either  as  a  part  or  multiple  of  itfelf ;  for 
to  be  a  part,  in  this  fenfe,  is  to  be  lefs  than  that  where- 
of it  is  a  part,  and  to  be  a  multiple  is  to  be  greater 
than  that  whereof  it  is  a  multiple. 

3.  Ratio  is  that  mutual  relation  two  homogeneous 
quantities  are  in,  when  compared  together  in  rejpecl  to 
their  quantity.  Thus  the  excefs  of  2  above  1  is  equal 
to  the  excels  of  4  above  3,  and  yet  the  ratio  of  2  to 
1  is  greater  than  the  ratio  of  4  to  3  ;  that  is,  2  has 
more  magnitude  when  compared  with  1  than  4  hath 
when  compared  with  3  ;  fince  2  is  double  of  1,  and 
4  is  not  double  of  3.  But  on  the  other  hand,  3  hath 
a  greater  ratio  to  4  than  1  hath  to  2,  becaufe  3  hath 
more  magnitude  in  comparifon  of  4  than  1  hath  it* 

compa- 
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comparifon  of  2 ;  for  3  is  more  than  the  half  of  4, 
whereas  1  is  but  jufl  the  half  of  2. 

4.  All  quantities  are  [aid  to  be  in  fome  ratio  or  other, 
when  they  are  capable  of  being  fo  multiplied  as  to  exceed 
one  another. 

Note.  By  this  definition,  ift,  All  heterogeneous 
quantities  are  excluded  from  having  any  ratio  one  to 
another,  becaufe  heterogeneous  quantities  are  fuch, 
that  their  multiples  are  no  more  capable  of  compari- 
fon as  to  excefs  and  defeat,  than  the  quantities  them- 
felves :  a  yard  can  never  be  multiplied  till  it  exceeds 
an  hour,  &c.  2dly,  All  infinitely  fmall  quantities  are 
hereby  excluded  from  having  any  ratio  to  finite  ones, 
becaufe  the  former  can  never  be  fo  multiplied  as  to 
exceed  the  latter. 

5.  Magnitudes  are  /aid  to  be  in  the  fame  ratio,  the 
firfl  to  the  fecond  as  the  third  td  the  fourth,  when  no 

equimultiples  can  be  taken  of  the  fir  ft  and  third,  but  what 
muft:  either  be  both  greater  than,  or  both  equal  to,  or  both 
lefs  than,  any  other  equimultiples  that  canpoffibly  be  taken 
of  the  fecond  and  fourth. 

Note.  This  and  the  feventh  definition  have  been 
explained  already. 

6.  Magnitudes  in  the  fame  ratio  may  be  called  pro> 
portionals. 

7.  If  there  be  four  quantities,  whereof  equimultiples 
are  taken  of  the  fir  ft  and  third,  and  other  equimultiples 
of  the  fecond  and  fourth ;  and  if  any  cafe  can  be  afjigned, 
wherein  the  multiple  of  the  fiirft  jhall  be  greater  than  the 
multiple  of  the  fecond,  and  at  the  fame  time  the  multiple 
of  the  third  Jhall  not  be  greater  than  the  multiple  of  the 
fourth;  then  of  the fe  four  quantities,  the  fir  (I  isfaid'to 

have  a  greater  ratio  to  the  fecond  than  the  third  hath  to 
the  fourth. 

8.  Proportion  conjijls  in  aftmilitude  of  ratios. 

9.  Proportion  cannot  be  exprejfed  in  fewer  than  three 
terms :  as  when  we  fay  that  A  is  to  B  as  B  is  to  C. 

1  o.  Whenever  three  quantities  are  continual  propor- 
tionals, the  firfi  is  faid  to  be  to  the  third  in  a  duplicate 

T  ratio 
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ratio  of  the  firft  to  the  fecond :  and  on  the  other  hand, 
the  fir  ft  is  faid  to  he  to  the  fecond  in  a  fubduplicate  ratio 
of  the  fir  ft  to  the  third. 

11.  If  four  quantities  he  continual  proportionals,  the 
fir  ft  is  f aid  to  he  to  the  fourth  in  a  triplicate  ratio  of  the 
firjl  to  the  fecond ';  and  fo  on. 

1 2 .  The  antecedents  of  all  proportions  are  called  ho- 
mologous terms',  and  fo  alfo  are  the  confequents:  but  an- 
tecedents and  confequents  confidered  together  are  never 
called  homologous  terms,  hut  heterologous. 

Note.  Thefe  three  laft  definitions,  though  placed 
here,  have  nothing  to  do  in  the  following  fifth  book, 
but  in  the  fixth. 

13.  Alternate  proportion  is,  when  four  quantities  being 
proportionable,  the  firft  to  the  fecond  as  the  third  to  the 
fourth,  it  is  concluded,  that  the  firjl  is  to  the  third  as  the 
fecond  to  the  fourth  ;  the  juftnefs  of  which  conclufion, 

as  well  as  of  all  the  reft  that  follow,  will  be  fuffi- 
ciently  made  out  in  the  following  proportions. 

14.  I nv erf e  proportion  is,  when  four  quantities  being 
proportionable,  the  firft  to  the  fecond  as  the  third  to  the 
fourth,  it  is  concluded,  that  the  fecond  is  to  the  firft  as  the 
fourth  to  the  third. 

15.  Compofition  of  proportion  is,  when  four  quantities 
being  proportionable,  the  firjl  to  the  fecond  as  the  third  to 
the  fourth,  it  is  concluded,  that  the  fum  of  the  firft  and 
fecond  is  to  the  fecond  as  the  fum  of  the  third  and  fourth 
is  to  the  fourth, 

16.  Divifion  of  proportion  is,  when  four  quantities 
heing  proportionable,  the  firft  to  the  fecond  as  the  third 
to  the  fourth,  it  is  concluded,  that  the  excefs  of  the  firft 
above  the  fecond  is  to  the  fecond  as  the  excefs  of  the  third 
above  the  fourth  is  to  the  fourth. 

17.  Converfion  of  proportion  is,  when  four  quantities 
being  proportionable,  the  firft  to  the  fecond  as  the  third 
to  the  fourth,  it  is  concluded,  that  the  firft  is  to  the  excefs 
@f  the  firft  above  the  fecond  as  the  third  is  to  the  excefs 
of  the  third  above  the  fourth. 

:f  iz.  if 
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18.  If  ever  fo  jfiany  quantities  in  one  feries  be  com- 
pared zvith  as  many  in  another ;  and  if  from  all  the 
ratios  in  one  being  equal  to  all  thofe  in  the  other,  either 
in  the  fame  or  a  different  order,  it  be  concluded,  that  the 
extremes  in  one  feries  are  in  the  fame  proportion  with  the 
extremes  in  the  other,  this  proportionality  of  the  ex- 
tremes is  fai'd  to  follow  ex  aequo,  or  ex  aequalitate 
rationum, 

19.  If  all  the  ratios  in  one  feries  be  equal  to  all 
thofe  in  the  other,  and  in  the  fame  order,  this  is  called 
ordinate  proportion ;  and  the  extremes  in  this  cafe  are 
faid  to  be  proportionable  ex  aequo  ordinate,  or  barely 
ex  aequo. 

20.  If  all  the  ratios  in  one  feries  be  equal  to  all  thofe 
in  the  other,  but  not  in  the  fame  order,  this  is  called 
inordinate  proportion  ;  and  the  extremes  are  faid  to  be 
proportionable  ex  aequo  perturbate. 

Thus  if  A,  B,  and  C,  in  one  feries  be  compared  with 
D,  E,  and  F,  in  another  j  and  if  A  is  to  B  as  D  to  E, 
and  B  to  C  as  E  to  F,  this  is  called  ordinate  propor- 
tion, and  A  is  faid  to  be  to  C  as  D  to  F  ex  czquo  ordi- 
nate, or  barely  ex  aquo :  but  if  A  is  to  B  as  E  to 
F,  and  B  to  C  as  D  to  E,  this  is  called  inordinate 
proportion,  and  A  is  faid  be  to  C  as  D  to  F  ex  aqua 
perturbate. 

Proposition     i. 

266.  If  there  be  ever  fo  many  homogeneous  quantities^ 
A,  B,  C,  whereof  EA,  EB,  EC,  are  equimultiples 

refpetHvely,  I  fay  then,  that  the  fumEA-\-EB  +  EG 

will  be  the  fame  multiple  of  the  fum  A  +  B  -j-  G 
that  EA  is  of  A,  or  EB  o/B,  &c. 

For  the  multiples  EA,  EB,  and  EC,  may  be  consi- 
dered as  fo  many  diflinct  heaps  or  parcels,  whereof 
EA  confifts  wholly  of  As,  EB  of  B\  and  £Cof  Cs ; 
and  fince  the  numbers  of  A's  in  EA  is  the  fame  with 
the  number  of  B}s  in  EB,  or  of  Cs  in  EC,  it  follows, 
that  as  often  as  A  can  be  fingly  taken  out  of  EA,  or 

T  2  -Bout 
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B  out  of  EB,  or  C  out  of  EC,  juft  fo  often  may  the 
whole  fum  A  +  B  +  C  be  taken  out  of  the  whole  fum 
EA  +  EB  +  EC-,  therefore  the  fum  EA  +  EB~+EC 
is  the  fame  multiple  of  the  fum  A+B  +  C  that  EA  is 
of  J,  or  EB  of  5,  fcfr.    %.  E.  D. 

Proposition    2. 

267.  //"EA  ##i  EB  fo  equimultiples  of  any  two  quan- 
tities whatever  A  and  B,  and  if  F A  £wi  FB  fo  #//o 
equimultiples  of  the  fame ;  I  fay  then  that  the  fum 

E  A  +  FA  will  be  the  fame  multiple  of  A  that  the  fum 

EB+FBijo/B. 

For  iince  the  number  of  A*s  in  2£#  is  the  fame  with 
the  number  of  B's  in  EB ;  and  fince  alfo  the  number 
of  A's  in  FA  is  the  fame  with  the  number  of  B's  in 
FB,  add  equals  to  equals,  and  the  number  of  A's  in 

EA-\-FA  will  be  the  fame  with  the  number  of  B's  in 

EB  +  FB,  that  is,    the  fum  EA  +  FA  will    be  the 

fame  multiple  of  A  that  the  fum  EB-{-FB  is  of  B> 
®.  E    D 

Pboposition    3. 

268.  i^EA  <?#</  EB  fo  equimultiples  of  any  two  quan- 
tities whatever  A  and  B,  and  if  3EA  #«<af  3EB  fo 
^«jy  equimultiples  of  EA  #W  EB  ;  /  fay  then,  that 
3E  A  and  3EB  wi//  ^^  fo  equimultiples  of  A  ##*/  B. 
This  is  evident  from  the  laft  proportion :  for  fince 

EA  and  EB  are  equimultiples  of  A  and  B ;  and  finee 
EA  and  isi?  are  again  equimultiples  of  the  fame,  it 
follows  from  that  proportion,  that  the  fum  1EA  is 
the  fame  multiple  of  A  that  the  fum  2EB  is  of  B  ; 
again,  (ince  2EA  and  2EB  are  equimultiples  of  A  and 
I?,  and  fince  EA  and  £5  are  other  equimultiples  of 
the  fame3  the  fum  $EA  is  the  fame  multiple  of  A 
that  the  (wm'zEB  is  of  B  %  and  fo  <on  ad  infinitum, 
%  £.  £>» 
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Proposition     4. 

.269.  If  four  quantities  A,  B,  C,  and  D,  be  proportion- 
able, A  to  B  as  C  to  D,  #«d  //*  EA  #»*/  EC  &  ««^ 
equimultiples  of  the  firft  mid  third,  and  FB  and  FD 
tf#y  other  equimultiples  of  the  fee  and  and  fourth  ;  I 
Jay  then  that  thefe  multiples  will  alfo  be  proportionable, 
provided  they  be  taken  in  the  fame  order  as  the  pro- 
portionable quantities  whereof  they  are  multiples',  that 
is,  that  EA  will  be  to  FB  as  EC  is  to  FD. 
For  let  $EA  and   3EC  be  any  equimultiples  of 
EA  and  EG,  and  let  iFB  and  2FD  be  any  other 
equimultiples  of  FB  and  FD  :  then  fince   3EA  and 
3-EC  are  equimultiples  of  EA  and  EC,  and  fince  £"^ 
and  EC  are    equimultiples   of  yf  and  C,  it  follows 
from  the  laft  propofuion   that    3^^    and    3  EC   are 
equimultiples  of  JandC;  and  for  the   fame  reafon 
2FB  and  2.FD  are  alfo  equimultiples  of  B  and   D. 
Since  then,  ex  hypothejt,  A  is  to  B  as  C  is  to  D  ;  and 
fince  ^EA  and   3.EC  are   equimultiples   of  A  and   C, 
and  2FB  and  2i^D  are  alfo  other  equimultiples  of  B 
and  D,  it  follows  from  the  fifth  definition,   that  ^EA 
cannot  be  greater  than,  equal  to,  or  lefs  than,  iFB, 
but  %EC  muff  alfo  be  greater  than,  equal  to,  or  lefs 
than,  2FD.      Again,  iince  we  have  four  quantities 
EA,  FB,  EC,  FD,  whereof  $EA  and  ^EC  reprefent 
any  equimultiples  of  the  firft  and  third,  and  2.FB  and 
iFD    any    other   equimultiples   of    the  fecond   and 
fourth  ;  and  fince  3EA  cannot  be  greater  than,  equal 
to,  or  lefs  than,  2FB,  bur  3EC  muft  in  like  manner 
be  greater  than,  equal  to,  or  lefs  than,  2FD,  it  follows 
from  the  fifth  definition,    that  thefe  four  quantities 
EA,  FB,  EC,  FD,  are  proportionable  ;  that  EA  is  to 
FB  m  EC  to  FD.    QE.D. 

Scholium. 

To  this  place  is  ufually  referred  the  inverfion  of 

proportion  (though  why  to  this,  rather  than  to  any 

other,!  know  nor);  that  is,  that  if  four  quantities 

T  3  be 
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be  proportionable,  they  will  alfo  be  inverfely  propor- 
tionable :  as  if  A  be  to  B  as  C  is  to  D,  then  B  will  be 
to  A  as  D  to  C.  For  let  EA  and  EC  be  any  equimul- 
tiples of  A  and  C,  and  let  .Fi?  and  .FD  be  any  other 
equimultiples  of  B  and  Z) ;  and  fir  ft  let  us  fuppofe 
FB  to  be  greater  than  EA;  then  will  £^  be  lefs  than 
jFi? :  and  becaufe  A  is  to  5  as  C  is  to  D,  EC  will  alfo 
be  lefs  than  FD  by  the  fifth  definition ;  and  therefore 
FD  will  be  greater  than  £C:  thus  then  we  fee  that 
if  FB  be  greater  than  EA,  FD  will  alfo  be  greater  than 
EC*  And  after  the  fame  manner  it  may  be  demon- 
ffrated,  that  if  FB  be  equal  to,  or  lefs  than,  EA,  FD 
in  like  manner  will  be  equal  to,  or  lefs  than,  EC.  Since 
then  we  have  four  quantities  B,  A,  D,  C,  whereof  FB 
and  FD  are  equimultiples  of  the  firit  and  third,  and 
EA  and  EC  are  other  equimultiples  of  the  fecond  and 
fourth  ;  and  fine?  FB  cannot  be  greater  than,  equal 
to,  or  lefs  than,  EA,  but  FD  muil  accordingly  be 
greater  than,  equal  to,  or  lefs  than,  EC,  it  follows 
from  the  fifth  definition,  that  thefe  four  quantities 
B,  A,  D,  C,  muft  be  proportionable ;  that  B  muft 
be  to  A  as  D  to  C.     ^  E.  D. 

Proposition     5. 

270.  If  A  and  B  be  any  two  homogeneous  quantities,, 
whereof  A  is  the  greater,  and  whereof  EA  and  EB 
are  equimultiples   refpetlively  ;   /  fay  then  that  the 

difference  EA  — EB  will  be  the  fame  multiple  of  the 

difference  A~^B  that  EA  is  of  A,  or  EB  of  B. 

If  this  be  denied,  let  G  be  the  fame   multiple  of 

"jT~~B  that  EA  is  of  A,  or  EB  of  B  ;  then  we  fhall 

have  two  quantities  A—B  and  B,  whofe  fum  is 
A,  and  whereof  G  and  EB  are  equimultiples  res- 
pectively; therefore,  by  the  firft  propofition,  thefutn 

G-\-EB  will  be  the  fame  multiple  of  the  fum  A  that 

EB  is  of  B  :  but  EA  is  alfo  the  fame  multiple  of  A 

that  EB  is  of  B  ,  therefore  G-\-EB  is  the  fame  mul- 

,  tiple 
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tiple  of  A  that  EA  is  of  A;  therefore  G  +  EB  muft 
be  equal  to  EA ;  take  EB  from  both  fides,  and  G 

will  be  equal  to  EA—EB;  but  G  was  the  fame 

multiple  of  A-B  that  EA  was  of  A,  or  EB  of  B  ; 

therefore  EA  —  EB   will   be   the   fame   multiple  of 

A^B  that  EA  is  of  A,  or  EB  of  5.     ^.  £.  D. 

Proposition     6, 

27  r.  If  from  TLA  and  EB,  equimultiples  of  any  two 
quantities  A  and  B,  £<?  Jubtraffied  FA  <2?zaf  FB, 
£«jy  0//6^r  equimultiples  of  the  fame  ;  the  remainders 

EA  —  FA  and  EB  —  FB  w7/  either  be  equal  to  the 
quantities  A  and  B  rerpettively,  or  they  will  be 
equimultiples  of  them. 

Case      i. 


In    the   firft   place,    let    the    remainder   EA  —  FA 
be  equal  to  A ;  I  fay  then  that  the  ocher  remainder 

EB-FB  will  alfo  be  equal  to  B.  For  fince  FA  is 
the  fame  multiple  of  A  that  FB  is  of  5,  it  follows 
from  the  nature  of  multiples,  that  FA-\- A  will  be 
the  fame  multiple  of  yf  that  FB  +  E  is  of  i? :  but  yf 
is  equal  to  EA^FA;  and  adding  F./f  to  both  fides 
we  have  FA-\-A=EA;  therefore  inftead  of  faying 
as  before,  that  FA  +  A  is  the  fame  multiple  of  A  that 
FB  +  B  is  of  B,  we  may  now  fay  that  EA  is  the  fame 
multiple  of  A  that  FB-\-B  is  of  B :  but  EA  is  the 
fame  multiple  of  A  that  EB  is  of  5 ;  therefore  EB  is 
the  fame  multiple  of  B  that  FB  +  B  is  of  i? ;  there- 
fore EB  is  equal  to  FB  +  B  ;  fubtraft  FB  from  both 
fides,  and  you  will  have  EB-FB-  B.     Q,  E.  D. 

X    4  v  A  SE 
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Let  us  now  fuppofe  the  remainder  EA-FA  to  be 
fome  multiple  of  J  ;  for  if  A  meafures  both  EA  and 
FA,  it  muft  meafure  EA-FA;  and  fo  EA^f2. 
mutt  be  fome  multiple  of  A;  and  for  the  fame 
reafon,  the  other  remainder  EB-FB  muft  be  fome 
multiple  of  B :  I  fay  then  in  the  next  place,  that 
EB-FB  muft  be  the  fame  multiple  of  B  that 
EA-FA  is  of  A.  If  this  be_denied,  let  G  be  th© 
fame  multiple  of  B  that   EA-FA  is  of  A;    then 

Jince  EA-FA  and  G  are  equimultiples  of  A  and  £, 
and  lince  FA  and  Fi?  are  alfo  other  equimultiples  of 
the  fame,  it  follows  from  the  fecond  propofition,  that 
the  fum  EA  —  FA+FA  will  be  the  fame  multiple  of 
A  that  G+FB  is  of  B :  but  EA-FA  +  FA=EA '• 
therefore  £J  is  the  fame  multiple  of  A  that  G  +  FB 
is  of  £  :  but  £^  is  the  fame  multiple  of  A  that  EB 
is  of  i? ;  therefore  EB  is  the  fame  multiple  of  B  that 
G  +  i^S  is  of  B;  therefore  EB  is  equal  to  G  +  F~B; 
therefore  EB—FB  is  equal  to  G:  but  G  was  the 
fame  multiple  of  B  that  EA-FA  is  of  ^  by  the 
fuppofuion  •,  therefore  EB-FB  is  the  fame  multiple 
of  B  that  EA-FA  is  of  ^.    g.  E.  D. 


Scholium, 

As  in  the  fecond  definition  it  was  provided  that  no 
fimple  quantity  be  confidered  as  a  multiple  of  itfelf, 
fo  in  this  propofition  care  is  taken  that  no  two  fimple 
quantities  be  confidered  as  equimultiples  of  thern- 
felves  ;  which  indeed  is  but  a  confequence  of  that 
definition,  and  is  the  reafon  why  this  propofition 
refplves  itfelf  into  two  cafes* 

For 
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For  a  better  underftanding  and  remembering  the 
fhucture  of  the  fix  foregoing  proportions,  it  may  be 
obferved,  that  the  two  laft  propofitions  are  nothing 
elfe  but  the  two  firft  with  their  figns  changed.  In  the 
firft  proportion  it  was  demonftrated,  that  the  fum 
EA-\-EB  is  the  fame  multiple  of  the  fum  A  +  B  that 
EA  is  of  A>  or  EB  of  B :  in  the  fifth  propofition 
it  is  demonftrated,  that  the  difference  EA-EB  is 
the  fame  multiple  of  the  difference  A-B  that  EA  is 
of  A  or  EB  of  B.  Again,  in  the  fecond  propofition 
it  was  demonftrated,  that  the  fum  EA  +  FA  is  the 
fame  multiple  of  A  that  the  fum  EB-\-FB  is  of  B; 
and  in  the  fixth  it  is  demonftrated  that  the  remainder 
EA—FA  is  the  fame  multiple  of  A  that  the  remainder 
TB^TB  is  of  B. 

Proposition     7. 

272.  If  tzvo  equal  quantities  A  andB  be  compared  with 
a  third,  as  C,  /  fay  then,  that  both  A  and  B  will 
have  the  fame  proportion  to  C  ;  and  vice  verfa,  that 
C  will  have  the  fame  proportion  both  to  A  and  to  B« 

For  taking  any  equimultiples  of  A  and  B,  fuppofe 
^A  and  3$,  and  any  other  multiple  of  C,  fuppofe 
jjC,  it  is  plain  that  %A  muft  be  equal  to  ^By  becaufe 
A  is  equal  to  B :  but  if  3  A  be  equal  to  3B,  then  it 
will  be  impoffible  for  %A  to  be  greater  than,  equal  to, 
or  lefs  than,  56?,  but  gB  muft  accordingly  be  greater 
than,  equal  to,  or  lefs  than,  the  fame  5C;  therefore 
we  have  four  quantities  J,  C,  B,  and  C,  whereof  ^A 
and  3.6  reprefent  any  equimultiples  of  the  firft  and 
third,  and  5C  and  5C  any  other  equimultiples  of  the 
fecond  and  fourth  ;  and  iince  the  firft  multiple  %A 
cannot  be  greater  than,  equal  to,  or  lefs  than,  the  fe- 
cond $C3  but  the  third  multiple  g$  muft  accordingly 
be  greater  than,  equal  to,  or  lefs  than,  the  fourth  $€, 
\l  follows  from  tfte  fifth  definition,  that  thefe  four 

quantities 


•298   ^he  fifth  Book  of  Euclid's  Elements,  Book  VII. 

quantities  A,  C,  B,  and  Cf  are  proportionable,  A  to 
C  as  B  to  C.     4,  £.  £>. 

Again,  fince  3^  is  equal  to  §B,  it  will  be  impof- 
fible  for  tp  to  be  greater  than,  equal  to,  or  lefs  than, 
qA,  but  the  fame  5C  muft  alfo  be  greater  than,  equal 
to,  or  lefs  than,  %B ;  therefore  we  have  four  quanti- 
ties C}  A,  C,  and  R,  whereof  5C  and  5C  reprefent  any 
equimultiples  of  the  firfl  and  third,  and  3/f  and  %B 
any  other  equimultiples  of  the  fecond  and  fourth-,  and 
iince  the  firft  multiple  $C  cannot  be  greater  than, 
equal  to,  or  lefs  than,  the  fecond  3A,  but  the  third 
multiple  5C  muft  alfo  be  greater  than,  equal  to,  or 
lefs  than,  the  fourth  %B,  it  follows  from  the  fifth  de- 
finition, that  thefe  four  quantities  C,  A,  C,  and  B,  mult 
be  proportionable,  C  to  A  as  C  to  B.     §>.  E.  D. 

Proposition     8. 

273.  If  two  unequal  quantities  A  andB,  whereof  A  is 
the  greater,  be  compared  with  a  third  as  C«  I  fay 
then  that  A  will  have  a  greater  proportion  to  C  than 
B  hath  to  C  ;  but  that,  on  the  other  hand,  C  will 
have  a  greater  proportion  to  B  than  it  hath  to  A. 

For  lince,  by  the  fuppofuion,  A  is  greater  than  B, 

A—B  will  be  the  excefs  of  A  above  B  ;  and  by  the 

fifth  propofition,  if  EB  be  any  multiple  of  B,  EA  -  EB 

will  be  the  fame  multiple  of  A—B:  multiply  then 

thefe  two  quantities  B  and  A—B  alike,  till  of  the 
equimultiples  thence  arifmg,  the  lefs  (hall  be  greater 
than  C;  then  will  the  oiher  be  much  greater;  let  thefe 

equimultiples  be  3.B  and  $A  —  $B3  each  being  greater 
than  C:  laftly  multiply  C  till  you  come  to  a  multiple 
of  it  that  {ball  be  the  next  greater  than  3$,  which 
multiple  let  be  5C;  then  it  is  plain  that  3 B  cannot  be 
lefs  than  4C;  for  if  it  was,  then  4C,  and  not  §C9 
would  be  the  next  multiple  of  C  greater  than  %B,  con- 
trary to  the  fuppofuion.  Since  then  %B  cannot  be 
lefs  than  4C;  it  follows,  that  it  to  %B  be  added  a 

greater 
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greater  quantity,  and  to  4.C  a  lefs,  the  former  funi 
will  be  greater  than  the  latter  :  but  %A-  $B  is  greater 
than  Cby  the  conftruclion  •,  add  then  ^A  —  ^B  to  %B9 
and  C  to  4C,  and  you  wiil  have  3  A  greater  than  $C: 
but  3B  is  lefs  than  §C  by  the  conftruclion  ;  therefore 
we  have  four  quantities  A,  C,  B  and  C,  whereof  3/f 
and  35  are  equimultiples  of  the  firft  and  third,  and 
5C  and  $C  are  other  equimultiples  of  the  fecond  and 
fourth  •,  and  fmce  the  firft  multiple  3/f  is  greater  than 
the  fecond  5C,  and  at  the  fame  time  the  third  mul- 
tiple 3$  is  not  greater  than  the  fourth  §C,  but  lefs7  it 
follows  from  the  feventh  definition,  that  of  the  four 
quantities  Ay  C,  B,  and  C,  A  hath  a  greater  propor- 
tion to  C  than  B  hath  to  C.     Q.  E.  D. 

Again,  fince  we  have  four  quantities  £?,  B3C,  and  A, 
whereof  5C  and  $C  are  equimultiples  of  the  firft  and 
third,  and  $B  and  3/f  are  other  equimultiples  of  the 
fecond  and  fourth  ;  and  fince  the  firft  multiple  $C  is 
greater  than  the  fecond  3B,  and  at  the  fame  time  the 
third  multiple  5C  is  not  greater  than  the  fourth  3/f, 
but  lefs,  it  follows  from  the  feventh  definition,  that 
of  the  four  quantities  C,  B,  C,  and  A9  C  hath  a  greater 
proportion  to  B  than  C  hath  to  A.     <%.  E.  D. 

Proposition     9. 

274.  If  two  quantities  A  and  B  have  both  the  fame 
proportion  to  a  third  as  C,  or  if  C  hath  the  fame 
proportion  to  both  A  and  B ;  in  either  of  tbefe  cafes 
A  and  B  muft  be  equal  to  each  other* 

For  fhouid  either  of  them  be  greater  than  the  other, 
Should  A  be  greater  than  B,  then  by  the  laft  propo- 
rtion, A  muft  have  a  greater  proportion  to  C  than  B 
hath  to  67,  contrary  to  the  firft  fuppofiiion  ;  and  C 
muft  have  a  greater  proportion  to  B  than  it  hath  to  A, 
contrary  to  the  fecond  fuppofition  ;  therefore  A  and 
$  muft  be  equal  to  each  other.     §K  E.  D. 

P  R  O  P  O- 
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Proposition     io. 

275.  If  of  three  quantities  A,  B,  and  C,  A  hath  a 
greater  proportion  to  C  than  B  hath  to  C,  or  if  C 
hath  a  greater  proportion  to  B  than  it  hath  to  A  ;  in 
either  of  thefe  cafes  A  muft  be  greater  than  B. 

For  was  A  equal  to,  or  lefs  than,  B,  then  either  A 
muft  have  the  fame  proportion  to  C  that  B  hath  to  Ct 
as  in  the  feventh  propofition,  or  a  lefs  as  in  the  eighth, 
both  which  contradict  the  firft  fuppofition :  and  again, 
was  A  equal  to,  or  lefs  than,  B,  then  either  C  muft 
have  the  fame  proportion  to  A  that  it  hath  to  B,  as 
in  the  feventh  propofition,  or  a  greater  as  in  the 
eighth,  both  which  contradict  the  fecond  fuppofition  ; 
therefore  A  muft  be  greater  than  B.    Q.  E.  D. 

Proposition     ii. 

276.  If  two  ratios  be  the  fame  with  a  third,  they  mujt 
be  the  fame  with  one  another:  as  if  the  ratio  of  A  to 
a  and  the  ratio  of  Q  to  c  be  both  the  fame  with  the 
ratio  of  B  to  b,  then  the  ratio  of  A  to  a  will  be  the 
fame  with  the  ratio  of '  C  to  c :  or  thus  ;  If  A  be  to  a. 
as  B  to  b,  and  B  to  b  as  C.ta c  ;  I  fay  then  that  A 
will  be  to  a  as  C  to  c. 

For  taking  any  equimultiples  of  the  antecedents, 
fuppofe  %A,  3^,  3C;  and  any  other  equimultiples  of 
the  confequents,  fuppofe  2a9  zb,  zc,  let  ^A  be 
greater  than  2a;  then  fince  by  the  fuppofition  A  is  to 
a  as  B  to  £,  and  %A  is  greater  than  %at  $B  muft  be 
greater  than  zb  by  the  fifth  definition  :  again,  fince 
B  is  to  b  as  C  to  e,  and  3$  is  greater  than  zb,  3C 
muft  be  greater  than  zc :  thus  then  we  fee  that  if  $£ 
be  greater  than  za,  3C  muft  neceffarily  be  greater 
than  ic :  and  in  like  manner  it  may  be  demonftrated 
that  if  %A  be  equal  to,  or  lefs  than,  2a%  3C  will  ac- 
cordingly be  equal  to,  or  lefs  than,  zc.  Since  then  we 
have  four  quantities  A,  a,  C,  and  <r,  whereof  3  A  and 
3C  reprefent  any  equimultiples  of  the  firft  and  third, 
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and  ia  and  2c  any  other  equimultiples  of  the  fecond 
and  fourth  ;  and  fince  3  A  cannot  be  greater  than, 
equal  to,  or  lefs  than,  2a,  but^C  muft  accordingly 
be  greater  than,  equal  to,  or  lefs  than,  ic,  it  follows 
from  the  fifth  definition  that  thefe  four  quantities 
A,  a,  C,  and  c,  muft  be  proportionable,  A  to  a  as  C  to  c» 
§.  E-  D. 

Proposition     12. 

277.  If  ever  fo  many  quantities  A,  B,  C,  in  one  feries 
be  proportionable  to  as  many  a,  b,  c,  in  another,  that 
is,  A  to  a  as  B  to  b  as  C  to  c;  I  fay  then,  that  as 
any  one  antecedent  is  to  its  confequent,  fo  will  the 
fum  of  all  the  antecedents  be  to  the  fum  of  all  the  con- 

■    fequents ;  that  is,  as  A  is  to  a  fo  will  A  +  B  -j-  C 

be  to  a-f-b  +  c  :  or  if  we  fuppofe  A-hB4-C  =  S,  and 

a  +  b  +  czrs,  /  fay  then  that  as  A  is  to  a  fo  will 
S  be  to  s. 

For  taking  any  equimultiples  of  the  antecedents, 
fuppofe  iA,  $B,  3C,  and  any  other  equimultiples  of 
the  confequents,  fuppofe  ia,  zb,  2c>  let  3/f  be  greater 
than  2 a  ;  then  fince  A  is  to  a  as  B  to  b9  and  $A  is 
greater  than  ia,  qB  muft  be  greater  than  zb  by  the 
fifth  definition  :  again,  fince  B  is  to  b  as  C  to  c,  and 
$B  is  greater  than  %b,  3C  muft  be  greater  than  2c : 
therefore  if  %A  be  greater  than  2a9  not  only  $JB  will 
be  greater  than  2b,  but  alfo  3C  will  be  greater  than 
2c,  and  confequently  the  whole  fum  3A  +  2B  +  3C 
will  be  greater  than  the  whole  fum  ia+2b  +  2c : 
but  by  the  firft  propofition,  the  fum  3A+2B  +  3C 
is  the  fame  multiple  of  the  fum  A  +  B+C  or  S  that 
%A  is  of  A;  therefore  3A<-\-$B-\-$C=:$S;  and  for 
the  fame  reafon  2a  +  2b +  ic~2s  j  therefore  we  may 
now  fay  that  if  %A  be  greater  than  2a,  $S  will  be 
greater  than  is :  and  after  the  fame  manner  might  h 
be  demon  ft  rated,  that  if  $A  be  equal  to,  or  lefs  than? 
5  za%. 
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za,  3S  will  be  equal  to,  or  lefs  than,  is.  Since 
then  we  have  four  quantities  A,  a,  Sy  and  j,  whereof 
%A  and  3S  reprefent  any  equimultiples  of  the  firii  and 
third,  and  2a  and  2s  any  others  of  the  fecond  and 
fourth  ;  and  fince  $A  cannot  be  greater  than,  equal 
to,  or  lefs  than,  2#,  but  3S  muft  in  like  manner  be 
greater  than,  equal  to,  or  lefs  than,  is,  it  follows  from 
the  fifth  definition  that  thefe  four  quantities  A,  a,  S, 
and  s,  mufl  be  proportionable,  A  to  a  as  5  -to  s, 
l^E.D. 

Proposition     13. 

278.  If  A  hath  the  fame  proportion  to  a  that  B  hath 
to  b,  but  B  hath  a  greater  proportion  to  b  than  C 
hath  to  c  ;  1  fay  then  that  A  hath  a  greater  propor- 
tion to  a  than  C  to  c. 

For  fince  by  the  fuppofition  B  is  to  h  in  a  greater 
proportion  than  C  to  c,  it  follows  from  the  feventh 
definition  that  there  are  equimultiples  of  B  and  C, 
and  others  again  of  b  and  c,  of  fuch  a  nature  that  B's 
multiple  fhall  exceed  that  of  b,  and  at  the  fame  time 
C's  multiple  ihall  not  exceed  that  of  c :  let  then  3Z? 
exceed  2b,  and  let  3C  not  exceed  ic\  then  fince  A  is 
to  a  as  B  to  b,  and  §b  exceeds  ib,  $A  mufl  necefla- 
rily  exceed  ia  by  the  fifth  definition ;  therefore  we 
have  four  quantities  A,  a,  C>  and  c,  whereof  $A  and  3C 
are  equimultiples  of  the  firit  and  third,  and  ia  and 
ic  are  other  equimultiples  of  the  fecond  and  fourth ; 
and  fince  $A  exceeds  20  when  -^Cdocs  not  exceed  2c, 
it  follows  from  the  feventh  definition  that  of  thefe 
four  quantities  A>  a,  C,  and  ct  A  hath  a  greater  pro- 
portion to  a  than  C  hath  to  c,    Q.  &•  D* 

Proposition     14. 

279.  Jf  four  homogeneous  quantities  be  proportionable, 
the  firfl  to  the  fecond  as  the  third  to  the  fourth ;  1 
fay  then  that  the  fecond  will  be  greater  than,  equal  to, 
or  lefs  than,  the  fourth }  according  as  thefirjt  is  greater 

than, 
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than,  equal  to,  or  lefs  than,  the  third :  as  if  A  be  to 
Ba;C  is  to  D ;  I  fay  then  that  B  will  be  greater  than, 
equal  to,  or  lefs  than,  D,  according  as  A  is  greater 
than,  equal  to,  or  lefs  than,  C. 

Case     i. 

Let  A  be  greater  than  C :  I  fay  then  that  B  will  be 
greater  than  D.  For  fmce  A  is  greater  than  C,  A 
will  have  a  greater  proportion  to  B  than  C  hath  to  B 
by  the  eighth  proposition :  again,  fmce  C  is  to  D  as 
A  to  B,  and  A  hath  a  greater  proportion  to  5  than  C 
hath  to  i?,  it  follows  from  the  laft  proportion  that  C 
is  to  D  in  a  greater  proportion  than  C  to  B ;  there- 
fore by  the  tenth  proportion  B  is  greater  than  IX 
Q,  E.  D. 

Case     2. 

Let  now  A  be  lefs  than  C :  I  fay  then  that  B  will 
be  lefs  than  D.  For  if  A  be  lefs  than  C  j  then  C  will 
be  greater  than  J:  fmce  then  C  is  to  D  as  A  is  to  12 
ex  hypothefi,  and  C  is  greater  than  A,  it  follows  from 
the  laft  cafe  that  D  will  be  greater  than  B ;  and  there- 
fore B  will  be  lefs  than  D.     '$.  E.  D. 

Case     3. 

Laftly,  let  A  be  equal  to  C:  I  fay  then  that  B  will 
be  equal  to  D.  For  fmce  A  is  equal  to  C,  A  will  be 
to  5  as  C  is  to  5  by  the  feventh  proportion  ;  but  C  is 
to  D  as  A  to  5  by  the  fuppofition  ;  therefore  Cis  to  D 
as  C  is  to  B  by  the  eleventh  propofidon;  therefore  B 
and  7)  are  equal  by  the  ninth.     «£\  E.  D. 

Proposition     15. 

280.  Parts  are  in  the  fame  proportion  with  their  re» 
fpeclive  equimultiples.   Let  A  and  a  be  any  two  homo- 
geneous quantities,  whereof  '3  A  and,  3  a  reprefent  any 
equimultiples  refpeclively ;  I  fay  then,  that  A  will  be 
a  as  3A  to  3a. 

For 
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For  take  B  and  C  both  equal  to  A,  and  alfo  b  and  c 
both  equal  ta*z-,  then  by  the  feventh  proportion  we 
fhall  have  A  to  a  as  B  to  b  as  C  to  c  •,  therefore  by  the' 
twelfth  propofmon  we' fhall  have  A  to  #  as  A-\-B-\-C 
to  a-\-b-\-c:  but  in  this  cafe  ^-|-.g-}-C=3^,  and 
a-\-b-\-c  =;  $a -,  therefore  A  is  to  a  as  3^  is  to  30. 
§.  £.  D. 

Proposition     16. 

281.  If  four  homogeneous  quantities  be  proportionable y 
the  fir  ft  to  the  fecond  as  the  third  to  the  fourth;  I  fay 

..  /fo?z  //fof  they  will  alfo  be  alternately  proportionable^ 
that  is,  the  fir  ft  to  the  third  as  the  fecond  to  the  fourth: 
m  if  A  be  to  B  as  C  to  D ;  /yJzy  then  that  A  w<7/  &P 
to  C  4 j  B  /<?  D. 

For,  taking  any  equimultiples  of  A  and  5,  fuppofe 
%A  and  3.Z?,  and  any  others  of  C  and  D,  fuppofe  2C 
and  2D  ;  fince  3  J  is  to  35  as  A  to  B  by  the  laft,  and  A 
is  to  B  as  C  to  D  by  the  fuppofition,  and  CistoD  as 
zC  to  2D  by  the  laft;  it  follows  from  the  nth  pro- 
pofition  that  %A  is  to  3I?  as  2C  to  2D ;  therefore  by 
the  i4thpropofition,  3  A  cannot  be  greater  than,  equal 
to,  or  leis  than,  2C,  but  at  the  fame  time  %B  muft  be 
greater  than,  equal  to,  or  lefs  than,  2D,  Since  then  we 
have  four  quantities  A,  C,  B,  and  D,  whereof  3 A  and 
3J5  repreient  any  equimultiples  of  the  firft  and  third, 
and  2C  and  2D  any  other  equimultiples  of  the  fecond 
and  fourth;  and  fince  %A  cannot  be  greater  than, 
equal  to*  or  lefs  than,  zC9  but  3 B  muft  accordingly 
be  greater  than,  equal  to,  or  lefs  than,  2D,  it  follows 
from  the  fifth  definition  that  thefe  four  quantities 
A,  C,  B,  and  D,  muft  be  proportionable,  A  to  C  as 
B  to  D.    §.  E.  D. 

Note,  Alternate  proportion  can  have  no  place,  ex- 
cept where  all  the  quantities  A,  Bf  C,  and  D,  are  of  the 
fame  kind  :  for  if  A  and  B  were  of  one  kind,  and  C 
and  D  of  another^  how  would  ic  be  poflible  for  the 

quantities 
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quantities  A  and  C,  or  B  and  D,  to  have  any  propor- 
tion one  to  another,  much  lefs  the  fame  } 

Proposition     17. 

282.  If  four  quantities  A,  B,  C,  and  D,  whereof  K  is 
greater  than  B,  and  C  greater  than  D,  fo  proportion- 
able, A/«B^C/oD;  7  y&y  /&«  /to  A  -  B  will 

be  to  B  as  C  —  D  is  to  D,  which  is  called  proportion 
by  divifion. 

For  let  ^A,  $B,  3C,  and  3D,  be  any  equimultiples 
of  the  quantities  A,  B,  C,  and  D  ;  then  will  3^-3^ 
and  3C-3D  be  like  multiples  of  A—B  and  C-D. 
Again,  let  2B  and  2D  be  any  other  equimultiples  of 
B  and  D,  and  let  3J-3.Z?  be  greater  than  2B ;  then 
if  35  be  added  to  both  fides,  we  (hall  have  %A 
greater  than  $B ;  and  becaufe  A  is  to  B  as  C  is  to  D, 
we  fhall  have,  by  the  fifth  definition,  3C greater  than 
5D ;  take  3D  from  both  fides,  and  you  will  have 
3C-3D  greater  than  2D;  therefore  if  3^  —  $B  be 
greater  than  2B,  3C—  3D  mufl  be  greater  than  2D; 
and  by  a  like  procefs  it  may  be  demonftrated,  that 
if  3^-35  be  equal  to,  or  lefs  than,  2B,  3C— 3D 
will  be  equal  to,  or  lefs  than,  2D.  Since  then  we 
have  four  quantities,  A  —  B,  B,  C-D,  and  D, 
whereof  ^A  —  ^B  and  3C  — 3D  reprefent  any  equi- 
multiples of  the  firft  and  third,  and  iB  and  2D  any 
other  equimultiples  of  the  fecond  and  fourth ;  and 

fi nee  3 A  —  3 B  cannot  be  greater  than,  equal  to,  or 
lefs  than  2B,  but  at  the  fame  time  3C— 3D  muft  ac- 
cordingly be  greater  than,  equal  10,  or  lefs  than, 
2D,  it  follows  from   the   fifth   definition   that  thefe 

four  quantities,  A  —  B,  B,  C-D,  and  D,  mult  be 
proportionable,  A-B  to  B  as C - D  to D.    %  E.  D. 

U  Pro- 
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Proposition     18. 

283.  If  four  quantities  A,  B,  C,  and  D,  be  propor- 
tionable, A  to  B  as  C  /<?  D  ;  I  fay  then  that  A  +  B 

•will  be  to  B  as  C  +  D  to  D,  w#/Vi>  is  called  proportion 
by  cotnpqfition. 

If  this  be  denied,  that  A+B  is  to  B  as  C  +  Z)  is 
to  D,  it  mufl  then  be  allowed  that  A+B  is  to  B  as 
C+I)  is  to  forae  quantity  either  greater  or  lefs  than 
D  ;  fuppofe  to  a  greater,  and  call  it  E ;  then  fince 
E  is  by  the  fuppofition  greater  than  D,  if  C—E  be 
added  to  both  fides,  we  fhall  have  C  greater  than 
C-\-D  —  E.  This  being  obferved,  let  us  begin  again, 
and  fuppofe  A-\-B  to  B  as  C-f-D  to  E ;  then  we  lhall 
have  dividendo  (that  is,  by  the  lalt  propofition) 
A+B-B  to  B  as  C+D-E  to  E;  but  A  +  B-B  is 
equal  to  ^ ;  therefore  A  is  to  B  as  C-|-£)  —  £  is  to  E  \ 
but  A  is  to  i?  as  C  is  to  D  by  the  fuppofition  ;  there- 
fore C  is  to  D  as  C+  D  -  £  is  to  E  ;  but  of  thefe  four 

proportionals  C,  D,  C+D-E,  and  £,  it  has  been 
proved  that  the  firft  is  greater  than  the  third,  that  C 
is  greater  than  C+D-E;  therefore,  by  the  four- 
teenth, the  fecond  mull  be  greater  than  the  fourth, 
that  is,  D  mufl  be  greater  than  E;  therefore  E  mull 
be  lefs  than  D  ;  therefore  if  A  +  B  be  to  B  as  C+D 
is  to  any  quantity  greater  than  D,  that  quantity  mull 
aifo  be  lefs  than  D,  which  is  impoffible ;  therefore  it 
is  impoffible  for  A-\-B  to  be  to  B  as  C+D  is  to  any 
quantity  greater  than  D:  and  by  a  like  procefs  it 
may  be  demonflrated,  that  it  is  as  impoffible  for 
A+B  to  be  to  2  as  C+D  is  to  any  quantity  lefs  than 
D§  therefore  A+B  mull  be  to  B  as  C+D  is  to  D* 

JSU.p.p. 

Pro- 
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Proposition     19. 

284.  If  from  two  quantities  A  and  B  in  any  proportion 
be  fubtratled  other  two  C  and  D  in  the  fame  pro* 
portion  ;  1  fay  then  that  the  remainders  A  —  C  and 
B  — D  will  fill  be  in  the  fame  proportion,  that  is, 
that  A  -  C  will  be  to  B  -  D  as  A  to  B  or  as  C  to  D. 

For  fince  by  the  fuppofition  A  is  to  B  as  C  is  to  Z), 
we  fhall  have  permutando  (that  is,  by  the  fixteenth 
propofition)  A  to  C  as  B  to  D ;  and  dividendo, 
A  —  C  to  C  as  5—  D  to  D ;  and  again  permutando, 
A—C  to  5  —  D  as  C  is  to  D  ;  but  A  is  to  5  as  t?is  to 
D  j  therefore  ^-  C  is  to  B~  D  as  J  to  B.  Q.  E.  D, 

Scholium. 

Here  Doftor  Gregory  in  his  manufcript  copy  finds 
a  corollary  demon (Irating  that  illation  called  conver- 
fion  of  proportion  ;  but  becaufe  it  is  difficult  to 
make  fenfe  of  that  demonftration,  I  chufe  rather  to 
infert  his  own  demonftration  of  the  fame  propofition, 
which  is  as  follows: 

If  four  quantities  A,  B,  C,  and  D,  be  proportionable ', 
A  to  B  as  G  to  D  j  I  fay  then  that  A  is  to  A  -  B  as 
C  is  to  C  —  D,  which  is  called  converfion  of  proportion. 
For  fince  by  the  fuppofition  A  is  to  B  as  C  is  to  Z), 
we  lhall  have  dividendo,  A  —  B  to  B  as  C—D  to  D  ; 
and  in-vertendoy  B  to  A  —  B  as  D  to  C—  D\  and  *wb- 
ponendo,  B  +  A-B  to  ^— £  as  D  +  C—D  to  C— Z>, 
that  is,  J  to  4-  5  as  C  to  C-D.     ^.  £.  £>. 

As  to  the  foregoing  nineteenth  propofition  I  fhall 
further  obferve,  that  as  in  that  propofition,  by  divi- 
fion  of  proportion  it  was  demonftrated,  that  if  from 
two  quantities  A  and  B  in  any  proportion  be  fub- 
tra£ted  two  others  C  and  D  in  the  fame  proportion, 
the  remainders  A—C  and  B—  D  will  flill  be  in  the 
fame  proportion  with  A  and  B  ;  fo  by  compofition 
of  proportion  it  may  be  demonftrated,  that  if  to 
two  quantities  A  and  B  in  any  proportion  be  added 

U  2  tw® 
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two  others  Cand  D  in  the  fame  proportion,  the  aggre- 
gates J  +  Cand  B  +  D  will  ftill  be  in  the  fame  propor- 
tion with  A  and  B;  but  this  has  already  been  demonstra- 
ted, being  a  particular  cafe  of  the  twelfth  proportion. 

Proposition     20. 

285.  If  there  be  three  quantities  Ay  B,  and  Q,  in  oti& 
feries,  and  three  others  D,  E,  and  F,  in  another,  and 

if  the  proportions  in  one  feries  be  the  fame  with  the 
proportions  in  the  ether  when  taken  in  the  fame  order  , 
as  if  A  be  to  B  as  D  is  to  E,  and  B  to  C  as  E  to  F ; 
I  fay  then  that  A  cannot  be  greater  than,  equal  to, 
cr  lefs  than,  C  in  one  feries,  but  accordingly  D  mufi 
be  greater  than,  equal  to,  or  lefs  than,  F  in  the  other*. 

For  let  A  be  greater  than  C;  then  it  is  plain  from 
the  eighth  propofition  that  A  mull  have  a  greater 
proportion  to  B  than  C  hath  to  B'\  but  A  is  to  B  as 
D  to  E  by  the  fuppofition,  and  C  is  to  B  as  F  to  E9 
becaufe  by  the  fuppofition  B  is  to  C  as  E  to  is  there- 
fore D  hath  a  greater  proportion  to  E  than  F  hath  to 
E ;  therefore  D  is  greater  than  F  by  the  tenth  pro- 
pofition ;  therefore  if  A  be  greater  than  C,  D  mufi; 
be  greater  than  F:  and  after  the  fame  manner  it  may 
be  demonftrated,  that  if  A  be  equal  to,  or  lefs  than, 
C,  D  muft  accordingly  be  equal  to,  or  lefs  than,  F: 
therefore  A  cannot  be  greater  than,  equal  to,  or  lefs 
than,  C,  but  accordingly  D  muft  be  greater  than, 
equal  to,  or  lefs  than,  F.     Q.  E.  D. 

Proposition     21. 

286.  If  there  be  three  quantities  A,  B,  and  C,  in  one 
feries,  and  three  others,  D,  E,  andF,  in  another,  and 
if  the  proportions  in  one  feries  be  the  fame  with  the 
proportions  in  the  other,  but  in  a  different  order,  as 
if  A  be  to  B  as  E  is  to  F,  and  B  to  C  as  D  is  /oE; 
I  fay  JIM  that  A  cannot  be  greater  than,  equal  to,  or 
kfs  than,  C,  but  accordingly  D  mufi  be  greater  than, 
equal  to,  or  lefs  than,  F« 

For 
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For  let  A  be  greater  than  C;  then  by  the  eighth 
propofition  A  muft  have  a  greater  proportion  to  B 
than  C  hath  to  B :  but  A  is  to  B  as  E  is  to  i7  by  the 
fuppofition,  and  C  is  to  B  as  £"  to  D,  becaufe  by  the 
fuppofition  B  is  to  C  as  D  to  E;  therefore  E  hath  a 
greater  proportion  to  F  than  it  hath  to  D ;  therefore 
D  mud  be  greater  than  F  by  the  tenth  propofition  ; 
therefore  if  A  be  greater  than  C,  D  muft  be  greater 
than  F:  and  by  a  like  way  of  reafoning,  if  A  be  equal 
to,  or  lefs  than,  C,  D  will  accordingly  be  equal  to,  or 
lefs  than,  F;  therefore  A  cannot  be  greater  than,  equal 
to,  or  lefs  than,  C,  but  accordingly  D  muft  be  greater 
than,  equal  to,  or  lefs  than,  F.     i^.  E.  D, 

Proposition     22. 

■287.  If  there  be  three  quantities  A,  B,  and  C,  in  one 
feries,  and  three  ethers  D,  E,  and  F,  in  another,  and 
if  the  proportions  in  one  feries  be  the  fame  with  the 
proportions  in  the  other  when  taken  in  the  fame  order ; 
I  fay  then  that  the  extremes  in  one  feries  will  be  in  the 
fame  proportion  with  the  extremes  in  the  other :  as  if 
A  be  to  B  as  D  is  to  E,  and  B  to  C  as  E  to  F ;  I  fay 
then  that  A  will  be  to  C  as  D  to  F. 

Note,  For  avoiding  a  multiplicity  of  words,  this 
confequence  is  faid  to  follow  ex  cequo  ordinate,  or  ex 
aquo  :  fee  the  eighteenth  and  nineteenth  definitions. 

Take  any  equimultiples  of  A  and  D,  fuppofe  4A 
and  4D,  and  any  others  of  B  and  E,  fuppofe  3 B  and 
3-E",  and  laftly  any  others  of  C  and  F,  as  iC  and  2F  ; 
then  fince  by  the  fuppofition  A  is  to  B  as  D  is  to  E9 
it  follows  from  the  fourth  propofition  that  4^  will  be 
to  $B  as  4Z)  to  2>E :  again,  fince  by  the  fuppofition 
B  is  to  C  as  E  to  F,  it  follows  from  the  fame  fourth 
propofition  that  %B  will  be  to  zC  as  2E  to  2F:  fo 
that  we  have  three  quantities,  to  wit,  4 A,  $B,  2C,  in 
one  feries,  and  three  others,  to  wit,  4D,  3JE,  and  2/'', 
in  another ;  and  it  has  been  fhewn  that  the  propor- 
tions in  one  feries  are  the  fame  with  the  proportions 

U  3  in 
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in  the  other  when  taken  in  the  fame  order,  that  is, 
4//  is  to  %B  as  4D  to  o,E,  and  %B  to  2Cas  $E  to  2F; 
therefore,  by  the  twentieth  propofition,  4J  cannot  be 
greater  than,  equal  to,  or  lefs  than,  2C,  but  4D  mull 
accordingly  be  greater  than,  equal  to,  or  lefs  than, 
2F.  Since  then  we  have  four  quantities  yf,  C,  jD,  and 
F,  whereof  4^  and  4D  reprefent  any  equimultiples 
of  the  fir  ft  and  third,  and  2C  and  iF  any  other  equi- 
multiples of  the  fecond  and  fourth ;  and  fmce  4.A 
cannot  be  greater  than,  equal  to,  or  lefs  than,  2C, 
but  accordingly  4D  mud  be  greater  than,  equal  to, 
or  lefs  than,  2F,  it  follows  from  the  fifth  definition 
that  thefe  four  quantities  A,  C,  £?,  and  F,  arepropor- 
tionable,  A  to  C  as  D  to  F.     £>.  E.  D. 

Corollary. 
In  like  manner,  if  there  be  ever  Jo  many  quantities 
A,  B,  C.  G,  &c.  in  one  fries,  and  as  many  others 
D,  E,  F,  H,  &c.  in  another,  and  if  A  be  to  B  as  D  is 
to  E,  and  B  to  C  as  E  to  F,  and  C  to  Q  asF  to  H, 
&c,  /£<?  confequence  with  refpeU  to  the  extremes  will  fill 
be  the  fame,  that  is,  A  will  be  to  G  as  D  to  H:  for  it 
has  been  proved  already  that  A  is  to  C  as  D  to  F ;  and 
by  the  fuppoiition  C  is  to  G  as  Fto  i^j  therefore,  «f 
<S£«0,  ./f  will  be  to  G  as  D  to  H. 

Proposition     23. 

288.  i/"  there  be  three  quantities  A,  B,  and  C,  /«  o?z£ 
feries,  and  three  others  D,  E,  <2#</  F,  /;z  another,  and 
if  the  proportions  in  one  feries  be  the  fame  with  the 
proportions  in  the  other,  but  in  a  different  order',  I  fay 
that  the  extremes  in  one  feries  will  fill  be  in  the  fame 
proportion  with  the  exire?nes  in  the  other  :  as  if  A  be 
to  B  as  E  is  to  F,  and  B  to  C  asY)  toY  ;  1  fay  full 
that  A  will  be  to  C  as  D  to  F. 
Note.  This  confequence  is  faid  to  be  ex  aquo  per- 

turbate. 

Take  any  equimultiples  of  A,  B,  and  D,  fuppofe 

$Aj  3 B,  and  3D,  and  any  others  of  C9  E,  and  F,  fup- 
pofe 
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pofe  2C,  2E,  and  2F,  and  the  reafoning  is  as  follows : 
%A  is  to  3 B  as  A  to  5  by  the  fifteenth,  and  A  is  to  B 
as  £  to  F  by  the  fuppofition,  and  E  is  to  F  as  iE  to 
zFby  the  fifteenth  ;  therefore  ^A  is  to  ^B  as  2F  is  to 
%F  by  the  eleventh  ;  again,  B  is  to  C  as  D  to  £  by 
the  fuppofition  ;  therefore  3 B  will  be  to  2C  as  3D  to 
iE  by  the  fourth :  fince  then  we  have  three  quanti- 
ties, to  wit,  3J,  3.S,  and  2C,  in  one  feries,  and  three 
others,  to  wit,  3D,  <iE,  and  2F,  in  another,  and  fince 
the  proportions  are  the  fame  in  both  feriefes,  but  in  a 
different  order,  that  is,  fince  ^A  is  to  ^B  as  2.E  to 
2F,  and  3B  is  to  2C  as  3D  to  2E,  it  follows  from  the 
twenty-firft  propofition,  that  3^  cannot  be  greater 
than,  equal  to,  or  lefs  than,  2C,  but  3D  mud  accord- 
ingly be  greater  than,  equal  to,  or  lefs  than,  2F: 
again,  fince  we  have  four  quantities  A,  C,  D,  and  F, 
whereof  3^  and  3D  reprefent  any  equimultiples  of 
the  firlt  and  third,  and  2l7  and  2F  any  others  of  the 
fecond  and  fourth,  and  fince  3/f  cannot  be  greater 
than,  equal  to,  or  lefs  than,  2C,  but  $D  mull  accord- 
ingly be  greater  than,  equal  to,  or  lefs  than  2F,  it 
follows  from  the  fifth  definition  that  thefe  four  quan- 
tities A,  C,  D,  and  F,  are  proportionable,  A  to  C  as  D 
so  F.    J^F.  D. 

Proposition     24. 

2,89.  If  there  be  fix  quantities,  A,  B,  C,  D,  E,  F, 
whereof  &  is  to  B  as  C  is  to  D,  and  E  is  to  B  as  F 
to  D  ;  I  fay  then  that  A  +  E  will  be  to  B  as  C  +  F 
toD. 

For  fince  by  the  fuppofition  E  is  to  B  as  F  to  D, 
we  (hall  have,  invertendo,  B  to  £  as  D  to  F.  Since 
then  A  is  to  B  as  C  is  to  E  by  the  fuppofition,  and  B 
is  to  £  as  D  to  F,  it  follows  ex  aequo,  that  A  is  to  F 
as  C  to  F;  whence,  componendo,  A  +  E  will  be  to  F  as 
C+F  is  to  F:  again,  fince  A-]~E  is  to  F  as  C-\-F  is 
to  F,  and  E  is  to  5  as  F  to  D  by  the  fuppofition,  it 
follows  again  ex  $1110,  that  A-\-E  is  to  B  as  C-j-F  to 
D.    &  £.  D. 

U  4  Lemma. 
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Lemma. 

290.  If  four  quantities  A,  B,  C,  and  D,  be  proportion- 
able,  A  to  B  as  C  to  D  ;  /  fey  then  that  A  cannot 
pojjibly  be  greater  than,  equal  to,  or  lefs  than,  B,  but 
that  C  will  accordingly  be  greater  than,  equal  to,  or 
lefs  than,  D. 

That  this  lemma  is  feif-evident  according  to  the 
common  notion  of  proportionality,  or  even  upon  the 
plan  of  the  fifth  definition,  were  fimple  quantities  al- 
lowed to  be  confidered  as  equimultiples  of  themfelves, 
is  what  I  fuppofe  will  fcarcely  be  denied :  but  this  the 
name  of  multiple  and  equimultiple  will  by  no  means 
admit  of,  and  therefore  care  has  been  taken  to  provide 
againfl  it,  as  may  be  feen  in  my  obfervations  on  the 
fecond  definition,  and  at  the  end  of  the  fixth  propofi- 
tion  :  therefore,  as  the  doctrine  of  proportion  here 
flands,  this  lemma  ought  certainly  to  be  demonflrated; 
and  the  author's  taking  it  for  granted  in  the  demonftra- 
tion  of  the  next  propofition  following,  where  he  might 
with  fo  much  eafe  have  avoided  it,  is  not  fo  much  an 
argument  of  its  felf-evidency,  as  that  he  had  demon- 
strated it  fomewhere  before  in  this  fifth  book,  but  that 
it  is  now  loft.  Commandine,  from  the  fourteenth  of 
this  book,  has  demon  flrated  one  particular  cafe  of 
this  propofition,  that  is,  where  the  quantities  A,  B3 
C,  and  D,  are  all  of  a  kind  :  but  this  propofition  is  no 
lefs  true  when  the  quantities  A  and  B  are  of  one  kind, 
and  C  and  D  of  another.  This  Clavius  very  well  ob- 
ferves,  and  endeavours  to  demonftrate  this  propofi- 
tion in  this  more  extended  fenfe  (fee  his  fcholium  to 
the  fourteenth  propofition  of  the  fifth  book) ;  but 
whether  this  demonstration  of  his  amounts  to  any 
more  than  proving  idem  per  idem,  let  them  that  read 
it  judge.  The  demonftration  I  lhail  here  give  of  it 
is  as  follows  : 

I  am  to  demonflrate  that  if  A  be  to  B  as  C  is  to  D ; 
then  A  cannot  poihbly  be  greater  than,   equal  to, 

or 
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or  lefs  than,  2),  but  accordingly  Cmuft  be  greater  than, 
equal  to,  or  lefs  than,  D. 

Case     i. 

Let  A  be  greater  than  B ;  I  fay  then  that  C  mud 
be  greater  than  D.  For  fince  A  is  greater  than  B, 
multiply  the  excefs  A  -  B  to  a  multiple  greater  than  B, 
and  let  this  multiple  be  ^A  -  3$  ;  then  fince  3  J—  3J5 
is  greater  than  B,  if  3Z?  be  added  to  both  fides,  we 
fhall  have  ^A  greater  than  4J? :  again,  fince  A  is  to 
B  as  C  is  to  D,  and  3  J  is  greater  than  4.B,  we  (hall 
have,  by  the  fifth  definition,  36?  greater  than  4D  ; 
therefore  3C  muft  be  much  greater  than  3D,  and  G 
mull  be  greater  than  D.     g.  E.  D, 

Case     2. 

Let  now  A  be  lefs  than  B;  I  fay  then  that  C  mull 
be  lefs  than  D.  For  fince  A  is  to  B  as  C  is  to  D,  we 
fhall  have,  invert endo,  B  to  A  as  D  to  C ;  but  i?  is 
greater  than  ^f,  becaufe  by  the  fuppofition  A  is  lefs 
than  B  j  therefore  D  muft  be  greater  than  C  by  the 
laft  cafe  j  therefore  C  muft  be  lefs  than  D,    Q.  E,  D. 

Case     3. 

Laflly,  let  A  be  equal  to  B\  I  fay  then  that  C  muft 
be  equal  to  D.  For  fince  C  is  to  D  as  A  is  to  5, 
fliould  C  be  greater  or  lefs  than  D,  A  would  accord- 
ingly be  greater  or  lefs  than  B  by  the  two  laft  cafes ; 
but  A  is  neither  greater  nor  lefs  than  B  by  the  fuppo- 
fition •,  therefore  C  is  neither  greater  nor  lefs  than  D  ; 
therefore  C  is  equal  to  D.     §>.  E.  D. 

Proposition     25. 

291.  If  four  quantities  A,  B,  C,  and  D,  be  proportion' 
able,  A  to  B  as  C  to  D  ;  7  y^y  /^»  //?£/  the  fum  of 

the  great  eft  and  leafi  terms  put  together  will  be  greater 
than  the  fum  of  the  other  two* 

Let 
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Let  A  be  the  greateft  of  all ;  then,  fince  A  is  to  B 
as  Cis  to  D,  and  B  is  lefs  than  A,  D  will  be  lefs  than 
C  by  the  lemma  :  again,  fince  A  is  to  B  as  C  is  to  D, 
and  C  is  lefs  than  A,  D  will  be  lefs  than  B  by  the 
fourteenth  ;  therefore  if  A  be  the  greater!  of  all,  D, 
which  is  lefs  than  either  A,  B,  or  C,  will  be  the  leaft 
of  all,  and  fo  the  fnm  of  the  greateft  and  lead  ternjis 
added  together  will  be  A  +  D;  therefore  the  fum  of 
the  other  two  will  be  B-\-C.  We  are  now  then  to 
prove  that  the  fnm  A-\-  D  is  greater  than  the  fum 
B-\-C,  which  is  thus  done  :  It  has  been  demonftrated 
in  the  nineteenth  proportion,  that  if  from  two  quan- 
tities A  and  B  in  any  proportion  whatever,  be  fub- 
tracted  other  two  C  and  D  in  the  fame  proportion, 
the  remainder  A  —  C  will  be  to  the  remainder  B  -  D  as 
A  to  B  j  but  A  is  greater  than  B  by  the  fuppofmon  ; 
therefore  A  —  G  rnu ft  be  greater  than  B-D  by  the 
lemma  ;  add  (7-1- D  to  both  fides,  and  you  will  have 
J-i~D  greater  than  B  +  C»     £K  $f  D* 

Corollary. 

If  three  quantities  A,  B,  and  C,  be  in  continual  pro- 
portion, A  to  B  *m  B  to  C  ;  /  /«y  ifow  /&?/  */j<?  /mot  0/ 
the  extremes  will  be  greater  than  tzvice  the  middle  term, 
that  A-fC  will  be  greater  B-f-B  or  2B. 


Of  the  Composition  and  Resolution  of  RATIOS. 

JNi  B.  As  numbers  are  quantities  whereof  we  have 
more  tiidinct  ideas  than  of  any  other  quantities  what- 
ever,  and  as  all  ratios  mult  be  reduced  to  thofe  of 
numbers  before  we  can  make  any  considerable  ufe  of 
their  compofition  and  refolution  in  computing  the 
quantities  of  time,  fpace,  velocity,  motion,  force, 
&c.  I  iliall  confine  myfelf  chiefly  to  this  fort  of 
ratios  in  what  I  have  to  deliver  in  the  following  ar- 
ticles. 

Defi- 
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Definition  i. 
292.  In  comparing  ratios,  that  ratio  is  /aid  to  be 
greater  than,  equal  to,  or  lefs  than,  another,  zvhofe 
antecedent  hath  a  greater,  or  an  equal,  or  a  lefs  pro- 
portion to  its  confequent  than  the  other's  antecedent  hath 
to  its  confequent.  Thus  the  ratio  of  6  to  3  is  faid  to 
be  greater,  and  the  ratio  of  4  to  3  lefs  than  the  ratio 
of  5  to  3  ;  thus  again  the  ratio  of  6  to  3  is  faid  to 
be  greater,  and  the  ratio  of  6  to  5  lefs  than  the  ratio 
of  6  to  4,  &c  Therefore  whenever  two  ratios  are  to 
be  compared  whofe  antecedents  and  confequents  are  both 
different,  it  will  be  proper  to  reduce  them  to  the 
fame  antecedent  or  to  the  fame  confequent  before  the 
comparifon  is  made.  As  for  in  (lance;  fuppofe  any 
one  would  know  which  of  thefe  two  ratios  is  the 
greater,  to  wit,  the  ratio  of  7  to  5,  or  the  ratio  of  4 
to  3  :  to  know  this,  it  will  be  proper  to  fet  off  one 
of  the  ratios  :  fuppofe  that  of  4  to  3,  from  7  the 
antecedent  of  the  other  (by  which  phrafe  I  mean 
no  more  than  rinding  a  number  to  which  7  hath  the 
fame  proportion  that  4  hath  to  3)  ;  and  this  may  be 

21 

done  by  faying,  as  4  is  to  3,  fo  is  7  to  — ,  or  5^:  thus 

4 
then  it  appears  that  the  proportion  of  4  to  3   is  the 

fame  with  the  proportion  of  7  to  5-^:  fo  that  now 
the  queflion  turns  upon  this,  which  of  thefe  two 
ratios  is  the  greater,  that  of  7  to  5,  or  that  of  7  to 
$~  ?  and  the  anfwer  is  ready,  to  wit,  that  the  ratio 
of  7  to  5  is  the  greater  ratio,  by  the  eighth  propo- 
rtion of  the  fifth  book  of  the  Elements;  therefore 
the  ratio  of  7  to  5  is  greater  than  the  ratio  of  4  to  3. 
Again,  fuppofe  1  would  compare  the  ratio  of  3  to  4 
with  the  ratio  of  5  to  7  ;  then  I  would  fet  off  the 
ratio  of  3  to  4  from  5,  by  faying,  as  3  is  to  4,  fo  is 

20                  1 
5  to  — ,  or  7 ;    whereby  it   appears   that  the 

3  .      3 

ratio  of  3  to  4  is  the  fame  with  the  ratio  of  5  to  7  —  4- ; 

but  the  proportion  of  5  to  7  - \-  is  greater  than  the 

propor- 
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proportion  of  5  to  7,  as  is  evident  from  the  eighth 
proportion  of  the  fifth  book  of  the  Elements,  and 
alfo  from  the  very  nature  of  ratios,  the  number  5 
leaving  more  magnitude  when  compared  with  7— £ 
than  it  hath  when  compared  with  7 ;  therefore  the 
ratio  of  3  to  4  is  greater  than  the  ratio  of  5  to  7, 

There  is  alfo  another  way  of  comparing  ratios,  by 
turning  their  terms  into  fractions,  making  the  ante- 
cedents numerators,  and  the  consequents  denomina- 
tors. Thus  the  ratio  of  A  to  B  is  greater  than, 
equal  to,  or  lefs  than,  the  ratio  of  C  to  D,  according 

A 
as  the  fraction  -^  is  greater  than,  equal  to,  or  lefs 

C  A 

than,  the  fraction  y:  %  for  the  ratio  of  -77  to  1    is 

greater  than,  equal  to,   or  lefs   than,   the  ratio  of 

£  >  .A 

y-  to  1,  according  as  the  fraction  -7c  is  greater  than, 

C 

equal  to^  or  lefs  than,  the  fraction  — ;  this  is  evident 

from  what  has  been  laid  down  already :  but  the  ratio 

A 
©f  -7;  to  1  is  the  fame  with  the  ratio  of  A  to  J5,  and 

C 

the  ratio  of  -=■  to  1  is  the  fame  with  the  ratio  of  C 

D 

to  D ;  therefore  the  ratio  of  A  to  B  is  greater   than, 

equal  to,  or  lefs  than,  the  ratio  of  C  to  D,  according 

A  . 
as  the  fraction  -5-  is  greater  than,  equal  to,  or  lefs 

C 

than,  the  fraction  -^.    Eut  this  way  of  reprefenting 

ratios  by  fractions,  though  it  may  ferve  well  enough 
for  comparing  them  as  to  greater  and  lefs,  yet  it 
ought  not  by  any  means  to  be  admitted  in  .general,  be- 
caufe  thefe  reprefentatives  are  not  in  the  fame  propor- 
tion with  the  ratios  reprefented  by  them  :  thus  the 
fraction  -t-  is  double  of  the  fraction  -f-,  but  yet  it  muft 

by 
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by  no  means  be  concluded  from  thence  that  the  ratio 
of  6  to  2  is  double  of  the  ratio  of  3  to  2  ;  for  it  will 
be  found  hereafter  that  the  ratio  of  9  to  4  is  double 
of  the  ratio  of  3  to  2.  For  my  own  part,  I  never 
Was  a  favourer  of  reprefenting  ratios  by  fraclicns,  or 
even  fra&ion-wife,  as  is  done  by  Barrow  and  others; 
not  only  for  the  reafons  above  given,  but  alfo  becaufe 
that  this  way  of  reprefenting  ratios  is  very  apt  to 
miflead  beginners  into  wrong  conceptions  of  their 
eompofition  and  refolution. 

Definition    2. 

29?.    In  a  feries  of  quantities  of  any  kind  what- 
foever  increafing  or  decreafing  from  the  fir  ft  to  the  lafi± 
the  ratio  of  the  extremes  is  /aid  to  be  compounded  of  all 
the  intermediate  ratios.     Thus  if  A,  B,  C9  D}  repre- 
fent  any  number   of  quantities  put 
down  (or  imagined  to  be  put  down)     A,    Bf    Cf    D, 
in  a  feries,  the  ratio  of  A  to  D  is     48,  40,  30,  15, 
faid  to  be  compounded  of,  or  to  be 
refolvable  into  thefe  ratios,  to  wit,  the  ratio  of  A  to 
B,  the  ratio  of  B  to  C,  and  the  ratio  of  C  to  D :  or 
thus  :    If  A  and  D   he  any  two   quantities,    and  if 
B,  C,  &c.  reprefent  any  number  of  other  inter 'Mediate 
quantities  inUrpofed  at  pleafure  between  A  and  D,  the 
ratio  of  A  to  D  is  faid  by  this  interpofition  to  be  refolved 
into' the  ratios  of  A  to  B,  of  B  to  C,  and  of  G  to  IX 

This  is  no  proportion  to  be  proved,  but  a  defi- 
nition laid  down  of  what  Mathematicians,  commcniy 
mean  by  the  cbmpofkion  and  refoiution  of  ratios, 
which  is  certainly  no  more  than  what  they  mean  by 
compofition  and  refolution  in  the  cafe  of  any  other 
continuum  whatever.  As  for  inftance  ;  fuppofe  the 
letters  A,  B,  C,  D,  bfkad  of  reprefenting  quantities, 
to  reprefent  fo  many  didincl  points  placed  in  a  right 
line  one  after  another,  whether  at  equal  or  unequal 
diftances  it  matters  not :  who  then  would  fcruple  co- 
fay  that  the  whole  interval  AD  coniifted  of  the  inter- 
vals AB}  BC,  CD,  as  of  its  parts?  Or*  if 'the  points 

A  and 
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A  and  D  be  the  extremities  of  a  line,  and  any  num- 
ber of  points  B,  C,  &c.  be  marked  at  pleafure  upon 
it ;  who  will  not  fay  that  the  line  AD  is  by  thefe 
points  refolved  or  diftinguifhed  into  the  parts  AB,  BC9 
CD,  &c.  ?  This  is  the  cafe  in  the  compofition  and 
refolution  of  lines;  and  I  fee  no  difference  when  ap- 
plied to  the  compofition  and  refolution  of  ratios,  ex- 
cept that  here  the  whole  and  all  its  parts  are  lines, 
and  there  the  whole  and  all  its  parts  are  ratios. 

If  A,  B,  C,  Dy  &c.  fignify  quantities,  the  ratio 
of  A  to  B  begins  at  A  and  terminates  in  B  ;  the 
ratio  of  B  to  C  begins  at  B  where  the  former  left  off, 
and  terminates  in  C\  and  the  ratio  of  C  to  D  begins 
at  C  and  terminates  in  D :  why  then  fhould  not  thefe 
continued  ratios  be  conceived  as  parts  conftituting 
the  whole  ratio  of  A  to  D  ?  That  ratios  are  capable 
of  being  compared  as  to  greater  and  lefs,  and  that 
one  ratio  may  be  greater  than,  equal  to,  or  lefs  than, 
another,  we  have  feen  already;  and  if  fo,  why  mould 
not  ratios  be  allowed  to  have  quantity  as  well  as  all 
other  things  that  are  capable  of  being  fo  compared  ? 
but  if  ratios  have  quantity,  they  inuft  have  parts, 
and  thefe  parts  mult,  be  of  the  fame  nature  with  the 
whole,  becaufe  ratios  are  not  capable  of  being  com- 
pared with  any  thing  but  ratios :  therefore  I  do  not 
fee  but  that  the  idea  I  have  here  given  of  the  compo- 
fition and  refolution  of  ratios  is  as  juft  and  as  intelligi- 
ble as  it  is  when  applied  to  any  other  compofition  or 
refolution  whatfoever. 

To  proceed  then  :  let  A,  B,  C,  D,  be  points  in  a 
right  line  as  before ;  let  the  line  AB  be  equal  to  any 
line  Rr,  let  BCbc  equal  to  fome  other  line  Ss,  and  CD 
to  the  line  Tt ;  then  it  will  not  only  be  proper  to  fay 
that  the  line  AD  is  equal  to  the  three  lines  AB,  BC, 
CD,  but  alfo  that  the  fame  Hoe  AD  is  equal  to  the 
three  lines  Rr,  Ss,  and  Tt,  put  together  :  and  the  fame 
confideration  is  itill  applicable  to  ratios ;  for  fuppofing 
A,  B3  C,  D,  again  to  fignify  quantities,  as  alfo 
R>  S,  2"3  r,  s,  t ;  let  A  be  to  B  as  R  to  r9  let  B  be 

to 
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to  C  as  5  to  s,  and  let  C  be  to  D  as  T  to  t ;  then  it  is 
ufual  amongft  Mathematicians  not  only  to  confider 
the  ratio  of  A  to  D  as  compounded  of  the  leffer  ratios 
of  A  to  B,  of  B  10  C,  and  of  C  to  Z),  but  alfo  as  com- 
pounded of  the  ratios  of  R  to  r,  of  S  to  J,  and  of  7" 
to  /.  All  this  will  be  very  intelligible,  if  we  attend 
to  the  feries  already  described  ;  for  there  the  ratio  of 
48  to  15  was  compounded  of  the  ratio  of  48  to  40, 
of  40  to  30,  and  of  30  to  15  ;  but  48  is  to  40  as 
6  to  5,  and  40  is  to  30  as  4  to  2,  and  30  is  to  1 5  as 

2  to  1  ;  therefore  it  is  as  proper  to  confider  the  ratio 
of  48  to  15  as  compounded  of  the  ratios  of  6  to  5, 
of  4  to  3,  and  of  2  to  1,  as  it  is  to  confider  it  as 
compounded  of  the  ratios  of  48  to  40,  of  4.0  to  303 
and  of  30  to  15. 

Definition     3. 

294.  As  t&hen  a  line  is  divided  into  any  number  cj  equal 
parts,  the  whole  line  is  /aid  to  be  fuch  a  multiple  of  any 
one  of  thefe  parts  as  is  exprejfed  by  the  number  of  parts 
into  which  the  whole  is  fuppofed  to  he  divided ;  fo  in  a 
feries  of  continual  proportionals,  where  the  intermediate 
ratios  are  all  equal  to  one  another,  and  csnfequently  to 
fome  common  ratio  that  indifferently  rcprefents  them  all, 
the  ratio  of  the  extremes  is  J aid  to  be  fuch  a  multiple  of 
this  common  ratio  as  is  exprejfed  by  the  number  of  ratios 
from  one  extreme  to  the  other.  Thus  9,  6,  and  4,  are 
continual  proportionals  whofe  common  ratio  is  that 
of  3  to  2  ;  for  9  is  to  6  as  3  to  2,  and  6  is   to  4   as 

3  to  2  j  therefore,  in  this  cafe,,  the  ratio  of  9  to  4  is 
J  aid  to  be  the  double  of  the  ratio  of  3  to  2  ;  and  on 
the  other  hand,  the  ratio  of  3  to  2  is  faid  to  be  the 
half  of  the  ratio  of  9  to  4 ;  but  the  common  expref- 
fion  is,  that  9  is  to  4  in  a  duplicate  ratio  of  3  to  2, 
and  3  is  to- 2  in  a  fubduplicate  ratio  of  9  to  4.  Again, 
27,  18,  12,  and  8,  are  in  .a  continual  proportion  whofe 
common  ratio  is  that  of  3  to  2  ;  therefore  27  is  to  8 
in  a  triplicate  ratio  of  3  to  2,  and  3  is  to  2  in  a  fub- 
triplicate  ratio  of  27  to  8.      Laftly,  81,  ^54,  36,  24, 

and 


320  Of  the  Compofition  and  Book  VII. 

and  1 6  are  continual  proportionals,  whofe  common 
ratio  is  that  of  3  to  2 ;  therefore  81  is  to  16  in  a  qua- 
druplicate ratio  of  3  to  2,  and  3  is  to  2  in  a  fubqua- 
druplicate  ratio  of  81  to  16.     By  thefe  inflances  we 
fee  that  one  ratio  may  not  only  be  greater  or  lefs  than 
another,  but  a  multiple,  or  an  aliquot  part  of  ano- 
ther; nay  there  is  no  proportion  can  be  affigned  which 
fome  one  ratio  may  not  have  to  another :  thus  the 
ratio  of  81  to  16  is  found  to  be  to  the  ratio  of  27  to 
8,  as  4  to  3,  becaufe  the  former  ratio  contains  the 
ratio  of  3  to  2  four  times,  and  the  latter  three  times ; 
thus  again,  the  ratio  of  27  to  8  is  the  ratio  of  9  to 
4,  as  3  to  2,  becaufe  the  former  contains  the  ratio  of 
3  to  2  three  times,  and  the  latter  twice  ;  whereby  it 
appears  that  proportion  is  competible  even  to  ratios 
themielves,  as  well  as  to  all  other  continued  quanti- 
ties whatever.     But  though  all  ratios  are  in  fome  cer- 
tain proportion  one  to  another,  yet  thfs  proportion 
cannot  always  be  expreffed  ;  I  mean,  when  the  quan- 
tities of  ratios  are  incommenfurable  to  one  another ; 
for  ratios  may  be  incommenfurable  as  well  as  any 
other  continued  quantities  of  what  kind  foever  :  thus 
the  ratio  of  4  to  3  is  incommenfurable  to  the  ratio  of 
3  to  2  ;  which  is  the  cafe  of  moft  ratios,  though  not 
of  all.     If  all  ratios  were  commenfurable  to  one  ano- 
ther, their  logarithms  would  be  fo  too ;  and  fo  the 
logarithms  of  all  the  natural  numbers  might  be  accu- 
rately afTigned  ;    whereas  from  other  principles  we 
know  to  the  contrary,  as  will  be  feen  when  we  come 
to  treat  particularly  of  logarithms. 

N»  B,  The  belt  way  of  reprefenting  the  quantities 
of  ratios,  that  I  know  of,  is  by  Gunter's  line,  where  as 
many  of  the  natural  numbers  as  can  be  placed  upon 
it  are  difpofed,  not  at  equal  diftances  one  from  ano- 
ther, but  at  diftances  proportionable  to  the  ratios 
they  are  in  one  to  anotner.  Thus  the  diftance  be- 
tween 1  and  2  is  equal  to  the  diilance  between  2  and 
4,  becaufe  the  ratio  of  1  to  2  is  equal  to  the  ratio  of 
1  2  to 
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2  to  4  :  thus  again,  the  diftance  between  4  and  9  is 
double  the  diftance  between  2  and  3,  becaufe  the  ra- 
tio or  4  to  9  is  double  the  ratio  of  2  to  3  ;  and  fo  of 
the  reft. 


Of  the  Addition  of  Ratios. 

295.  Since  all  ratios  are  quantities,  as  has  been 
{hewn  in  the  three  lad  articles,  it  follows,  that  they 
alfo  as  well  as  all  other  quantities  rauft  be  capable 
of  addition,  fubtraclion,  multiplication,  and  divilion : 
to  treat  then  of  theie  operations  in  their  q\  der,  I  (hall 
begin  fir  ft  with  addition. 

If  the  ratios  to  be  added  be  continued  ratios,  that 
is,  if  they  lie  in  a  feries  wherein  the  antecedent  of  every 
fubfequent  ratio  is  the  fame  with  the  confequent  of  the 
ratio  that  went  immediately  before,  their  addition  is  bejl 
performed  by  throwing  out  all  the  intermediate  terms  : 
thus  the  ratios  of  A  to  B,  of  B  to  C,  and  of  C  to  D, 
when  added  together,  make  up  the  ratio  of  A  to  Dr 
as  was  (hewn  in  the  293d  article. 

Therefore,  if  the  ratios  to  be  added  be  difcontinued, 

it  will   be  proper  to  continue  them  from  fome  given 

antecedent,  fuppofe  from  unity,  before  they  can  be 

added,  thus :  let  the  ratio  of  A  to  Bt  the  ratio  of 

C  to  D,  and  the  ratio  of  E  to  F,  be  propofed  to  be 

added  into  one  fum  :  now  the  ratio  of  J  to  B  fet  off 

B  ■       .  B 

from  1  reaches  to  —  becaufe  A  is  to  B  as  1  to  -j\  the 

A  A 

next  ratio  of  C  to  D  fet  off  from  -j  reaches  to  -r— -  ; 

A  A  u 

BD 

and  the  la  ft  ratio  of  E  to  F  fet  off  from  -j*z   reache9 

BDF 
to  TTTp*  therefore  the  ratios  of  A  to  J?,  of  C  to  D, 

and  of  E  to  F,  when  added  together,  make  the  ratio 

X  of 
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of  i  to  ~T7Tbi  which  is  the  fame   with  the  ratio  of 

ACE  to  BDF ;  whence  we  have  the  following  canon: 

Multiply  fir  (I  the  antecedents  of  all  the  ratios  propofed 
together,  and  then  their  confequents,  and  the  ratio  of 
the  producls  thence  ar'ifing  will  be  the  fum  of  the  ratios 
propofed. 

That  the  ratio  of  A  to  B,  of  C  to  ZX  and  of  E  to  F, 
all  together  conflitute  the  ratio  of  ACE  to  BDF,  may 
be  further  confirmed  by  fetting  them  off  from  ACE 
and  from  one  another  thus  :  the  ratio  of  A  to  B  fee 
off  from  ACE  reaches  to  BCE  ;  in  the  next  place  the 
ratio  of  C  to  D  fet  off  from  BCE  reaches  to  BDE  •, 
and  laftly  the  ratio  of  E  to  F  fet  off  from  BDE 
reaches  to  BDF;  therefore  all  thefe  ratios  together 
conflitute  the  ratio  of  ACE  to  BDF.  An  example  in 
numbers  take  as  follows  :  let  it  be  required  to  add 
thefe  four  ratios  together,  viz.  the  ratio  of  2  to  3, 
the  ratio  of  4  to  5,  the  ratio  of  6  to  7,  and  the  ratio 
of  8  to  9.  Here  the  product  of  the  antecedents  is 
2X4x6x8  =  384,  and  the  product  of  the  confequents 
is  3  x  5  x  7  x  9  =  945 ;  therefore  the  fum  of  all  the 
ratios  propofed  is  the  ratio  of  384  to  945  '»  anc^  tne 
proof  is  eafy :  for  the  ratio  of  2  to  3  reaches  from 
384  to  576;  the  ratio  of  4  to  5  reaches  from  576  to 
720  ;  the  ratio  of  6  to  7  reaches  from  720  to  840  ; 
and  the  ratio  of  8  to  9  reaches  from  840  to  945  ; 
therefore  the  ratios  of  2  to  3,  of  4  to  c,  of  6  to  7, 
and  of  8  to  9,  reach  from  384  to  945. 

From  what  has  here  been  faid  concerning  the  addi- 
tion of  ratios,  may  eafily  be  underfiood  an  expreffion 
fo  frequent  among  Mechanical  and  Philoibphical 
writers  5  as  when  they  fay  that  A  is  to  B  in  a  ratio 
compounded  of  the  ratio  of  C  to  D,  and  of  the  ratio 
of  E  to  F;  whereby  they  mean  no  more  than  that  the 
ratio  of  A  to  B  is  equal  to  the  fum  of  the  ratios  of 
C  to  D,  and  of  E  to  F*  or  that  A  is  to  B  asC£  toDF. 

According  to  the  Mathematicians,  every  ratio  is 
cither  a  ratio  majoris  inaqualitatis,  or  a  ratio  aquah- 

taiisy 
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talis,  or  a  ratio  minoris  inaqualitatis,  which  takes  in 
all  fort  of  ratios  :  for  by  a  ratio  majoris  intsqualit  ath 
they  mean  the  ratio  that  any  greater  quantity  hath  to 
a  lefs  ;  by  a  ratio  minoris  in&qitalitatis  they  mean  the 
contrary,  that  is,  the  ratio  of  a  lefTer  quantity  to  a 
greater  5  and  therefore  by  a  ratio  aqualitatis  they 
mean  the  ratio  (if  it  may  be  called  fo)  that  every 
quantity  hath  to  its  equal.  If  we  diftinguiih  ratios 
according  to  the  effects  they  have  in  corapofition, 
then  every  ratio  majoris  inaqualitatis  ought  to  be  look- 
ed upon  as  affirmative,  becaufe  fuch  ratios  always  in- 
creafe  thofe  to  which  they  are  added  ;  on  the  other 
hand,  the  rationes  minoris  inaqualitatis  ought  to  be 
confidered  as  negative,  becaufe  thefe  always  diminifli 
the  ratios  to  which  they  are  added;  therefore  the  ra- 
tio cequalitatis  ought  to  be  looked  upon  as  having  no 
magnitude  at  all,  becaufe  fuch  ratios  have  no  effect: 
in  compofition.  Thus  if  to  the  ratio  of  5  to  3  be 
added  the  ratio  of  3  to  2,  the  fum  will  be  the  ratio 
of  5  to  2,  as  above-;  but  the  ratio  of  5  to  2  is  greater 
than  the  ratio  of  5  to  3  ;  therefore  the  ratio  of  3  to  2 
ought  to  be  looked  upon  as  affirmative,  becaufe  it 
increafes  the  ratio  to  which  it  is  added  :  on  the  other 
hand,  if  the  ratio  of  5  to  3  be  added  to  the  ratio  of  3 
to  4,  the  fum  will  be  the  ratio  of  5  to  4,  which  is  lefs 
than  the  ratio  of  5  to  3,  and  therefore  the  ratio  of  3 
to  4  is  negative :  laftly,  if  to  the  ratio  of  5  to  3  be 
added  the  ratio  of  3  to  3,  the  fum  will  dill  be  the 
ratio  oi  5  to  3  ;  therefore  the  ratio  of  3  to  3  is  no- 
thing. 

Whenever  a  ratio  is  to  be  refolved  into  two  others 
by  any  arbitrary  interpolition  of  an  intermediate  term, 
it  may  be  thought,  however,  that  this  intermediate 
term  fhould  be  fome  intermediate  magnitude  between 
the  terms  of  the  ratio  to  be  refolved;  and  fo  we  fuppofed 
it  in  the  293d  article :  but  that  reftri&ion  was  only 
fuppofed  to  prevent  unfeaforiable  objections  that  might 
otherwife  arife  about  it ;  for  there  is  no  necemty  that 
the  intermediate  term  mould  be  of  an  intermediate 
X  2  magni- 
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magnitude  betwixt  the  extremes,  if  we  allow  of  nega- 
tive ratios ;  for  the  ratio  of  5  to  4  (for  inftance)  may 
be  refolved  into  the  two  ratios  of  5  to  3  and  of  3  to 
4,  though  the  intermediate  term  3  be  out  of  the 
limits  of  5  to  4.  This  I  fay  is  plain ;  for  though 
the  ratio  of  5  to  3,  which  is  one  of  the  parts,  be 
greater  than  the  ratio  of  5  to  4,  yet  the  ratio  of  3  to 
4,  which  is  the  other  part,  is  negative,  and  qualifies 
the  other  in  the  compofition,  fo  as  to  reduce  it  to  the 
ratio  of  5  to  4  :  fo  9  may  be  looked  upon  as  a  part 
of  7,  provided  the  other  part  be  -  2. 

Corollary. 

If  there  be  a  feries  of  quantities  A,  B,  C,  D,  whereof 
A  is  to  B  as  K  to  r,  and  B  is  to  C  as  S  to  s,  and  C  is 
toT>  as  T  to  t ;  /  fay  then  that  A  will  be  to  D  as 
RST,  the  product  of  all  the  antecedents,  to  rst  the  pro- 
duct of  all  the  confeqvents.  For  by  the  art.  293,  the 
ratio  of  A  to  D  is  compounded  of  the  ratios  of  R  to  r, 
of  <$  to  s,  and  of  T  to  / ;  and  thefe  ratios,  when 
thrown  into  one  fum,  conftitute  the  ratio  of  RST  to 
rst ;  therefore  A  is  to  D  as  RST  to  rst. 

Of  the  Subtraction  of  Ratios, 

296.  The  fubtraclion  of  ratios  one  from  another, 
when  both  have  the  fame  antecedent,  or  both  the  fame 
confequent,  is  obvious  enough :  thus  the  ratio  of  A  to  B 
fubtratled  from  the  ratio  of  A  to  C  leaves  the  ratio  of 
B  to  C;  and  the  ratio  of  B  to  C  fubtratled  from  the 
■ratio  of  A  to  C  leaves  the  ratio  of  A  to  B  :  this  I  fay 
is  obvious,  becaufe  (according  to  art  293)  the  ratio 
of  A  to  C  contains  the  ratios  of  A  to  B  and  of  B  to 
C ;  and  therefore,  if  either  part  be  taken  away,  there 
mull  remain  the  other. 

But  if  the  two  ratios,  whereof  one  is  to  be  fubtratled 

from  the  other,  have  neither  the  fame  antecedent  nor 

the  fame  confequenr,  it  will  be  proper  then  to  reduce 

them  to  the  lame  antecedent,  by  fetting  off  the  ratio 

<  to 
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to  be  fubtra&ed  from  the  antecedent  of  the  other, 
thus :  let  it  be  required  to  fubtraft  the  ratio  of  C  to  D 
from  the  ratio  of  A  to  B  :  now  the  ratio  of  C  to  D  fee 

AD 
off  from  A  reaches  to  r=-\  therefore  to  fubtract  the 

ratio  of  C  to  D  from  the  ratio  of  A  to  B  is  the  fame 

AD 
as  to  fubtracl:  the  ratio  of  A  to  -yr-  from  the  ratio  of 

AD 
A  to  B  ;  but  the  ratio  of  A  to   jr~  fubtra&ed   from 

the  ratio  of  A  to  B,  a  ratio  of  the  fame  antecedent, 

AD 
leaves  the  ratio  of  -^r  to  B,  or  of  AD  to  BC;  there- 
fore the  ratio  of  C  to  D  fubtracled  from  the  ratio  of 
A  to  B  leaves  the  ratio  of  AD  to  BC*  The  rule  then 
is  as  follows : 

Whenever  one  ratio  is  to  be  fubt rafted  from  another, 
change  the  fign  of  the  ratio  to  be  fubtracled  by  inverting 
its  terms,  and  then  the  fum  of  this  new  ratio  added  to 
the  other  will  be  the  fame  with  the  remainder  of  the 
intended fubtradion.  Thus  to  fubtracl  the  ratio  of  C  to 
D  from  the  ratio  of  A  to  B  is  the  fame  as  to  add  the 
ratio  of  D  to  C  to  the  ratio  of  A  to  B  ;  but  the  ratio 
of  D  to  C  added  to  the  ratio  of  A  to  B  gives  the  ratio 
of  AD  to  BC  by  the  lad:  article ;  therefore  the  ratio  of 
C  to  D  fubtracled  from  the  ratio  of  A  to  B  leaves  the 
ratio  of  AD  to  BC.  For  a  further  proof  of  this,  we 
are  to  take  notice,  that  in  all  fubtra&ion  wharever, 
the  remainder  and  the  quantity  fubtracled  ought  both 
together  to  make  the  quantity  from  whence  the  fub- 
tracYion  was  made  ;  but  in  our  cafe  the  remainder  was 
the  ratio  of  AD  to  BC>  and  the  quantity  fubtracled 
was  the  ratio  of  C  to  D,  and  thele  two  added  toge- 
ther make  the  ratio  of  ACD  to  BCD,  or  of  A  to  Bt 
which  is  the  ratio  from  whence  the  fubtra£tion  was 
made  ;  therefore  the  remainder  in  this  cafe  was  rightly 
gffigned. 
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For  an  example  in  numbers,  let  it  be  required  to 
fubtracft  the  ratio  of  4  to  5  from  the  ratio  of  2  to  3  : 
now  the  ratio  of  5  to  4  added  to  the  ratio  of  2  to  3 
gives  the  ratio  of  10  to  12,  or  of  5  to  6,  by  the  lafl 
article  ;  therefore  the  ratio  of  4  to  5  iubtracted  from 
the  ratio  of  2  to  3  leaves  the  ratio  of  5  to  6,  which 
may  be  confirmed  thus  :  the  ratio  of  2  to  3  is  the 
fame  with  the  ratio  of  4  to  6,  which  contains  the 
ratios  of  4  to  5  and  of  5  to'6  ;  therefore,  if  the  ratio 
of  4  to  5  be  taken  away,  there  will  remain  the  other 
part,  which  is  the  ratio  of  5  to  6. 

Before  I  conclude  this  article,  I  ought  to  take  no- 
tice that  there  is  another  way  of  conceiving  the  fub^ 
tradYion  of  ratios,  which  for  its  ufe  in  Phyfics  and 
Mechanics  ought  not  to  be  paffed  by  in  this  place;  it 
is  thus :  the  ratio  of  C  to  D  added  to  the  ratio  of  A 
to  B  conftitutes  the  ratio  of  AC  to  BD  ;  therefore,  e 
converfo,  the  ratio  of  C  to  D  fubtracted  from  the  ratio 

of  A  to  B  mud  leave  the  ratio  of  ~  to  y;,  becaufe 

multiplication  and  divifion  are  as  much  the  reverfe  of 

one  another  as  addition  and  fubtradtion ;  but  this  ra- 

A       B 
tio  of  -pr  to  -JZ,  when  reduced   to   integral   terms,  is 

the  fame  with  the  ratio  of  AD  to  BC  found  before. 

N  B.  Wherever  if  is  /aid  that  the  ratio  of  A  to  B 
is  compounded  of  the  direffi  ratio  of  Q  to  D,  and  of  the 
inverfe  or  reciprocal h  ratio  of  'E  to  F,  the  meaning  is, 
that  the  ratio  of  A  to  B  is  equal  to  the  excefs  of  the  ratio 
of  G  to  D  above  the  ratio  ofJLto¥3  or  that  A  is  to  B 

C      D 

Ei0  F 


as  tj  to  -f,  or  as  CF  to  DE. 


Of  the  Multiplication  and  Divifion  of  Ratios. 

297.  If  the  ratio  of  A  to  B  be  added  to  itfelf,  that 

is,  to  the  ratio  of  A  to  B,  the  fum  will  be  the  ratio 

of  A%  to  jB-  by  the  laft  article  but  one  1  and  this 

4  being 
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being  added  again  to  the  ratio  of  A  to  B  gives  the  ratio 
of  A3  to  Bi,  and  fo  on  ;  therefore  the  ratio  of  A2  to  Bz 
is  double,  and  the  ratio  of  A'  to  B}  triple,  of  the  ra- 
tio of  A  to  B.  And  univerfally,  The  ratio  of  An  to  Bn 
is  fuc b  a  multiple,  of  the  ratio  of  A  to  B  as  is  exprtffed 
by  the  number  n.  Thus  the  ratio  of  A4  to  B4  is  four 
times  the  ratio  of  A  to  B,  which  I  prove  thus  :  the 
ratio  of  A  to  B  reaches  firft  from  A4  to  A  B,  2dly, 
from^;£  to  A"B\  3dly,  from  A2B2  to  AB\  and 
4thly,  from  ABl  to  B4. 

To  give  an  example  in  numbers,  I  fry  that  five 
times  the  ratio  of  2  to  3  is  the  ratio  of  the  fifth 
power  of  2  to  the  fifth  power  of  3,  that  is,  the  ratio 
of  32  to  243  :  for  the  ratio  of  2  to  3  reaches  ift  from, 
32  to  48a  2dly,  from  48  to  72,  3dly,  from  72  to  108, 
4thly,  from  108  to  162,  and  5thly,  from  162  to  243. 
Thus  much  for  multiplication. 

Divifion  is  the  reverfe  of  multiplication ;  and  there- 
fore as  every  ratio  is  doubled,  or  trebled,  or  quadrupled 
byfpiaringj  or  cubing,  or  fquare- fquaring  its  terms,  fo  every 
ratio  is  bifecled,  or  trifecled,  or  cjuadrifecledby  ex  trailing 
the  fquare,  or  cube?  or  fquare- fquare  roots  of  its  terms* 
Thus  half  the  ratio  of  2  to  3  is  the  ratio  of  the  fquare 
root  of  2  to  the  fquare  root  of  3,  that  is  (when  re- 
duced according  to  the  fir  ft  fcholium  in  art.  1 79  *)  the 
ratio  of  40  to  49  nearly;  which  is  further  proved 
thus :  the  ratio  of  40  to  49  is  half  the  ratio  of  1600 
to  2401,  by  what  was  delivered  in  the  former  pare 
of  this  article  \  but  1600  is  to  2400  as  2  to  3  ;  there- 
fore 1600  is  to  24.01  as  2  to  3  very  near. 

But  there  is  no  neceffity  of  a  double  extraction  of 
the  root  in  the  divifion  of  a  ratio,  provided  the  ratio 
propofed  be  reduced  to  an  equal  one  whofe  antecedent 
is  unity.  Thus  2  is  to  3  as  1  to  f,  and  therefore 
half  the  ratio  of  2  to  3  is  the  ratio  of  1  to  \/|,  or  the 
ratio  of  1  to  Vi  '5« 

From  what  has  been  /aid  it  appears  that  one  ratio 
may  be  commenfurate  to  another^  and  yet  the  terms  of 

*  See  the  Quarto  Edition,  p.  283. 
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one  incommenfurate  to  the  terms  of  the  other :  thus  the 
ratio  of  2  to  3  is  certainly  commenfurate  to  the  ratio 
of  the  fquare  root  of  2  to  the  fquafe  root  of  3,  the 
former  being  double  of  the  latter ;  and  yet  2  and  3, 
the  terms  of  the  former  ratio,  are  incommenfurate  to 
sfi  and  4/3,  the  terms  of  the  latter. 

Note.  Wherever  it  is  faid  that  A  is.  to  B  in  a  fef- 
quiplicate  ratio  of  C  to  D,  the  meaning  is,  that  the 
ratio  of  A  to  B  is  equal  to  •§■  of  the  ratio  of  C  to  D  : 
therefore,  in  fuch  a  cafe,  twice  the  ratio  of  A  to  B  wrH 
be  equal  to  three  times  the  ratio  of  C  to  D  ;  but  twice 
the  ratio  of  A  to  B  is  the  ratio  of  A~  to  2J%  and  three 
times  the  ratio  of  C  to  D  is  the  ratio  of  C3  to  D3 ; 
therefore  if  A  be  to  B  in  a  fefqui plicate  ratio  of  C  to 
Z),  J2  will  be  to  Bz  as  C  to  D\  Thus,  in  the  revo- 
lutions of  the  primary  planets  about  the  Sun,  and  of 
the  fecondary  planets  about  Jupiter  and  Saturn,  their 
periodic  times  are  faid  to  be  in  a  fefquipiicate  ratio  of 
their  middle  difiances,  that  is,  the  fquares  of  their 
periodic  times  are  as  the  cubes  of  their  middle  dif- 
ranees. 

Another  Way  of  Multiplying  and  Dividing  [mall  Ratios^ 
that  is,  wboje  Terms  are  large  in  cotnparifon  of  their 
difference. 

298.  Before  I  deliver  what  I  have  to  fay  upon  this 
head,  I  ihall  only  obferve,  that  If  two  intermediate 
quantities  have  always  the  fame  difference,  the  greater 
the  quantities  are,  the  nearer  will  their  ratio  approach 
towards  a  ratio  of  equality :  thus  the  difference  be- 
twixt 2  and  1  is  the  fame  with  the  difference  betwixt 
100  and  99  ;  but  the  ratio  of  2  to  1,  or  of  100  to 
50  is  much  greater  than  the  ratio  of  100  to  99.  By 
jthe  help  of  this  obfervation,  and  the  following  theo- 
rem, I  mall  endeavour  to  ftiew  ihat  final!  ratios  may 
fometimes  be  doubled,  or  tripled,  or  bifecred,  or  tri- 
kcted,  by  more  compendious  ways  than  thofe  that  are 
taught  in  the  lalt  article ;  and  whenever  they  happen 
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to  be  fo,  they  ought  to  be  ufed,  and  frequently  arc 
ufed,  rather  than  the  other. 

A     Theorem. 

If  there  be  two  quantities  whofe  difference  is  but 
fmali  in  comparifon  of  the  quantities  themfelves ,  and  if 
Jo  much  be  added  to  one  and  fubiracied from  the  other 
as  jhall  make  their  difference  double,  or  triple,  or  half, 
or  a  third  part  of  what  it  was  before  -,  /  fay  then  that 
the  quantities  after  this  alteration  Jhall  be  in  a  duplicate, 
or  a  triplicate,  or  a  fub duplicate,  or  a  fubiriplicate  ra~ 
tio  of  that  they  were  in  before  any  fuch  change  was  made, 
nearly, 

1  ft,  Let  there  be  two  numbers  10  and  11,  whofe 
difference  is  1  ;  then  if  \  be  added  to  1 1  and  fu  ti- 
trated from  10,  we  fhall  have  the  numbers  iif  and 
9I,  whofe  difference  is  2  :  I  fay  now  that  1 1 1  is  to 
9!  in  a  duplicate  ratio  of  n  to  10  nearly.  For  the 
ratio  of  n|  to  9I  is  refolvable  into  thefe  two  ratios, 
viz,  the  ratio  of  1  if  to  lof  and  the  ratio  of  \o\  to 
9I :  now  of  thefe  two  ratios  the  former,  to  wit,  that 
of  ii|  to  ioi,  is  fomewhat  lefs  than  the  ratio  of  11 
to  10,  by  the  obfervation  at  the  beginning  of  this 
article;  and  the  latter,  to  wit,  that  of  \o\  to  9$,  is 
fomewhat  greater  than  the  ratio  of  1 1  to  10,  and  the 
excefs  in  this  cafe  is  nearly  equal  to  the  defecl:  in  the 
former;  therefore  the  fum  of  both  thefe  ratios  put  to* 
gether,  that  is,  the  ratio  of  n|  to  9!  will  be  very 
nearly  equal  to  twice  the  ratio  of  1 1  to  10. 

2dly,  As  the  difference  betwixt  10  and  11  is  1,  add 
1  to  1 1  and  fubtracl  it  from  10,  and  you  will  have  the 
numbers  12  and  9,  whofe  difference  is  3  :  I  fay  now 
that  12  will  be  to  9,  or  4  to  3,  in  a  triplicate  ratio  of 
i  1  to  10  nearly.  For  the  ratio  of  1 2  to  9  is  refolvable 
into  thefe  three  ratios,  to  wit,  the  ratio  of  12  to  11, 
the  ratio  of  1 1  to  i  o,  and  the  ratio  of  1  o  to  9  ;  and  of 
thefe  three  ratios,  the  firft,  to  wit,  that  of  12  to  1 1,  is 
fomewhat  lefs  than  the  middle  ratio  of  1 1  to  10  ;  and 
the  lail,  to  wit,  that  of  10  to  9,  is  about  as  much 

greater  j 
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greater  ;  therefore  the  nrft  and  laft  ratios  put  together 
will  make  about  twice  the  middle  ratio  of  1 1  to  10 ; 
therefore  all  thefe  three  ratios  put  together,  to  wit,  the 
ratio  of  12  to  9,  will  make  three  times  the  ratio  of 
11  to  10  nearly. 

3dly,  And  if  increafing  the  difference  increafes  the 
ratio  proportionally,  then  diminiftiing  the  difference 
ought  to  diminim  the  ratio  proportionally,  that  is,  if 
the  difference  be  reduced .to  half,  or  a  third  part  of  what 
it  was  at  firft,  the  ratio  ought  to  be  fo  reduced  :  now 
as  the  difference  between  10  and  11  is  1,  add  |  to  10 
and  fubtract  it  from  11,  and  you  will  have  the  num- 
bers 10J  and  lof,  whole  difference  is  \t  and  io|  will 
be  to  ic|  in  a  fubduplicate  ratio  of  10  to  1 1  nearly; 
but  if  \  be  added  to  10  and  fubtracled  from  11,  you 
will  then  have  the  numbers  ioj-  and  io|,  whofe  dif- 
ference is  4-  \  and  iOy  will  be  to  r&|  in  a  fubtriplicate 
ratio  of  10  to  11  nearly. 

Let  us  now  try  how  near  the  ratios  here  found  ap- 
proach to  the  truth.  By  the  laft  article,  the  duplicate 
ratio  of  1  o  to  11  is  the  ratio  of  1 00  to  1 2 1 ,  or  of  1  to 
1  *2 1 00;  and  according  to  the  foregoing  theorem  it 
is  the  ratio  of  of  to  1  if,  or  of  19  to  23,  or  of  1  to 
1  '2105. 

By  the  laft  article  the  triplicate  ratio  of  10  to  11  is 
the  ratio  of  icoo  to  1331,  or  of  1  to  1  '331  ;  and  ac- 
cording to  the  foregoing  theorem  it  is  the  ratio  of  9 
to  12,  or  of  3  to  4,  or  of  1  to  1  '33  \? 

By  the  laft  article  the  fubduplicate  ratio  of  10  to  11 
is  the  ratio  of  1  to  the  fquare  root  of  ^,  or  of  1  to 
1  '04881  ;  and  according  to  the  foregoing  theorem  it 
is  the  ratio  of  io|  to  io|,  or  of  41  to  43,  or  of  1  to 
1  '04878. 

By  the  laft  article  the  fubtriplicate  ratio  of  10  to  11 
is  the  ratio  of  1  to  the  cube  root  of  44?  that  is,  of  1 
to  1  '03228  ;  and  according  to  the  foregoing  theorem 
it  is  the  ratio  of  xoj-  to  10*,  or  of  31  to  32,  or  of 
I  to  1  '02226. 

By 
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By  thefe  inftances  we  fee  how  near  tbefe  ratios  come 
up  to  the  truth,  even  when  che  difference  is  no  lefs 
than  a  tenth  or  an  eleventh  part  of  the  whole  :  but  if 
we  fuppofe  the  difference  to  be  che  hundredth  or  the 
thoufandth  part  of  the  whole,  they  will  be  much  more 
accurate;  intorh.uch  that,  to  multiply  or  divide  the 
ratio„  it  will  be  iuflicient  to  encreafe  or  diminifh  one 
of  the  numbers  only.  Thus  100  is  to  102  in  a  dupli- 
cate, and  to  103  in  a  triplicate,  ratio  of  100  to  10 1  ; 
and  100  is  to  ^oo-j-i  in  a  fubduplicate,  and  to  100 
+  4- in  a  iubtrioUcate,  ratio  of  icotoioi  nearly  :  and 
univ'.rf  dly,  If  A-f-s  and  A-J-y  be  any  two  quantities 
approaching  infinitely  near  to  the  quantity  A,  the  rati* 
of  A-fz^A  will  be  to  the  ratio  of  A-j-y  to  A  as  the 
infinitely  fmall  difference  z  is  to  the  infinitely  fmall  dif- 
ference y.  1 

I  (hall  draw  only  one  example  out  of  an  infinite 
number  that  might  be  produced  to  fhew  the  ufe  of 
the  foregoing  propofition.  Suppofe  then  I  have  a 
clock  that  gains  one  minute  every  day;  how  much 
mail  I  lengthen  the  pendulum  to  fet  it  right  ?  Let  / 
be  the  prefent  length  of  the  pendulum,  let  x  be  the 
increment  to  be  added  to  its  length  in  order  to  cor- 
rect its  motion,  and  let  n  be  the  number  of  minutes 
in  one  day  ;  then  it  is  plain  that  the  pendulum  /  per- 
forms the  fame  number  of  vibrations  in  the  time  n  —  1 
that  the  pendulum  l-\-x  is  to  perform  in  the  time  n. 
Now  Monfteur  Huygens  has  demonftrated  that  the 
times  wherein  different  pendulums  perform  the  fame 
numoer  of  vibrations  are  in  a  fubduplicate  ratio  of 
the  Jengths  of  thofe  pendulums  ;  therefore  n—  1  mud 
be  to  n  in  a  fubduplicate  ratio  of  /  to  l-\-x,  or  (which 
comes  to  the  fame  thing)  /  muff  be  to  l-\-x  in  a  du- 
plicate ratio  of  y2  —  1  to  n  ;  but  by  the  foregoing  pro- 
pofition, the  duplicate  ratio  of  n—  1  to  n  is  the  ratio 
of  »  — -t-  to  n~\-i,  or  of  272-3  t0  2«+i  >  therefore 
/  is  to  l-\-x  as  272  —  3  is  to  2/2-f-i,  that  is,  the  pendu- 
lum muff  be  lengthened  in  the  proportion  of  272  —  3 
to  272+  1  :  but  n  the  number  of  minutes  in  one  day 

is 
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is  1440;  and  therefore  2^  —  3  is  to  2«  +  i  as  2877 
is  to  2881,  or  as  719  to  720  very  near;  therefore 
the  pendulum  muft  be  lengthened  in  the  proportion 
of  719  to  720.     QjE.  I, 

Had  the  duplicate  ratio  of  n—  1  to  n  been  taken 
only  by  diminifhing  n—  1  to  n  -  2,  without  meddling 
with  the  other  number  n,  the  cone! ufion  would  itill 
have  been  the  fame  ,  for  then  /  would  have  been  to 
/-}-#  as  n—2  to  n,  as  1438  to  1440,  as  719^0  720. 

Having  now  delivered  what  I  intended  concerning 
the  compofition  and  refolution  of  ratios,  it  remains 
that  I  fay  fomething  further  concerning  the  applica- 
tion of  this  do&rine,  and  then  I  fhall  make  an  end  of 
the  fubjecl, 

Definition    4. 

299.  If  two  variable  quantities  Qjind  R  be  offuch  a 
nature,  that  R  cannot  be  increafed  or  diminijhed  in  any 
proportion,  but  Q^jnuji  necejfarily  be  increafed  or  dimi- 
nijhed in  the  fame  proportion  ;  as  if  R  cannot  be  changed 
to  any  other  value  r,  but  QL  mufi  alfo  be  changed  to  fome 
other  value  q,  and  fo  changed  that  Q^Jhall  always  be  to 
q  in  the  fame  proportion  as  R  to  r ;  then  is  Q^faid  to  be 
as  R  direclly,  or  fimply  as  R.  Thus  is  the  circumfe- 
rence of  a  circle  faid  to  be  as  the  diameter ;  becaufe 
the  diameter  cannot  be  increafed  or  diminifhed  in  any 
proportion,  but  the  circumference  muft  neceffarily  be 
increafed  or  dirniaifhed  in  the  fame  proportion.  Thus 
is  the  weight  of  a  body  laid  to  be  as  the  quantity  of 
matter  it  contains,  or  proportionable  to  the  quantity 
of  matter ;  becaufe  the  quantity  of  matter  cannot  be 
increafed  or  diminilhed  in  any  proportion,  but  the 
weight  mult  be  increafed  or  diminifhed  in  the  fame 
proportion. 

Corollary     1. 

Jf  Qjbe  as  R  direclfy,  then  e  convcrfo  R  muft  ne« 

(tfjarilj  be  as  Q^direciiy.     For  let  ^be  changed  to 

any 
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any  other  value  q,  and  at  the  fame  time  let  R  be 
changed  to  r ;  then  iince  Q  is  as  R,  ^  will  be  to  q 
as  R  to  r ;  but  if  ^  is  to  q  as  R  is  to  /,  then  vice 
verfa  R  will  be  to  r  as  ^to  ^ :  fince  then  ^.cannot 
be  changed  to  q,  but  R  mud  be  changed  to  r,  and 
that  in  the  fame  proportion,  it  follows  by  this  defini- 
tion that  R  is  as  i^dire&ly. 

Corollary     2. 

IfQJ>e  direclly  as  R,  and  R  be  direclly  as  S,  tbm 
will  QJbe  direclly  as  S.  For  let  S  be  changed  to  s9 
and  at  the  fame  time  R  to  r,  and  ^  to  q  ;  then  lince 
by  the  fuppofition  R  is  as  S,  £  mufl  be  to  r  as  S  to 
j ;  and  fince  again  J^js  as  R,  ^  will  be  to  q  as  R  to 
r :  fince  then  i^Ms  to  q  as  R.  to  r,  and  R  is  to  r  as  S  to 
j,  it  follows  that  j^will  be  to  q  as  S  to  j,  and  confe- 
qwently  that  ^will  be  as  S. 

Corollary     3. 

If  QJ>e  as  R,  and  R  be  as  S ;  /yiy  /£<?«  /to  Qjmll 
be  as  R±S,  ^»J  «/^>  #.$  tbe  fquare  root  of  the  producl 
RS.  For  changing  j£j  £,  5,  into  £,  r,  j,  fince  il  is  as 
S,  we  fhall  have  ii  to  r  as  S  to  j;  whence  by  the 
twelfth  and  nineteenth  of  the  fifth  book  of  the  Ele- 
ments R  will  be  to  r  as  R±S is  tor±j;  but  i£Js  to 
^  as  R  is  to  r,  ex hypothefi\  therefore  j£  is  to  q  asRdbS 
is  to  r±s  ;  therefore  by  this  definition  ^  will  be  as 
R±S.  Again,  fince  R  is  as  5,  Rz  will  be  as  icS, 
and  R  as  V/?S ;  but  ^  is  as  £  ;  therefore  by  the 
lafl  corollary  i^will  be  as  i/RS. 

Corollary     4, 

If  any  variable  quantity  as  Q__  be  multiplied  by  any 
given  number  as  5  ;  I  fay  then  that  5Q  will  be  as  C^ 
For  it  will  be  irnpoflible  for  ^  to  be  increafed  or 
diminilbf.d  in  any  proportion,  but  5^  mufl  be  in- 
creafed or  diminiihed  in  the  fame  proportion :  if  ^  ia 
any  one  cafe  be  double  of  ^in  another,  then  5^  in 

the 
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the  former  cafe  muff  be  double  of  5^  in  the  latter, 
and  fo  on  ;  therefore  5^is  as  ^ 

Corollary     5. 

Jf  QJbe  as  R,  then  Q;  will  be  as  Ra,  Q3  as  R% 
*jQ^as  i/R,  &c.  For  let  Ra  be  changed  in  the 
proportion  of  D  to  E ;  then  will  R  be  changed  in 
the  proportion  of  «JD  to  \/is  ;  but  i^is  as  il ;  there- 
fore i^will  alfo  be  changed  in  the  proportion  of  \AZ> 
to  \/E ;  therefore  §£  will  be  changed  in  the  propor- 
tion of  D  to  E:  lince  then  Rz  cannot  be  changed  in 
any  proportion,  fuppofe  of  D  to  E,  but  ££  muft 
necelfarily  be  changed  in  the  fame  proportion,  it 
follows  from  this  definition  that  §£  is  as  Rz :  and  the 
reafoning  is  the  fame  in  all  other  cafes. 

Corollary     6. 

If  C^,  R,  and  S,  be  three  variable  quantities,  and  Q_ 
be  as  the  producl  or  reclangle  RS;  I  fay  then,  that 

«r-  will  always  be  as  S,  and  -^-  as  R,  <2>?J  /£«/  -5-^- 

will  be  a  given  quantity,  or  (which  is  chiefly  meant  by 

that  phrafe)  that  the  quantity  ^-^  will  always  be  the 

fame,  be  the  values  of  Q^  II,  and  S,  what  they  will. 
For  fince  ^  is  as  RS,  j^>  cannot  be  increafed  or  di- 
minifhed in  any  proportion,  but  RS  muft  be  in- 
creafed or  diminifhed  in  the  fame  proportion  ;  there- 

fore  77-  cannot  be  increafed  or    diminifhed    in  any 
R 

RS 
proportion,  but  -^-  or  S  muft  be  increafed  or  di- 
minifhed in  the  fame  proportion  ;  therefore  S  is  as 
•tt,    and   7r  as  S:  and  by  a  like  proof,  R  will  be 


1   =fe  will  be  as   R :  but  if  ^ 
o  o 

then 


,   and  -rr  will  be  -as   R  :  but  if  -«-  be  as  R> 
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£L 

then  dividing  both  fides  by   R,  we  mall  have   5^ 

as  1  ;  but  1  is  a  quantity  that  neither  increafes  nor 
diminifhes,  but   is  always  the  fame ;    therefore   the 

k 
quantity  ^-n  will  always    be  the  fame  ;  and  for  the 

fame  reafon,  If Qfe  as  any  Jingle  quantity,  fuppofe  R, 

Q 

Tr5"  will  always  be  the  fame,  let  Q^and  R  be  what 

they  will. 

Corollary  7. 
If  there  he  four  variable  quantities  A,  B,  C,  D,  all 
In  numbers,  whereof  A  is  as  B,  and  G  is  as  D  ;  I  fay 
then  that  the  product  AC  will  be  as  the  producl  BD. 
For  fince  A  is  as  B,  AC  will  be  as  BC,  and  iince  C 
is  as  D,  2>Cwi;l  be  as  BD  ;  therefore  by  the  fecond 
corollary  AC  wiil  be  as  BD ;  that  is,  AC  in  one  cafe 
will  be  to  AC  in  any  other  as  BD  in  the  former  cafe 
is  to  BD  in  the  latter. 

Definition     5. 

300.  If  two  variable  quantities  Qj2ndR  be  of  fuch 
.a  nature,  that  R  cannot  be  increafed  in  any  proportion 
whatever,  but  Q^ntufl  neceffarily  be  diminifhed in  a  con- 
trary proportion,  or  that  R  cannot  be  diminifhed  in  any 
proportion  whatever \  but  Qjnujl  neceffarily  be  increafed 
in  a  contrary  proportion ;  in  a  zvord,  if  R  cannot  be 
changed  in  a  proportion  of  D  to  E,  but  Q^jnufl  ne- 
ceffarily be  changed  in  the  proportion  of  E  to  D  ;  then. 
is  Qjfaid  to  be  as  R  inverfely  or  reciprocally.  Thus  if 
a  fpherical  body  be  viewed  at  any  confiderable  dif- 
tance,  the  apparent  diameter  is  faid  to  be  recipro- 
cally as  the  diftance,  becaufe  the  greater  the  diftance 
is,  the  lefs  will  be  the  apparent  diameter,  and  vice 
verfa.  Thus  if  a  globe  be  fuppofed  to  move  uni- 
formly about  its  axis,  the  periodical  time  of  this 
motion  is  faid  to  be  reciprocally  as  the  velocity  with 
which  the  globe  circulates  (for  the  quicker  the  cir- 
culation 
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eulation  is,  the  fooner  it  will  be  over) ;  which  is  as 
much  as  to  fay,  that  the  greater  the  velocity  is  with 
which  the  globe  circulates,  the  lefs  will  be  the  peri- 
odical time  of  one  revolution,  and  vice  verfa.  Thus 
if  the  numerator  of  a- fraction  continues  always  the 
fame  whilft  the  denominator  is  fuppofed  to  vary, 
that  fraction  is  faid  to  be  reciprocally  as  its  denomi- 
nator, becaufe  the  greater  the  denominator  is,  the  lefs 
will  be  the  value  of  the  fraction,  and  vice  verfa* 

Corollary     i. 

If  QJbe  reciprocally  as  R,  then  e  converfo  R  tvill  he 
reciprocally  as  Q^  '  For  let  £>_  be  changed  in  the  pro- 
portion of  D  to  E,  and  at  the  fame  time  let  R  be 
changed  in  the  proportion  of  A  to  B  ;  then  fince  i^is 
reciprocally  as  R,  i^muft  be  changed  in  the  proportion 
of  B  to  A\  but  i^was  changed  in  the  proportion  of  D 
to  E ;  therefore  B  mud  be  to  A  as  D  to  E ;  therefore* 
inversely,  A  muft:  be  to  B  as  £  to  D ;  but  R  was 
changed  in  the  proportion  of  A  to  B  by  the  fuppo- 
iition ;  therefore  R  was  changed  in  the  proportion  of 
E  to  D.  Since  then  ^  cannot  be  changed  in  any 
proportion,  fuppofe  of  D  to  E,  but  R  muft  neceffa- 
rily  be  changed  in  the  contrary  proportion  of  E  to  D, 
it  follows  from  this  definition  thatJK  muft  be  recipro- 
cally as  %. 

Corollary     i> 

If  QJre  direclly  as  R,  and  R  be  reciprocally  as  S,  then 
Qjntifi  be  reciprocally  as  b.  For  let  S  be  changed  in 
the  proportion  of  D  to  E ;  then  fince  R  is  reciprocally 
as  S,  R  muft  be  changed  in  the  proportion  of  E  to  D ; 
but  Q  is  direclly  as  R  by  the  fuppoiition ;  therefore  ^ 
mud  alfo  be  changed  in  the  proportion  of  E  to  D. 
Since  then  S  cannot  be  changed  in  the  proportion  of 
D  to  E,  but  Q  muft  neceiTanly  be  changed  in  the 
proportion  of  E  to  D,  it  follows  from  this  definition 
that  ^,is  reciprocally  as  S» 

Corol- 
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Corollary     3. 

By  a  like  way  of  reafoning,  if  Q^  be  reciprocally  »s 
R,  and  R  be  reciprocally  as  S,  Q^  will  be  directly 
as  S. 

Corollary    4. 

If  two  variable  quantities  Q^  and  R  be  of  fuch  a  na- 
ture that  their  produbl  or  reel  angle  QR  is  always  the 
fame  ;  I  fay  then  that  Qjwill  be  reciprocally  as  R.  For 
fince  QR  is  always  the  fame,  it  will  be  as  the  number 
i3  which  neither  increafes  nor  diminifhes ;  but  if  QR. 

1 
be  as  one,  then  ^will  be  as  the  fraction  -5-  by  the 

fixth  corollary  to  the  fourth  definition.     Since  then 

1  1 

Q  is  directly  as  the  fraction   -77,   and  the  fraction   =r 

is  reciprocally  as  its  denominator  R  by  this  definition., 
it  follows  from  the  fecond  corollary  that  i^will  be  re- 
ciprocally as  it. 

Corollary     5. 

Every  fraction  is   reciprocally  as  the  fame  fraclion 

R 

inverted.     Thus  the  fraclion  -~  is  reciprocally  as  the 

o 
fraclion  -jr.     This  is  evident  from  the  Iatt  corollary ; 

'k   '   s 

for  if  the  fractions  -~-  and  -5-  be  multiplied  together, 

their  product  will  always  be  unity,  let  R  and  S  be 
what  they  will. 

Corollary     6. 

R 
If  Q^be   reciprocally  as  R,   or  reciprocally    as    — 

Y  then 
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then  Qjvill  be  direclly  as  r~- .  For  fince  ^  is  reci- 
procally as  — ,  and  —  is  reciprocally  as  —  by  the 
laft  corollary,  it  follows  from  the  third  corollary  that 
^  will  be  dire&ly  as  77.    For  the  fame  reafon,  ^  Q^, 

he  reciprocally  as  -77,  it  will  be  direclly  as  R. 

Definition     6. 

301 .  If  any  quantity  as  Qfiepends  upon  fever al  others 
as  R,  S,  T,  V,  X,  all  independent  of  one  another,  f§ 
that  any  one  of  them  may  be  changed fmgly  without  offer- 
ing the  reft ;  and  if  none  of  the  quantities  R,  S,  T,  can 
be  changed  fmgly,  but  Q^jnufl  be  changed  in  the  fame 
proportion,  nor  any  of  the  quantities  V,  X,  but  Qjnufi 
be  changed  in  a  contrary  proportion  ;  then  is  Qfaid  to 
be  as  R,  and  S,  and  T,  direclly,  and  as  V  and  X  recipro- 

catty  or  inverfely.     Thus  the  fraction  ■^pf*    is  faid  to 

be  as  R,  and  S,  and  T,  diredtly,  and  as  V  and  X  in- 
verfely,  becaufe  none  of  the  faclors  belonging  to  the 
numerator  can  be  changed,  but  the  value  of  the  frac- 
tion muft  be  changed  in  the  fame  proportion,  and 
none  of  the  factors  belonging  to  the  denominator  can 
be  changed,  but  the  value  of  the  fraftion  muft  be 
changed  in  a  contrary  proportion. 

N.  B.  1fOJ?e  as  R,  and  S,  and  T,  direclly,  without 
any  reciprocals,  then  it  is  faid  to  be  as  R,  and  S,  and 
T,  conjunclim,  jointly. 

A     Theorem. 

302.  IfQjbe  asVi,  and  S,  and  T,  direclly,  and  as 
V  and  X  reciprocally  ;  and  if  the  quantities  R,  S,  T, 
V,  X,  be  changed  into  r,  s,  r,  v,  x,  and  fo  Q^  into  q  ; 
1  fay.  then  that  the  ratio  ofQ^to  q  will  be  equal  to  the 

excefs 
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excefs  of  all  the  direcl  ratios  taken  together  above  all 
the  reciprocal  ones  taken  together :  as  if  the  ratios  of  R. 
to  r,  of  S  to  s,  and  of  T  to  t  (which  I  call  dire 51 
ratios) j  when  added  together  make  the  ratio  of  A  to  B ; 
and  if  the  ratios  ofVtov,  and  of '  X  to  x  (which  I  call 
reciprocal  ratios),  when  added  together  make  the  ratio 
ofCtoT);  I  fay  then  that  the  ratio  of  Qjo  q  will  be 
equal  to  the  excefs  of  the  ratio  of  A  to¥>  above  the  ratio 
of  C/ffD. 

For  fuppofing  all  but  R  to  continue  the  fame,  let 
R  be  changed  into  r ;  then  will  ^  be  changed  from 
its  fir  ft  value  in  the  ratio  of  R  to  r  by  the  hypothecs : 
let  now  r,  T,  V,  X,  continue,  and  let  S  be  changed 
into  s  :  then  will  j^be  changed  from  its  lad  value 
in  the  ratio  of  S  to  s  :  in  like  manner  if  T  be  changed 
into  /,  ceteris  paribus,  j^  will  be  changed  from  its 
Jaft  value  in  the  ratio  of  Twt :  therefore  if  R,  S, 
T,  be  changed  into  r,  j,  t,  ^  will  be  changed  from 
one  value  to  another  in  a  ratio  compounded  of  all 
the  direft  ratios  of  R  to  r,  of  5  to  s,  and  of  T  to  t ; 
that  is,  i^  will  be  changed  in  the  ratio  of  A  to  R. 
This  being  fo,  let  us  now  imagine  V  to  be  changed, 
cceteris  paribus,  into  v  \  then  will  i£  be  further 
changed  in  the  ratio  of  v  to  V;  and  if  after  this  we 
imagine  X  to  be  changed  into  x,  ^  will  be  changed 
in  the  proportion  of  x  to  X,  and  will  now  be  arrived 
at  its  laft  value  q :  therefore  if  to  the  ratio  of  A  to  B 
you  add  the  ratios  of  v  to  V  and  of  x  to  X,  you  will 
have  the  ratio  of  i^to  q:  but  to  add  the  ratio  of  v 
to  V  is  the  fame  thing  as  to  fubtract  the  ratio  of 
V.  to  v  by  art.  296  ;  and  fo  again,  to  add  the  ratio 
of  x  to  X  is  the  fame  as  to  fubtracl  the  ratio  of  X  to 
X]  Therefore  if  from  the  ratio  of  A  to  B  you  fub- 
tract the  ratios  of  V  to  v  and  of  X  to  x,  you  will 
have  the  ratio  of  ^  to  q ;  but  the  ratios  of  V  to  y, 
and  of  Xto  x,  when  added  together,  make  the  ratio 
of  C  to  D,  ex  hypothefi ;  therefore  if  from  the  ratio 
of  A  to  B  you  fubtract  the  ratio  of  C  to  D,  there 
will  remain  the  ratio  of  ^  to  q  5  therefore  the  ratio  of 

Y    2  $JQ 
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i^to  q  is  the  excefs  of  the  ratio  of  A  to  B  above  the 
ratio  of  C  to  D  ;  or  (which  is  the  fame,  thing)  ^  is 
to  q  in  a  ratio  compounded  of  the  ratio  of  A  to  B 
directly,  and  of  the  ratio  of  C  to  D  inverfely.  See 
art.  296. 

This  is  upon  a  fuppofition  that  the  quantities  R,  S, 
T,  V,  X,  were  changed  into  r,  s.,  t,  v,  x,  one  after  ano- 
ther in  time  :  but  fince  the  ratio  of  Q  to  q  does  not 
depend  upon  the  intervals  of  time  between  the  feveral 
changes,  but  will  be  the  fame  whether  thofe  intervals 
be  greater  or  lefs,  it  follows  that  the  ratio  of  ^  to  q 
will  be  the  fame  as  if  all  thefe  changes  had  been  made 
at  once.     S^  E.  D, 

Corollary     i. 

If  the  quantities  R,  S,  T,  V9  X,  and  confequently 

A,  B,  C,  Z),  be  expreiTed  by  numbers,  as  they  muffc 

be  before  they  can  be  of  ufe  in  any   computation  ; 

then  the  ratio  of  A  to  B  will  be  the  ratio  of  RST  to 

rst9  and  the  ratio  of  C  to  D  will  be  the  ratio  of 

^Xto  vx.i  and  the  excefs  of  the  ratio  of  A  to  B 

above   the   ratio    of   C  to  D   will   be  the  ratio  of 

RST        rst 

■  to  —  ;  (fee  the  fecond  way  of  fubtraclmg 

ratios  in  art.  296;)  therefore,  in  this  cafe,  i^willbe 

,     ,    „,      RST  .  ,_    -       rst      n. 

to  #  as  the  fraction -77^-  is  to  the  fraction  — .     Since 
1  FJL  vx 

RST               '       _         .'.       rst 
then  the  fraction   -^t-    cannot  be   changed  into 

but  at  the  fame  time  Q^jnuji  be  changed  into  q,  and  fo 

RST  rst 

changed  that  Qjivill  be  to  q  as  -~r  is  to  — ,   it  fol- 
lows from  the  fourth  definition  that  Q_  will  be  as  the 

'  •  RST  3  r  }■'',**■■- 

fraction  ~rr^~  ;    and  consequently  that  Q^m  any  one 

.     RST 

cafe  will  be  to  Q^  in  any  other  as  the  fraclion  -77^7 

in 


Art.  302.  Refohition  of  Ratios.  341 

in  the  former  cafe  is   to  the  fraclion      ,^     in   the 
latter. 

Corollary     2. 

If  there  be  no  reciprocals,  then  Qjwill  be  as  the  pre  duel 
of  all  the  direel  terms,  that  is,  as  the  product  RS  if  there 
be  two  of  them,  or  as  the  producl  RST  if  there  be  three 
of  them,  &c. 

Scholium. 

In  the  demonftration  of  the  foregoing  proportion, 
as  well  as  in  the  fixth  definition,  it  was  iuppofed,  that 
the  quantities  R,  S,  T,  V,  X,  upon  which  ^depended, 
were  themfelves  entirely  independent  of  one  another, 
fo  as  that  any  of  them  might  be  changed  fingly  without 
affecting  the  reft  ;  and  in  fuch  a  cafe,  if  Q  be  as  R  and 
S  directly,  it  may  be  concluded  to  be  as  the  producl:  RS. 
But  this  conclulion  tnufl  not  be  carried  farther  than 
can  be  juftified  by  the  demonltration  :  for  if  in  any  cafe 
the  quantities  R  and  S  hhould  not  be  independent,  if 
neither  of  them  can  be  changed  whilit,  the  other  con- 
tinues the  fame,  then  though  no  change  can  be  made 
either  in  jR  or  S  but  what  will  make  a  proportionable 
change  in  j^,  yet  here  ^muft  not  be  laid  to  be  as  the 
product  RS.  As  for  example,  let  ^be  an  arc  of  a  cir- 
cle fubtending  at  the  diftance  R  an  angle  whofe  quan- 
tity is  reprefented  by  S  ;  then  it  is  plain  that  neither  R. 
nor  «S  can  be  changed  iingly,  but  i-^muft  be  changed 
proportionably  ;  it  is  plain  alfo  that  either  /<  or  S  may 
be  changed  fingly  whilit.  the  other  remains  the  fame; 
and  therefore  in  this  cafe  it  is  lawful  to  conclude  that 
i^is  as  the  producl;  RS.  But  let  us  now  iuppole  ^to 
be  the  circumference  of  a  circle  whole  radius  is  R, 
and  let  S  be  the  fide  of  a  regular  polygon  of  any  given 
fort  inferibed  in  that  circle;  as  for  inftance,  let  S  be 
the  fide  of  an. inferibed  lquare :  here  then  it  is  plain 
that  neither  R  nor  5  can  be  changed,  but  ^mutt  be 
Y  3  changed 
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changed  proportionally;  and  yet  if  we  fhould  con- 
clude in  this  cafe  that  i?Js  as  RS,  the  illation  would 
be  faife,  becaufe  R  and  S  have  here  as  much  depen- 
dence upon  one  another  as  ^  upon  both  ;  for  every 
one  knows  that  the  radius  of  a  circle  cannot  be  in- 
creafed  or  diminifhed  in  any  proportion,  but  the  fide 
of  a  fqu.are  infcribed  in  that  circle  muft  be  increafed 
or  diminifhed  in  the  fame  proportion  :  in  this  cafe  it 
may  be  concluded  that  i£Js  as  R-\-S,  or  as  R  -  5,  or 
as  the  fquare  root  of  RS  by  the  third  corollary  in  art. 
299;  but  it  muff  by  no  means  be  allowed  that  i^is  as 
RS  ;  for  fhould- i^,  be  as  RS,  fmce  in  th'is  cafe  S  is  as 
R,  and  confequently  RS  as  R1,  ^ would  be  as  R%  by 
the  fecond  corollary  in  art.  299,  which  contradicts  the 
fuppofirion  that  i^is  as  R. 

Examples  ts  illujlrate  the  foregoing  'Theorem,  where 
direti  Ratios  are  only  concerned, 

303.  Ex.  1.  If  a  body  moves  for  any  time  with  any 
uniform  velocity  through  any  /pace,  that  fpace  will  be  as 
the  time  and  velocity  jointly.  For  if  we  fuppofe  the 
velocity  to  be  the  lame  in  all  cafes,  but  the  time  to 
differ,  then  the  ipace  defcribed  will  be  greater  or  lefs 
in  proportion  as  the  time  is  fo,  and  therefore  will  be 
as  the  time  :  on  the  other  hand,  if  we  fuppofe  the 
time  to  be  the  fame  in  all  cafes,  and  the  velocity  to 
differ,  then  the  (pace  defcribed  in  thefe  equal  times 
will  be  greater  or  lefs  as  the  velocity  is  fo,  and  con- 
fequently will  be  as  the  velocity  :  laftly,  let  us  fuppofe 
both  the  time  and  velocity  to  vary ;  then  the  fpace 
will  vary  upon  both  thefe  accounts,  and  therefore  will 
vary  in  a  ratio  equal  to  the  ratio  wherein  the  time  va- 
ries, and  the  ratio  wherein  the  velocity  varies  put  to- 
gether ;  that  is,  the  fpace  in  any  one  cafe  will  be  to 
the  fpace  in  any  other  in  a  ratio  compounded  of  the 
ratio  of  the  time  in  the  former  cafe  to  the  time  in  the 
latter,  and  of  the  velocity  in  the  former  cafe  to  the 
velocity  in  the  latter.     This  is  univerfal ;  but  if  we 

fuppofe 
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fuppofe  the  time  and  velocity  to  be  exprefled  by  num- 
bers, we  muft  then  fay  that  the  fpace  defcribed  is  as 
the  product  of  the  number  reprefenting  the  time  mul- 
tiplied into  the  number  reprefenting  the  velocity,  by 
the  fecond  corollary  in  the  laft  article  ;  or  that  the 
fpace  defcribed  in  any  one  cafe  is  to  the  fpace  defcribed 
in  any  other  as  the  producl  of  the  time  and  velocity 
in  the  former  cafe  is  to  a  like  product  in  the  latter. 

Ex.  2.  The  quantity  of  matter  in  any  body  depends 
upon  two  things,  viz.  its  magnitude  and  denfity  {where 
by  denfity  1  mean  the  compaclnefs  or  clofenefs  of  its  mat- 
ter.) For  if  two  bodies  of  equal  denfuies  but  of  un- 
equal magnitudes  be  compared,  one  body  muft  have 
more  matter  than  the  other,  or  lefs,  according  as  its 
folid  content  is  greater  or  lei's,  that  is,  according  as 
its  magnitude  is  greater  or  lefs ;  therefore  in  this  cafe 
the  quantities  of  matter  in  any  two  bodies  thus  com- 
pared will  be  as  their  magnitudes :  on  the  other  hand, 
if  two  bodies  of  the  fame  magnitude  but  of  different 
denfities  be  compared,  their  quantities  of  matter  will 
be  as  their  denfities,  becaufe  the  clofer  the  parts  of  a 
body  are,  fo  much  more  matter  will  be  crowded  into 
the  fame  fpace;  therefore,  if  the  bodies  be  different 
both  in  magnitude  and  denfity,  the  quantity  of  mat- 
ter in  one  body  will  be  to  the  quantity  of  matter  in 
the  other  in  a  ratio  compounded  of  the  ratio  of  the 
magnitude  of  one  body  to  the  magnitude  of  the  other, 
and  of  the  ratio  of  the  denfity  of  the  former  body  to 
the  denfity  of  the  latter;  and  therefore,  if  thefe  quan- 
tities be  reprefented  by  numbers,  the  quantity  of  mat- 
ter in  any  body  will  be  as  its  magnitude  and  denfity 
multiplied  together.  Thus  if  D  and  d  be  the  diame- 
ters of  two  globes  whofe  denfuies  are  as  E  to  e,  the 
quantity  of  matter  in  the  former  globe  will  be  to  the 
quantity  of  matter  in  the  latter  as  D3  x  E  is  to  d$  x  e; 
for  the  folid  contents  of  all  globes  are  as  the  cubes  of 
their  diameters. 

Ex.  3.  The  momentum,  or  force,  or  impetus  zvitb 

which  a  body  moves,  and  with  which  it  wilt  Jlrike  any 

y  4  objiacle 
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obftacle  that  lies  in  its  way  to  oppofe  or  flop  it,  is  as 
the  velocity  of  the  motion  and  the  quantity  of  matter  in 
the  body  jointly.  For  the  fame  quantity  of  matter 
moving  with  different  velocities  will  ftrike  an  obftacle 
with  forces  proportionable  to  the  velocities :  on  the 
other  hand,  different  quantities  of  matter  moving 
with  the  fame  velocity  will  (trike  with  forces  propor- 
tionable to  their  matter ;  a  double  body  will  ftrike  with 
a  double  force,  &c, ;  therefore,  in  the  cafe  where  the 
velocity  is  the  fame,  the  momentum  of  a  body  is  as  the 
quantity  of  matter  it  contains;  and  in  the  cafe  where 
the  quantity  of  matter  is  the  fame,  the  momentum  is 
as  the  velocity  :  therefore,  if  neither  the  velocity  nor 
the  matter  be  the  fame,  the  momentum  will  be  as  the 
matter  and  velocity  jointly  ;  and,  in  numbers,  as  the 
product  of  the  number  expreffing  the  matter  multi- 
plied into  the  number  exprefTmg  rhe  velocity. 

Ex.  4,  If  a  heavy  body  be  fufpended  perpendicularly 
upon  a  lever  (by  which  I  mean  an  inflexible  rod  moving 
about  a  fixed  point  in  the  middle),  the  momentum  or 
efficacy  of  that  body  to  turn  the  lever  about  its  center  is, 
ceteris  paribus,  as  the  weight  of  the  body  and  as  the 
difcance  of  the  point  of  fufpenfion  from  the  center  of  the 
lever  jointly.  For  if  we  fuppoie  this  diflance  to  be 
the  fame,  the  momentum  of  the  body  to  turn  the  lever 
mufl  be  greater  or  lefs  according  as  its  weight  is  fo, 
.  from  whence  that  momentum  arifes :  on  the  other  hand, 
if  we  fuppofe  the  weight  to  be  always  the  fame,  but 
to  be  removed,  fometimes  farther  from,  and  fome- 
tirries  nearer  to,  the  center,  the  momentum  of  the  body 
to  turn  the  lever  will  be  greater  or  iefs  in  proportion 
to  the  diflance  of  the  point  of  fufpenfion  from  the  cen- 
ter of  the  lever,  as  is  demonllrated  in  Mechanics,  and 
may  eaiily  be  tried  by  experience  :  therefore  univer- 
fally,  the  momentum  of  the  body  will  be  as  this  dis- 
tance and  the  weight  of  the  body  jointly  ;  and  in 
numbers  is  as  the  product  of  the  weight  multiplied 
into  the  diflance. 

To 
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To  illuftrate  this,  I  (hall  put  the  following  queftion. 
Let  a  body  weighing  five  pounds  be  fufpended  at  the 
dillance  of  fix  inches  from  the  center  of  a  lever,  and 
let  another  body  of  feven  pounds  be  fufpended  on  the 
fame  fide  of  the  center  at  the  dillance  of  eight  inches; 
then  let  a  third  body  of  nine  pound  weight  be  fuf- 
pended on  the  other  fide  of  the  center  at  the  dillance 
of  ten  inches:  §>u<ere,  whether  will  thefe  bodies  fuf- 
tain  each  other  in  aquilibrio  or  not ;  and  if  hot,  on 
which  fide  will  the  lever  dip,  and  with  what  momen- 
tum ? 

To  refolve  this,  fince  we  are  at  liberty  to  reprefent 
any  one  of  thefe  momenta  by  what  numbers  we  pleafe, 
provided  the  reft  be  reprefented  proportionably,  Jet 
us  reprefent  the  momentum  of  the  nine  pound  body  by 
the  product  of  its  weight  and  dillance  multiplied  to- 
gether, that  is,  by  9x10  or  90  ;  then  muft  the  other 
momenta  be  reprefented  by  like  products,  or  they 
would  not  be  reprefented  by  numbers  proportionable 
to  them  :  therefore  the  momentum  of  the  five  pound 
body  will  be  5x6  or  30,  and  that  of  the  feven  pound 
body  7x8  or  56;  and  therefore  the  fum  of  the  mo- 
menta on  this  fide  the  center  acting  the  fame  way  will 
be  86  :  whence  now  it  plainly  appears  that  the  lever 
will  dip  on  the  fide  of  the  nine  pound  body,  beeaufe 
90,  the  momentum  on  that  fide,  is  greater  than  86, 
the  fum  of  the  momenta  on  the  other  fide  :  and  fince 
the  excefs  of  90  above  86  is  4,  it  follows  that  4  will 
be  the  difference  of  the  momenta  on  one  fide  and  the 
other;  infomuch  that  if  anyone  fu  (tains  th:s  lever 
immoveable,  he  will  fultain  the  fame  force  as  if  al| 
the  weights  now  upon  the  lever  were  taken  away,  and 
a  fingle  pound  weight  was  iufpended  at  the  diftance 
of  four  inches  from  the  center  of  the  lever  :  therefore 
when  all  the  weights  were  upon  the  lever,  if  a  fingle 
pound  weight  had  been  fufpended  at  four  incb.es  dif- 
tance, and  on  the  fame  fide  of  the  center  with  the  other 
two  bodies  whofe  weights  were  five  and  feven  pounds, 
the  whole  fyftem  would  then  have  con  filled  in  aqui- 
librio. 

Upon 
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Upon  this  theorem,  that  the  force  of  a  body  upon 
a  lever  is  as  its  weight  and  diftance  from  the  center 
multiplied  together,  is  founded  the  method  of  finding 
the  centers  of  gravity  of  bodies,  or  the  center  of 
gravity  of  any  fyftem  of  bodies;  let  their  places  or 
pofitions  be  what  they  will :  but  I  muft  not  carry  this 
matter  any  farther. 

Ex.  5 .  If  a  globe  be  made  to  move  uniformly  in  an 
uniform  fluid,  the  refiftance  it  will  meet  with  in  any 
given  time  by  impinging  againjl  the  particles  of  the  fluid, 
will  be  as  the  denfity  of  the  fluid,  and  as  the  fquare  of 
the  diameter  of  the  globe,  and  as  the  fquare  of  the  velo- 
city it  moves  with  jointly. 

To  determine  rightly  in  this  cafe,  we  mult  here  do 
what  we  all  along  have  done,  and  what  we  always 
muft  do  in  like  cafes ;  that  is,  we  muft  take  the 
whole  to  pieces,  examine  every  particular  circum- 
ftance  by  itfelf,  ceteris  paribus,  and  then  put  them 
all  together.  Firft  then  let  us  fuppofe  the  fame 
globe  to  move  with  the  fame  velocity,  but  fometimes 
in  a  denfer  fluid,  and  fometimes  in  a  rarer;  then  it 
is  plain  that  the  denfer  the  fluid  is,  the  more  par- 
ticles of  it  the  body  will  be  likely  to  meet  with  in 
any  given  time,  and  confequently  the  greater  re- 
fiftance it  will  fuffer  from  them ;  therefore  the  re- 
fiftance of  the  body,  ceteris  paribus,  will  be  as  the 
denfity  of  the  fluid.  In  the  next  place  let  us  fuppofe 
different  globes  to  move  in  the  fame  fluid,  and  with 
the  fame  velocity ;  then,  fince  the  refiftance  of  thefe 
globes  arifes  only  from  the  furfaces,  or  rather  from 
half  their  furfaces,  and  fince  the  furfaces  of  all 
globes  are  as  the  fquares  of  their  diameters,  it 
follows  that  the  refiftance  thefe  globes  meet  with  will 
be  as  the  fquares  of  their  diameters.  Laftly,  let  us 
fuppofe  the  fame  globe  to  move  in  the  lame  fluid 
with  different  velocities  ;  then  it  is  plain  that  a  globe 
which  moves  with  a  double  velocity  will  ftrike  twice 
as  many  particles  of  the  fluid  in  any  given  time,  as 
it  ViCuld  if  it  was  to  move  with  a  iingle  velocity; 

but 
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but  if  the  body  flrikes  twice  as  many  particles,  then 
twice  as  many  particles  will  ftrike  it,  whence  arifes 
the  refiftance  ;  therefore  the  refiftance  of  a  body 
moving  with  a  double  velocity  is  upon  this  account 
double  of  what  it  would  have  been  in  the  cafe  of  a 
fingle  velocity  :  but  this  is  not  all ;  for  it  will  not 
only  ftrike  twice  as  many  particles,  but  it  will  ftrike 
every  particle  with  twice  the  force  in  this  cafe  of 
what  it  would  in  the  cafe  of  a  fingle  velocity ;  and 
therefore,  fince  adYion  and  reaftion  are  always  equal, 
and  fince  it  is  the  reaction  of  the  medium  that  creates 
the  refiftance,  it  follows  that  a  body  moving  with  a 
double  velocity  meets  with  four  times  the  refiftance 
of  what  it  would  meet  with  when  moving  with  a 
fingle  velocity.  In  like  manner,  a  body  that  moves 
with  a  triple  velocity  will  aft  three  times  as  ftrong 
upon  three  times  the  number  of  particles,  and  there- 
fore will  fuffer  nine  times  the  refiftance  of  what 
it  would  fuffer  with  a  fingle  velocity ;  therefore  the 
fame  globe  moving  in  the  fame  medium  with  dif- 
ferent velocities  will  meet  with  a  refiftance  propor- 
tionable to  the.  fquare  of  the  velocity  it  moves  with. 
Put  now  all  theie  confiderations  together,  and  the 
refiftance  of  a  globe  moving  uniformly  in  an  uni- 
form fluid  (I  mean  that  refiftance  which  arifes  from 
the  globe's  impinging  againft  the  particles  of  the 
medium)  will  be  as  the  denfity  of  the  medium,  as 
the  fquare  of  the  diameter  of  the  globe,  and  as  the 
fquare  of  the  velocity  it  moves  with  jointly.  Thus 
if  two  globes,  whofe  diameters  are  D  and  d,  move  with 
velocities  which  are  to  one  another  as  V  to  v  in  two 
fluids  whofe  denfities  are  as  E  to  ey  the  refiftance  of 
the  former  will  be  to  the  refiftance  of  the  latter  as, 
Fz  x  D2  xE  is  to  v2  x  dz  x  e» 


Other 
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Other  Examples,  wherein  direcl  and  reciprocal  Ratios 
are  mixed  together, 

304.  Ex.  6.   If  a  body  be  put  into  motion  by  any 
force   direflly  applied,  whether  this  force  be  a  Jingle 
impulfe  afling  at  once,  or  whether  it  be  divided  into 
fever  al  impulfe  s  a  fling  fuccejfively  ;  I  fay  that  the  laft 
velocity  of  this    motion  will   be   as  the   moving  force 
direflly,  and  as  the  quantity  of  matter  in  motion  reci- 
procally.    For  if  different  forces  be  applied  to  the 
fame  quantity  of  matter,   the  greater  the  force  is, 
the  greater  will  be  the  velocity,  and  vice  verfa  ;  there- 
fore   in   this   cafe   the    velocity    will   be  as    the  vis 
wotrix :    but    if  we   fuppofe    the  fame  force  to  be 
applied  to  different  quantities  of   matter,   then  the 
greater  the  quantity  of  matter  is,  the  lefs  will  be  the 
velocity,  and  vice  verfa,   which  I  thus  demonftrate. 
Suppofe  the  moving  force  M,  when  applied  to  a 
certain  quantity  of  matter  as  Q,  will  produce  the 
velocity  V  -,  I  fay  then  that  the  fame  force  M,  applied 
to  a  quantity  of  matter  equal  to  2^,   will  only  pro- 
duce a  velocity  equal  to  \V :  for  M  acting  upon  2^ 
will   produce  the  fame  velocity  as  \M  acting  upon 
i^j,  but  \M acting  upon  ^will  produce  a  velocity 
equal  to  \V,  becaufe  by  the  fuppofition  M  acting 
upon  ^  will    produce  the  velocity  V\  therefore  M 
acting  upon  2^will  produce  a  velocity  equal  to -^  ; 
and  for  the  fame  reafon,    M  acting  upon  3^  will 
produce  a  velocity  equal  to  \V,  &c. ;  therefore,  if  the 
vis  motrix  be  the  fame,   the  velocity  of  the  motion 
produced    will    be    reciprocally    as  the    quantity    of 
matter  :    therefore   univerfally,    the  velocity  will  be 
as   the  vis  motrix  directly,   and   as    the  quantity  of 
matter    inverfely.       As  if  M   be  changed  into    m, 
^  into  q,   and  fo  V'mto  1;,  the  ratio  of  V  to  v  will 
be  equal  to  the  excefs  of  the  ratio  of  M to  m  above 
the  rado  of  ^_  to  q.     In  numbers  thus ,   V  will  be  to 
2  v  as 
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v  as  -77  is  to  — ;  fee  the  firft  corollary  in  art.  302, 

Otherwife  thus  :  the  momentum  or  impetus  with  which 
a  body  moves,  is  the  force  with  which  it  will  ftrike 
an  objeft  that  lies  in  its  way  to  ftop  it ;  therefore 
fince  action  and  reaclion  are  equal,  the  force  neceffary 
to  deftroy  any  motion  mud  be  equal  to  the  momentum 
with  which  the  body  moves :  but  the  force  neceffary 
to  deftroy  any  motion  is  equal  to  the  force  that  pro- 
duced it,  which  we  call  the  vis  matrix  ;  therefore  in 
all  motion  whatever,  the  vis  motrix  muft  be  equal  to 
the  momentum,  and  muft  be  as  the  quantity  of  matter 
in  the  body  moved  multiplied  into  the  velocity  of  the 
motion,  becaufe  the  momentum  is  fo ;  fee  the  laft  ar- 
ticle, example  the  3d :  therefore  ill  will  always  be  as 

M 
Fx^and  Fas  -q. 

M 
If  M  be  as  ^,  then  -^   will  be  a  (landing  quan- 

tity,  and  therefore  the  velocity  V  in  this  cafe  will  al- 
ways be  the  fame.  Thus  if  the  weights  of  all  bodies 
be  proportionable  to  the  quantities  of  matter  they 
contain,  they  will  be  equally  accelerated  in  equal  times; 
and  vice  iferfa,  if  all  bodies,  how  different  foevcr  in  the 
kinds  and  quantities  of  matter,  be  equally  accelerated 
in  equal  times  (as  by  undoubted  experiments  upon 
pendulums  we  find  they  are,  fetting  afide  the  refinance 
of  the  air),  it  follows  that  the  weights  of  bodies  are 
proportionable  to  their  quantities  of  matter  only, 
without  depending  upon  their  forms,  conftitutions, 
or  any  thing  elfe. 

Ex.  7.  The  velocity  of  a  planet  moving  uniformly 
in  a  circle  round  the  Sun  is  as  its  dijiance  from  the 
center  of  the  Sun  diretlly,  and  as  its  periodical  time  in~ 
verfely.  -  For  if  two  planets  at  different  distances  from 
the  Sun  perform"  their  revolutions  in  the  fame  time, 
that  planet  muft  move  with  the  greatest  velocity  that 
has  the  greateit  circumference  to  defcribe  ;  therefore 

in 
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in  this  cafe,  where  the  periodical  time  is  given  or  al- 
ways the  fame,  the  velocity  of  the  planet  mud  be  as 
the  circumference  of  the  circle  to  be  defcribed  :  but 
the  circumference  of  every  circle  is  as  its  diameter  or 
femidiameter ;  therefore,  if  the  periodical  time  be 
given,  the  velocity  of  a  planet  muft  be  as  its  dis- 
tance from  the  Sun  directly.  Let  us  now  fuppofe 
two  planets  revolving  at  the  fame  diftance  from  the 
Sun,  but  in  different  periodical  times ;  then  it  is 
plain  that  the  fwifter  planet  will  perform  its  revo- 
lution in  lefs  time,  and  vice  verfa  ;  and  therefore,  if 
the  diftance  be  given,  the  velocity  will  be  recipro- 
cally as  the  periodical  time.  Put  both  thefe  cafes 
together,  and  the  velocity  of  a  planet  moving  uni- 
formly round  the  Sun  will  be  as  its  diftance  from 
the  center  of  the  Sun  directly,  and  as  its  periodical 
time  inverfely.  Thus  the  Earth's  diftance  from  the 
Sun  is  to  that  of  Jupiter  as  10  to  52  nearly ;  and  the 
Earth's  periodical  time  is  to  that  of  Jupiter  as  1 
year  to  12  years  nearly,  or  as  1  to  12  ;  therefore 
the    Earth's    velocity    is    to    Jupiter's    velocity    as 

10  .  c% 

- —  is  to  — ,  or  as  120  to  52,  or  as  30  to  13. 

This  way  of  reafoning  is  applicable  to  all  bo- 
dies moving  uniformly  in  circles,  let  the  law  of 
their  motions  be  what  it  will.  But  if  (as  that  ac- 
curate Aftronomer  Kepler  has  demon ftrated)  the  pla- 
netary motions  be  fo  tempered  that  their  periodi- 
cal times  are  in  a  fefquiplicate  ratio  of  their  dis- 
tances, or  (which  is  the  fame  thing  by  art.  297) 
that  the  fquares  of  their  periodical  times  are  as  the 
cubes  of  their  diftances,  wc  (hall  then  have  a  more 
fimple  way  of  exprefling  the  velocity  of  a  planet 
thus :  let  V  be  the  velocity,  and  D  the  diftance  of  any 
planet  from  the  Sun,  and  let  T  be  the  periodical 
time  ;  then  iince,  from  what  has  been   faid,  V  is  as 

D  D1     , 

^,  we  fhall  have  Fz  as  — ;  but,  according  to  Kep- 

JL  J, 

ler's 
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Dz       D* 

lev's  proportion,  T~  is  as  Di,  and  =;,  as  j?j,   or    as 

yr  ;  therefore  Vz  is  as  yr,  and  ^"as  — rj\;  that  is,  in 

this  cafe,  the  velocity  of  a  planet  is  reciprocally 
in  a  fubduplicate  ratio  of  its  diftance  from  the  Sun. 
So  the  velocity  of  a  planet,  whofe  diftance  is  D,  is  to 
the  velocity  of  a  planet,  whofe  diftance  is  d,  as  \/d  is 

/£> 

to  s/Dy  or  as  1  is  to  \f  -r. 

Ex.  8.  If  a  wheel  turns  uniformly  about  its  axis, 
the  time  of  one  round  will  be  as  the  diameter  of  the  wheel 
direElly,  and  as  the  abfolate  velocity  of  every  point 
in  the  circumferente  of  the  wheel  inverfely.  For  if 
the  circumference  of  a  great  wheel  moves  with  the 
fame  velocity  as  the  circumference  of  a  fmall  one, 
the  periodical  lime  of  the  former  wheel  will  be  as 
much  greater  in  proportion  than  the  periodical  time 
of  the  latter  as  the  circumference  of  the  former  wheel 
is  greater  than  the  circumference  of  the  latter,  or 
as  the  diameter  of  the  former  is  greater  than  the  dia- 
meter of  the  latter  ;  therefore  if  the  velocity  of  the 
wheel's  circumference  be  given,  the  periodical  time 
will  be  as  the  diameter  of  the  wheel  directly  :  let  us 
now  fuppofe  the  velocity  of  the  circumference  of  the 
fame  wheel  to  be  in  any  cafe  increafed  ;  then  will  the 
periodical  time  be  diminifhed  in  a  contrary  propor- 
tion, and  vice  verfa ;  therefore  if  the  diameter  of-  a 
wheel  be  given,  the  periodical  time  will  be  reci- 
procally as  the  velocity  of  the  circumference  ;  there- 
fore if  neither  the  diameter  nor  the  velocity  of  the 
circumference  be  given,  the  periodical  time  will  be  as 
the  diameter  of  the  wheel  directly,  and  as  the  abfolute 
velocity  of  every  point  in  the  circumference  inverfely. 

D 
In  numbers  the  periodical  time  will  be  as  -y. 


Ex. 
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Ex.  9.  The  relative  gravity  of  any  fpecies  of  bodies  is 
as  the  abfohite  weight  of  any  body  of  that  fpecies  direclly, 
and  as  its  magnitude  inverfely  ;  where  by  the  magnitude 
or  bulk  of  a  body  is  meant  the  quantity  of  fpace  it 
takes  up,  and  not  the  quantity  of  matter  it  contains. 

All  bodies  of  the  fame  kind  are  fuppofed  to  weigh 
in  proportion  to  their  magnitudes  \  and  therefore  if  a 
body  of  any  one  kind  be  compared  with  a  body  of 
the  fame  magnitude  of  another  kind,  the  proportion 
of  their  weights  will  always  be  the  fame,  let  their 
common  magnitude  be  what  it  will ;  and  hence  arifes 
the  comparifon    in    general  of   the  weight    of   one 
fpecies  of  bodies  with  the  weight  of  another  :  if  a 
cubic  inch  of  gold  be  19  times  as  heavy   as  a  cubic 
inch  of  water,  then  a  cubic  foot  of  gold  will  be  19 
times  as  heavy  as  a  cubic  foot  of  water,  &c. ;  and  i'o 
we  pronounce  in  general  that  gold  is  19  times  as  heavy 
as  water,  though  we  mean  bulk  for  bulk.     In  this 
fenfe  therefore  may  any  one  fpecies  of  bodies  be  faid 
to  be  heavier  or  lighter  than  another,  in  proportion  as 
any  one  body  of  the  former  fpecies  is  heavier  or  lighter 
than  a  body  of  the  fame  magnitude  of  the  latter,  which 
is  the  fame  in  effeft  with  the  firft  part  of  my  afTertion. 
Let  us  new  compare  bodies  of  the  fame  weight,  but 
of  different  magnitudes  ;  and  then  it  will  appear  that 
the  fpecific  gravities  of  thefe  bodies,  that  is,  of  the 
feveral  fpecies  to  which  they  belong,  will  be  recipro- 
cally as   the   magnitudes  of  the  bodies  compared  : 
thus  if  a  cubic  inch  of  gold  be  as  heavy  as  19  cubic 
inches  of  water,  then  the  fpecific  gravity  of  gold  will 
be  to  the  fpecific  gravity  of  water,  not  as   1   to   19, 
but  as  19  to  1  ;  for  if  one  cubic  inch  of  gold  be  as 
heavy  as  19  cubic  inches  of  water,  then  1  cubic  inch 
of  gold  will  be  19  times  as  heavy  as  1  cubic  inch  of 
water  -,  and  therefore,  from  what  has  been  faid  in  the 
former  cafe,  the  fpecific  gravity  of  gold  will  be  to  the 
fpecific  gravity  of  water  as  19  to  1.     Put  both  thefe 
caies  together,  and  the  relative  gravity  of  any  fpecies 
of  bodies  will  be  as  the  abfoiute  weight  of  any  one 

body 
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body  of  that  fpecies  directly,  and  as  its  magnitude 

inverfely.    Thus  if  in  numbers  P  and/*  be  the  weights 

of  two  globes  whofe  diameters  are  D  and  df  the  fpe- 

cific  gravities  of  the  metals  out  of  which  thefe  two 

P        p 
globes  were  formed  are  as  j^  to  *n. 

Ex.  10.  If  a  body  as  A  gravitates  toward  the  center 
of  a  planet  as  B  at  the  dijiance  D ;  /  fay  then  that  the 
weight  of  A  will  be  as  the  quantity  of  matter  in  A  di- 
rectly, and  as  the  quantity  of  matter  in  B  diretlly,  and 
as  the  fquare  of  the  dijiance  D  inverfely.  For  the  weight 
of  the  whole  body  A  towards  B  arifes,  cateris  paribus, 
from  the  weight  of  all  its  parts  ;  and  therefore  ill 
fuch  a  cafe  will  be  as  the  quantity  of  matter  in  A. 
Again,  the  weight  of  A  towards  the  whole  planet  B 
arifes,  ceteris  paribus,  from  the  weight  of  A  to  all  the 
parts  of  B ;  and  therefore  in  fuch  a  cafe  will  be  as 
the  quantity  of  matter  in  B.  Laftly,  if  the  quanti- 
ties of  matter  in  A  and  B  continue  the  fame,  and  the 
diftance  D  be  fuppofed  to  vary,  the  great  Newton  has 
demonftrated  that  the  weight  of  A  towards  B  will  be 
reciprocally  as  the  fquare  of  the  diftance  T),  There- 
fore if  neither  the  quantities  of  matter  in  A  and  B, 
nor  the  diftance  D  be  the  fame,  the  weight  of  A 
towards  B  will  be  as  the  quantity  of  matter  in  A  di- 
rectly, and  as  the  quantity  of  matter  in  B  directly, 
and  as  the  fquare  of  the  diftance  D  inverfely.  Thus 
if  A  and  B  be  numbers  reprefenting  the  quantities  of 
matter  in  the  bodies  ^and  B  refpecYively,  the  weight 

AB 
of  A  towards  B  at  the  diftance  D  will  be  as  -jtr,  that. 

is,  the  weight  of  A  towards  B  at  the  diftance  D  will 
be  to  the  weight  of  a  towards  b  at  the  diftance  d  as 

the  fraction  -=r-  is  to  the  fraction  ~r. 
D2  a-. 


%  Hence 
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Hence  the  weight  of  A  towards  B  will  be  equal  to 
the  weight  of  B  towards  A,  fince  both  will  be  repre- 

fented  by  the  fame  quantity  -jjr* 


Another  Way  of  treating  the  Examples-  in  the  two  lafi 
Articles. 

305.  If  there  be  ever  fo  many  quantities,  and  tbefi 
all  heterogeneous  to  one  another ',  zve  are  at  liberty  to  re- 
■prefent  them  by  what  number  we  pleafe,  or  even  all  by 
■unity  itfelf,  provided  we  take  care  to  reprefent  all  other 
quantities  of  like  kinds  by  proportionable  numbers.  Thus 
I  am  at  liberty  to  call  any  quantity  of  time  I  pleafe  1, 
©r  any  degree  of  velocity  1,  or  any  quantity  of  fpace 
1  ;  but  then  I  mud  take  caFe  to  call  a  double  time* 
or  a  double  velocity,  or  a  double  fpace,  by  the  num- 
ber 23  and  fo  on.  This  consideration  fuggefls  to  us 
another  way  of  treating  the  examples  in  the  two  laff: 
articles,  fomewhat  different  from  the  former ;  which,, 
as  it  may  be  explained  by  a  bare  inftance  or  two,  I 
lhall  give  the  learner  as  follows  1 

In  the  firft  example  we  are  taught  that  the  fpace 
defcribed  by  a  body  moving  uniformly  for  any  time, 
and  with  any  velocity,,  is  in  numbers  as  the  time  and 
velocity  multiplied  together  \  which  may  alfo  be  de- 
monftrated  thus:  fuppofe  that  a  body  moving  uni- 
formly in  fome  known  time  called  1,  and  with  fome 
velocity  called  1,  fhall  defcribe  a  fpace  which  we  will 
alfo  call  1  ;  then  if  in  the  time  1,  and  with  the  velo- 
city 1,  there  be  defcribed  the  fpace  1,  it  is  plain  that 
in  the  time  f,  and  with  the  velocity  1,  there  will  be 
defcribed  the  fpace  T;  but  if  in  the  time  T,  and  with 
the  velocity  1,  there  be  defcribed  the  fpace  T,  then 
in  the  time  T,  and  with  the  velocity  V,  there  will  be 
defcribed  the  fpace  VT,  and  that,  let  the  quantities 
Fand  T  be  what  they  will  ,•  and  therefore,  in  all  cafes, 
the  fpace  will  be  as  Tx  K 

Again, 


Art.  305.  Refolution  of  Ratios*  2>SS 

Again,  in   the  fixth  example  it  was  iliewn  that  if 

any  moving  force  as  M  be  directly  applied  to  any  body 

Whofe  quantity  of  matter  is  i^3  the  velocity  thereby* 

M 
produced  will  be  as  3- :  for  a  future  demonftration 

whereof,  let  us  fuppofe  that  fome  known  force  called 
1,  when  applied  to  fome  quantity  of  matter  called  1, 
will  produce  the  velocity  1 ;  then  will  the  force  2  ap- 
plied to  the  fame  quantity'  of  matter  1  produce  the 
velocity  2  ;  but  if  the  force  2  when  applied  to  the 
quantity  of  matter  1  produce  the  velocity  2,  then 
the  fame  force  2  applied  to  a  quantity  of  matter  as  3 
will  produce  a  velocity  equal  to  a  third  part  of  the 
former,  to  wit,  %  •,  and  for  the  fame  reafon  the  force 
M  applied  to  a  quantity  of  matter  as  ^  will  produce 

M 
the  velocity  — ;  and  therefore  this  velocity  will  al- 

,        M 
ways  be  as  -^. 

It  is  not  impoffible  but  that  fome  of  my  lefs  judicious 
readers  may  be  inclined  to  think  I  have  fpun  out  this 
fubjecl:  to  too  great  a  length:  but  I  eahly  perfuade 
.niyfelf  that  there  are  none  who  have  thoroughly  con- 
fidered  the  very  great  ufefulnefs  and  importance  of 
this  do&rine,  efpecially  in  Mechanical  and  Natural 
Philofophy,  but  will  readily  acquit  me  of  this  charge; 
and  the  more  fo,  becaufe  none  that  I  know  of  have 
digefted  thefe  matters  into  a  fyftem,  or  have  written 
fo  diftinclly  upon  them  as  the  importance  .of  the 
fubje<5r  requires. 
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BOOK    VIII.     PART    It 

Of  Prifms,  Cylinders,  Pyramids,  Cones,  and  Spheres, 


A  N  Y  of  the  following  articles  concerning  the 
circle,  fphere,  and  cylinder,  are  taken  out  of 
Archimedes,  but  demonstrated  another  way :  and  though 
they  have  no  immediate  relation  to  Algebra,  yet  as  there 
are  not  many  of  them,  and  as  they  are  a  fort  of  fup- 
plement  to  Euclid's  Geometry,  I  have  been  prevailed 
upon  to  infert  them  here,  for  the  fake  of  thofe  who 
cannot  read  Archimedes,  and  for  the  eafe  of  thofe  who 
can*  Moreover,  as  Euclid's  doctrine  of  folids  is 
fomewhat  hard  of  digeflion  as  it  is  delivered  in  the 
Elements,  I  have  not  fcrupled  to  transfer  fome  of  the 
chief  properties  of  cones  and  pyramids  into  this  book, 
and  to  demonltrate  them  after  a  more  eafy  and  fimple 
manner.  And  laftly,  as  the  menfuration  of  the  circle 
is  abfolutely  neceffary  to  the  menfuration  of  the  cy- 
linder,  cone,  and  fphere,  I  {hall,  before  I  enter  upon 
the  reft,  explain  what  Archimedes  has  delivered  upon 
that  head. 

A  Lemma. 
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A     Lemma. 

340.  If  in  a  right-angled  triangle  one  of  the  acute 
angles  be  thirty  degrees,  or  a  third  part  of  a  right  one, 
the  oppofite  fide  will  be  equal  to  half  the  hypotenufe. 
(Fig.  48.) 

Let  ABC  be  a  right-angled  triangle,  right-angled 
at  B,  and  let  the  angle  BAC  be  30  degrees  ;  I  fay 
then  that  the  oppofite  fide  BC  will  be  half  the  hypo- 
tenufe AC, 

For  producing  CB  beyond  B  to  D,  fo  that  BD 
may  be  equal  to  BC,  and  drawing  AD,  the  two  tri- 
angles ABC  and  ABD  will  be  fimilar  and  equal ; 
therefore  the  angle  CAD  will  be  60  degrees,  and  the 
lines  AC  and  AD  willbe  equal;  therefore  the  other 
two  angles  at  C  and  D  will  be  60  degrees  each,  and 
the  triangle  ACD  will  be  equilateral;  therefore  the 
line  BC,  which  is  the  half  of  CD,  will  alio  be  the 
half  of  AC.     ^5  E.  D. 

A     Lemma     (Fig.  49, 50). 

34.1.  Let  ABC  be  a  right-angled  triangle,  right- 
angled  at  B  ;  and  fuppofmg  two  Jimilar  and  equilateral 
polygons,  one  to  be  circumfcribed  about  a  circle,  and  the 
other  to  be  infcribed  in  it,  let  the  angle  BAC  be  equal 
to  half  the  angle  at  the  center  fiMended  by  a  fide  of 
either  polygon :  I  fay  then  that  AB  will  be  to  BC  as 
the  diameter  of  the  circle  to  the  fide  of  the  circumfcribed 
polygon  ;  and  that  AC  will  be  to  BC  as  the  diameter  of 
the  circle  is  to  the  fide  of  the  infcribed  polygon. 

Let  D  be  the  center  of  the  circle,  let  EFG  be  a 
fide  of  the  circumfcribed  polygon,  touching  the  circle 
in  the  point  F,  and  let  HIK  be  the  fide  of  a  like  poly- 
gon infcribed,  and  let  HK  and  EG  be  fuppofed  par- 
allel, fo  as  to  fubtend  the  fame  angle  at  the  center. 
Draw  the  lines  DHE,  DIF,  DKG;  then  will  the  three, 
triangles  ABC,  DEF,  and  DHI,  be  fimilar,  having  the 
angles  at  B,  F,  and  /,  right,  and  the  angle  BAC  being 
equal  to  the  angle  EDF  by  the  fuppofitionj  therefore 
Z  3  AB 
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AB  will  be  to  BC  as  DF  to  EF9  or  as  sPFto  EG, 
that  is,  as  the  diameter  of  the  circle  is  to  the  fide  of 
the  circumfcribed  polygon  •, .  and  AC  will  be  to  BC  as 
DH  to  HI,  or  as  2DH.  to  H/£,  that  is,  as  the  diameter 
of  the  circle  is  to  the  fide  of  the  inferibed  polygon. 


^E.D. 


If  the  angle  BAG  be  a  48/^ part  of  a  right  one,  AB 
will  be  to  BC  as  the  diameter  of  any  circle  is  to  the  fide 
of  a  regular  polygon  of  96  fides  cir  cum  [crib  eel  about  it, 
and  AC  will  be  to  BC  as  the  diameter  is  to  the  fide  of  a 
like  polygon  inferibed.  For  if  the  line  HIK  be  the  fide 
of  an  inferibed  regular  polygon  of  96  fides,  the  arc 
HFK  will  be  a  96th  part  of  the  whole  circumference, 
or  a  24th  part  of  a  quadrant,  and  the  arc  HFa.  48th 
part  of  a  Quadrant  -,  whence  the  angle  EDF  or  HD1 
will  be  a  48th  part  of  a  right  angle. 

A     Theorem. 

342.  The  circumference  of  every  circle  is  fometuhat  more 
than  three  diameters,  (Fig.  51.) 

Let  AB  be  the  fide  of  a  regular  hexagon  inferibed 
in  a  circle  whofe  center  is  C,  and  draw  AC  and  BC : 
then  will  the  angle  at  C  in  the  triangle  ABC  be  60 
degrees,  as  containing  a  fixth  part  of  the  whole  cir- 
cumference •,  therefore  fince  AC  and  BC  are  equal,  the 
other  two  angles  zxA  and  B  will  be  60  degrees  each; 
therefore  the  triangle  ABC  will  be  equiangular,  and 
confequently  equilateral ;  therefore  AB  will  be  equal 
to  AC,  and  bAB  to  6 AC  ,  but  6AB  is  equal  to  the 
perimeter  of  the  inlcribed  hexagon,  and  6AC  is  equal 
to  three  diameters;  therefore  the  perimeter  of  a  regu- 
lar hexagon  inferibed  in  a  circle  is  equal  to  three 
times  the  diameter  of  that  circle  :  whence  it  follows 
that  the  circumference  of  the  circle  itfelf  will  be  fame- 
what  more  than  three  diameters.     §).  E.  D. 


A   Th.e- 
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A     Theorem. 
343.  If  the  diameter  of  a  circle  be  called  i3  the  circum- 


10 


ference  will  be  fomewhat  lefs  than  3  —  and  fome- 
what  greater  than  3  — . 

The  Demonjlration  of  the  firft  Part.     (Fig.  52.) 

Let  ABC  be  a  right  angle,  in  which  inicribe  the 
lines  AC,  AD,  AE,  AF,  AG  in  the  manner  follow- 
ing :  make  the  angle  BAC  a  third  part  of  a  nght  one, 
BAD  a  6th  part,  BAE  a  12th  pan,  BAF  a  24th  parr, 
and  B AG  348th  part :  then  will  AC  be  double  of  BC 
by  the  340th  article,  and  AB  will  be  to  BG  as  the 
diameter  of  any  circle  is  to  the  fide  of  a  regular  poly- 
gon of  <j6  fides  circumfcribed  about  it  by  the  341ft 
article.  Moreover,  as  the  line  AD  bilecis  the  angle 
BAC,  we  mall  have  as  AB  to  AC  fo  BD  to  DC 
by  the  third  of  the  fixth  book  of  the  Elements  ; 
and  by  art.  330  *,  AB+AC  is  to  AB  as  BC  is  to  BD  ; 
and  by  permutation,  AB-\-AC  is  to  BC  as  AB  is  to 
BD :  therefore  if  BC  be  divided  into  any  number  of 
equal  parts,  how  many  foever  of  thefe  parts  are  con- 
tained in  the  fum  of  the  lines  AB  and  AC,  the  fame 
number  of  like  parts  of  BD  will  be  contained  in  the 
line  AB  alone;  as  if  BC  be  divided  into  10000  equal 
parts,  and  the  fum  AB-\-AC  contains  37320  of  thofe 
parts,  then  if  the  line  BD  be  divided  into  iocoo 
equal  parts,  the  line  AB  alone  will  contain  37320  of 
them.  After  the  fame  manner  it  may  be  demonftra- 
ted,  that  whatever  parts  of  BD  are  contained  in  the 
fum  of  the  lines  AB,  AD,  the  fame  number  of  like 
parts  of  BE  will  be  contained  in  AB  alone,  and  fo  On  : 
whence  we  have  the  following  procefs. 

lit.  Let  BC  be  divided  into  10000  equal  parts,  or 
(which  is  the  fame  thing)  let  BC  be  called  10000  ; 

.  *  See  the  Quarto  Edition,  p.  539. 

Z  4  then 
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then  frill  AC  be  20000,  and  confequently  AB  will  be 
greater  than  17320,  and  AB+ACxviW  be  greater  than 
37320. 

zdly,  Therefore  if  BD  =:  10000,  AB  will  be  greater 
than  37320,  AD  greater  than  38636,  and  AB  +  AD 
greater  than  75956. 

3dly,  Therefore  xfBE  —  10000,  AB  will  be  greater 
than  75956,  AE  greater  than  7661 1,  and  AB-\-AE 
greater  than  152567. 

4thly,  Therefore  if  j?F—  ioooo,  AB  will  be  greater 
than  152567,  AF  greater  than  152894,  and  AB+AF 
greater  than  305461. 

5thly,  Therefore  if  BG  —  1 0000,  AB  will  be  greater 
than  305461  :  therefore  e  converfo,  if  AB  be  fuppofed 
equal  to  305461,  BG  will  be  lefs  than  10000 :  but  it 
was  fhewn  before  that  AB  is  to  BG  as  the  diameter  of 
any  circle  is  to  the  fide  of  a  regular  polygon  of  96 
lides  circumfcribed  about  that  circle ;  therefore  if  the 
diameter  of  any  circle  be  called  305461,  the  fide  of 
fuch  a  polygon  will  be  lefs  than  10000,  and  the 
■whole  perimeter  lefs  than  960000 ;  therefore  the  pe- 
rimeter of  fuch  a  polygon  will  be  lefs  than  the  product 

10         22 
of  the  diameter   multiplied  into-  3  —  or  —  :  for 

2,2  x 

305461  x  —  =960020      *  therefore  if  the  diameter 

*     ?  ^  r 

of  any  circle  be  called  1,  the  perimeter  of  a  regular 
polygon  of  96  fides  circumfcrjbed  about  it  will  be 

lefs  than  3  —  ;  but  the  circumference  of  every  circle 

J  70  J 

Is  lefs  than  the  perimeter  of  any  polygon  circumfcribed 
about  it ;  therefore  the  circumference  of  the  circle  will 

ftill  be  lefs  than  a  — .     ^.  £.  JD* 

D  70       v 
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The  Demon/Oration  of  the  fecond  Fart.     (Fig.  53.) 

Let  ACDEFGB  be  a  femicircie  whofe  diameter  is 
AB,  and  in  this  femicircie  let  the  lines  AC,  AD,  AE, 
AF,  AG,  be  infcribed  in  the  manner  following  ;  make 
the  angle  BAC  a  third  part  of  a  right  one,  BAD  a 
fixth  part,  BAR  a  12th  part,  BAFu  24th  part,  and 
BAG  a  48th  part,  and  join  BC,  BD,  BE,  BF,  BG  ; 
then  will  AB  be  double  of  BC,  and  AB  will  be  to  BG 
as  the  diameter  of  any  circle  is  to  the  fide  of  a  regu- 
lar polygon  of  96  fides  infcribed.  Let  AD  cut  BC 
in  H  -,  and  by  the  demonftration  of  the  firft  part  of 
this  theorem,  AC-\-AB  will  be  to  CB  as  AC  to  CH, 
fince  by  the  conftruclion  the  line  AH  bifecls  the  angle 
BAC:  but  the  triangles  ACH an d  AD B  are  fimilar, 
having  the  angles  at  C  and  D  right,  as  being  in  a 
femicircie,  and  the  angle  CAH  being  equal  to  the 
angle  DAB  ;  therefore  AC  will  be  to  HC  as  AD  to 
BD :  but  it  was  before  demonitrated,  that  as  AC  is 
to  HC  fo  is  AB^-AC  to  BC;  therefore  as  AB-\-AC  is 
to  BC  fo  is  AD  to  BD;  and  whatever  parts  of  BC  are 
contained  in  the  fum  of  the  lines  AB,  AC,  the  fame 
number  of  like  parts  of  BD  will  be  contained  in  the 
line  AD  alone  :  whence  the  following  procefs. 

ift,  Let  j?l7=ioqoo;  then  will  AB  =  200oo,  AC 
will  belefs  than  173213  and  JB-\-AC  will  be  lefs  than 

2dly,  Therefore  if  BD—10000,  AD  will  be  lefs 
than  37321,  AB  will  be  lefs  than  38638,  and 
AB-\-AD  will  be  lefs  than  ^959' 

3dly,  Therefore  if  I>  £=10000,  AE  will  fce  lefs 
than  75959,  AB  will  be  lefs  than  76615,  and 
^.BAf-AE  will  be  iefs  than  152574. 

4thly,  Therefore  if  BF~\&qqq,  AF  will  be  lefs 
than  152574,  AB  will  be  lefs  than  152902,  and 
AB-\~AF  will  be  lefs  than  305476. 

5thly,  Therefore  if  Z?G=ioooo,  AG  will  be  lefs 
than  305^76,  and  AB  will  be  lefs   than  305640  ; 

therefore 
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therefore  e  converfo,  if  AB  be  equal  to  305640,  BG 
will  be  greater  than  10000 :  but  AB  is  to  BG  as  the 
diameter  of  any  circle  is  to  the  fide  of  a  regular  poly- 
gon of  96  fides  infcribed  in  it;  therefore  if  the  diameter 
of  any  circle  be  305640,  the  fide  of  fuch  an  infcribed 
polygon  will  be  greater  than  ioooo,  and  its  peri- 
meter greater  than  960000  ;  therefore  the  perimeter 
of  fuch  a  polygon  will  be  greater  than  the  product  of 

10         222 
the  diameter  multiplied  into   3    —  or  — -  :     for 

2,2,2  3 

305640  x— — =  959968-  — :  therefore  if  the  dia- 
meter of  a  circle  be  called  1,  the  perimeter  of  a  regu- 
lar polygon  of  96  fides  infcribed  in  it  will  be  greater 

than  3  —  :  but  the  circumference  of  every  circle  is 

greater  than  the  perimeter  of  any  infcribed  polygon  j 

therefore  the  circumference  of  this   circle  will  be 

10 
greater  {till  than  3  — •    ^.  E.  D. 
7* 
Thus  then  if  the  diameter  of  a  circle  be  called  1, 

the  circumference  muft  lie  between  thefe  two  very 

10  10 

narrow  limits,  to  wit,  2  —  and  2  —  :    the   whole 

70  J  71 

difference  of  thefe  limits  is  but  ,  and  therefore, 

497 
by  this  method,  the  circumference  of  a  circle  is  deter- 
mined to  a  497th  part  of  the  diameter. 

The  mofl  compendious  Way  of  obtaining  the  Numbers  in 
the  lafl  Article. 

344.  If  any  one  has  a  mind  to  examine  the  fore- 
going calculations,  it  may  not  be  amifs  to  let  him 
know,  that  the  hypotenufes  of  the  triangles  ABD9 
ABE,  ABF,  and  ABG  (Fig.  52,  53J,  may  be  com- 
puted without  either  fquaring  the  greater  leg,  or  ex- 
tracting 
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trading  the  more  confiderable  part  of  the  fquare  root. 
As  if  AD  (Fig.  52),  the  hypotenufe  of  the  triangle 
ABD,  in  the  firft  part  be  required,  having  given  AB 
37320  and  BD  10000,  the  method  I  ufe  is  as  follows  : 

1  ft,  Whatever  the  hypotenufe  AD  may  be,  this  is 
certain,  that  the  gteater  leg  AB  will  be  equal  to  a 
confiderable  part  of  it ;  and  therefore  if  AD  be  to  be 
found  by  a  fevies,  as  is  ufual  in  extracting  the  fquare 
root,  it  will  be  proper  to  make  AB  the  firft  term ; 
and  hence  it  is  that  I  call  ^^zo  —  AB  my  firft  root. 
Again,  as  the  fquare  of  AD  is  to  exceed  the  fquare  of 
AB  by  the  fquare  of  BD,  that  is,  by  1 00000000  ; 
this  number  1  call  my  firft  refolvend,  and  then  doub- 
ling my  firft  root,  the  product  74640  I  call  my  firft 
divifor,  and  fo  am  prepared  for  the  following  ope- 
ration. 

2dly,  Thus  prepared,  I  divide  my  firft  refolvend 
by  my  firft  divifor,  and  the  firft  figure  of  the  quo- 
tient (for  I  am  concerned  for  no  more  at  prefent)  I 
find  to  be  1,  which,  as  it  comes  out  of  the  place  of 
thoufands,  fignifies  iooo  ;  this  number  therefore 
1000  I  add  to  my  firft  root,  and  fo  have  38320 
for  a  more  correcl  or  fecond  root.  The  fame  num- 
ber 1000  I  add  alfo  to  my  firft  divifor,  and  then 
multiplying  the  fum  75640  by  1000,  the  number 
that  was  added,  I  fub  tract  the  product  75640000 
from  my  firft  refolvend,  and  there  remains  24360000  ; 
this  I  call  my  fecond  refolvend,  and  the  double  of  my 
fecond  root,  to  wit,  76640,  I  call  my  fecond  divifor, 
and  fo  proceed  to  the  next  operation. 

gdly,  Now  I  divide  my  fecond  refolvend  by  my 
fecond  divifor,-  and  the  firft  figure  of  the  quotient  is 
3,  which,  as  it  comes  out  of  the  place  of  hundreds, 
Signifies  300  ;  therefore  I  add  300  to  my  fecond  root, 
and  (o  have  38620  for  my  third  root :  the  fame  num- 
ber 300  I  alfo  add  to  my  fecond  divifor,  and  the 
fum  769J.0  I  multiply  by  300,  and  the  product  is 
..25082000,  which,  being  lubtracted  from  my  fecond 
refolvend,  leaves  me  1278000  for  a  third  refolvend, 

and 
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and  the  double  of  my  third  root,  to  wit,  77240, 1  have 
for  my  third  divifor. 

4th ly,  I  divide  my  third  refolvend  by  my  third 
divifor,  and  the  firft  figure  of  the  quotient  is  1, 
which  fignifies  10;  therefore  I  add  10  to  my  third 
root,  and  fo  have  a  fourth  root  38630  :  moreover 
adding  10  to  my  third  divifor,  the  fum  is  77250, 
which  being  multiplied  by  10,  and  the  product 
772500  being  fubtradted  from  the  third  refolvend, 
leaves  505500  for  the  fourth  refolvend,  and  the 
double  of  my  fourth  root,  to  wit,  77260,  makes  a 
fourth  divifor. 

5thly  and  lafHy,  I  divide  my  fourth  refolvend  by 
my  fourth  divifor,  and  the  neareft  quotient  too  little 
is  6 ;  therefore  I  add  6  to  my  fourth  root,  and  fo 
have  a  fifth  root,  to  wit,  38636,  which  is  the  neareft 
root  lefs  than  the  true  that  can  be  expreffed  in  whole 
numbers :  therefore  the  hypotenufe  AD  is  greater 
than  38636. 

The  reafon  of  thefe  operations  will  not  be  difficult 
to  any  one  who  thoroughly  underflands  the  foundation 
of  the  common  method  of  extracting  the  fquare  root. 

Van  Ceulen's  Numbers  exprejjing  the  Circumference  of 
a  Circle  ivhofe  Diameter  is  i„ 

345.  This  method  of  Archimedes  is  capable  of  being 
purfued  to  any  degree  of  exactnefs  required  :  nay  Lu- 
4olf  Van  Ceulen  has  computed  the  circumference  of  a 
circle  to  no  fewer  than  36  places,  upon  a  fuppofitioa 
that  the  diameter  is  unity.  His  numbers  expreffing 
this  circumference  are, 

3-1415  9265  3589  7932  3846  2643  3832  7950  288  +. 
But  fince  the  invention  of  fluxions  by  its  great  author 
Sir  ljaac  Newton,  he  (Sir  Ifaac)  has  from  this  me' 
thod  drawn  feriefes  almolt  infinitely  more  expeditious 
than  the  bi'fe&ions  of  Archimedes  or  Van  Ceulen,  where- 
by the  circumference  of  a  circle  may  be  computed  to 
1 2  or  13  places  in  little  more  than  half  an  hour's  time, 
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as  Doctor  Halley*  from  his  own  experience  affures  us. 
Note,  that  Metius's  proportion  of  the  diameter  of 
a  circle  to  the  circumference  is  as  113  to  355,  the 
molt  accurate  of  any  in  fuch  fmall  numbers.  See 
Schol.  1.  in  art.  179  "f"-) 

Why  the  Circle  cannot  be  fquared geometrically. 

346.  If,  having  given  the  diameter  or  femidiame- 
ter  of  any  circle,  a  right  line  could  be  found  exactly 
equal  to  the  circumference,  whether  fuch  a  line 
could  be  expreffed  by  numbers  or  not,  the  circle 
might  be  fquared  as  well  as  any  right-lined  figure 
whatever,  that  is,  afquare  might  be  conifructedwhofe 
area  would  be  equal  to  that  of  the  circle,  which  I  thus 
demonftrate. 

Let  ir  reprefent  the  diameter  of  any  circle,  and 
2c  the  circumference  ;  then  will  re,  the  product  of 
the  radius  into  the  femicircumference,  be  its  area,  by 
cor.  4  in  art.  3 11  J.  Let  now  x  be  the  fide  of  a  fquare 
whole  area  is  equal  to  that  of  the  circle,  and  we 
fhall  have  xx=rc  ;  whence  x  will  be  a  mean  propor- 
tional between  r  and  c,  and  may  be  found  by  the 
13th  of  the  fixth  book  of  the  Elements.  But  it 
is  impoffible  upon  Euclid's  poftulata,  having  given 
the  diameter  or  femidiameter  of  any  circle,  to  find  a 
right  line  exactly  equal  to  the  circumference ;  and 
therefore  the  circle  cannot  be  fquared  upon  the  fame 
foundation  on  which  we  are  taught  to  fquare  all 
right-lined  figures  ;  and  hence  it  is  that  we  fay, 
the  circle  cannot  be  fquared  geometrically.  But  as 
the  three  poftulata  of  Euclid,  how  fimple  lbever  they 
may  appear  in  theory,  are  never  a  one  of  them  capa- 
ble of  being  perfectly  executed,  but  that  errors  nuifr. 
neceffarily  arife  in  drawing  and  producing  lines, 
in  taking  the  diftances  of  points,  &c. ;  and  as  from 
thefe  errors  others  muft  neceffarily  arife  in  fubfequent 

*  Dr.  Halley's  feries  is  transformed  into  two  others,  more  con- 
venient for  numerical  calculation,  in  my  Mathematical  £flays, 
p.  120.  J.  H.      f  Seethe  Quarto  Edition,  p„  282.     %  lb.  p.  504. 

operations; 
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operations  ;  and  laftly,  as  the  circumference  of  a  circle 
may  be  had  from  the  diameter  in  numbers,  to  any 
affignable  degree  of  exa&nefs,  it  follows  that  in 
practice,  a  circle  is  as  capable  of  being  fquared  as  any 
other  figure  whatever  that  is  not  a  fquare. 

Corollaries  drawn  from  Art.  34  ■%. 

347.  From  the  343d  article  may  be  deduced  feve- 

ral  corollaries,  fome  of  the   molt  ufeful  whereof  are 

inferted  here  as  follows  : 

-    1  ft,  The  diameter  of  every  circle  is  to  the  circumfer- 

10        22 
ence  as   7  to  22  nearly :  for  1  is  to  %  —  or  —     as 

7°         7 
7  to  22. 

2d,  If  &  be  the  diameter  of  any  circle,  its  area  will  be 

iidd      : 

:  for  as  7  is  to  22,  fo  is  d  the  diameter   to 

iid  .  d 

^the  circumference-,  and  if  —    the   radius   be 

7  2 

nd 
multiplied  into  —  the  ferr.icircumference,  the  pro- 

11  del 

duct will  be  the  area,  by  corollary  4  in  art. 3 1 1*. 

3 d,  Hence  we  have  a  ready  way,  having  the  diame- 
ter of  any  circle  given,  to  find  its  area,  and  vice  verfa, 
without  the  mediation  of  the  ciramference,  by  faying, 
as  14  is  to  11,  fo  is  the  jquare  of  the  given  diameter 
■  to  the  area  fought.  But  if  the  area  be  given,  in  order 
to  find  the  diameter,  the  proportion  muft  be  reverfed, 
by  faying  as  1  r  is  to  14,  fo  is  the  given  area  to  a  fourth, 
which  fourth  number  will  be  the  fquare  of  the  diameter, 
and  its  fquare  rent  the  diameter  itjelf. 

4th,  Arguing  as  in  the  two  laft  corollaries,  If  the 

diameter  of  a  circh  be  to  the  circumference  as  a  to  b, 

then  the  fquare  of  the  diameter  of  any  circle  will  be  to  its 

area  as  4a  M  b ;  and  vice  verfa,  the  area  will  be  to  the 

fquare  of  the  diameter  as  b  to  4a. 

*  See  the  Quarto  Edition,  p,  504* 
I  $th> 
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5th,  The  circumferences  of  all  circles  are  as  their 
diameters  or  femidiameters,  and  their  areas  as  the 
fquares  of  the  diameters  or  femidiameters.  For  if  d  and 
e  be  the  diameters  of  two  circles,  their  circumfer- 

22^  22<?  ,     ltd  .  2.16 

ences  will  be  and    — •;  and  is  to    — 

7  7.7  7 

(dropping  the  common  denominator  7,  and  the 
common  factor  22)  as  d  to  e.    Again,  the  area  of 

.  .     udd       . 
the  circle  whole  diameter  is  d  is  as  in  the  ie- 

14 

cond  corollary ;  and  for  the  fame  reafon,  the  area 

Iiee 
of  the  other  circle  whofe  diameter  is  e  is  — —  :  and 

udd  .  nee  -        , 

is  to  as  dd  to  ee;  therefore  the  circum- 

14  14 

ferences  of  all  circles  are  as  their  diameters,  and 
their  areas  as  the  fquares  of  their  diameters.  And 
fince  the  halves  of  all  quantities  are  as  the  wholes, 
and  the  fquares  of  the  halves  as  the  fquares  of  the 
wholes,  it  follows  alfo  that  the  circumferences  of  cir- 
cles are  as  their  femidiameters,  and  their  areas  as  the 
fquares  of  the  femidiameters. 

6  th,  If  there  be  three  circles  fuch,  that  the  fum 
of  the  fquares  of  the  femidiameters  of  two  of  them  is 
equal  to  the  fauart  of  the  femidiametsr  of  the  third ; 
//  fay  then  that  the  areas  of  the  two  firft  circles  put- 
together  will  be  equal  to  the  area  of  the  third.  For 
let  a,  by  c,  reprefent  the  femidiameters  of  the  three 
circles,  and  let  az  +  bz  —  f  :  fmce  then  the  femidiame- 
ter  of  the  firft  circle  is  a>  the  diameter  will  bo  2a, 
and  the  fquare  of  the  diameter  ^aa  :  but  as  14  is  to 

_   .  44<r       22a7,       .       r         ,  c 

11  fo  is  A.aa  to  -Z2—  or ;   therefore  the  arsa  ot 

M  7 

2,2,ai 

the  firft  circle  will  be by  the  third  corollary;  and 

7 
for  the  fame  reafon,  the  areas  of  the  other  two  circles 

will 
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2  2#2  11c1 

will  be  and :  but  «*  +  £*  =  *?  exhypothefi: 

7  7 

_       iiaz     iib%     i%cz 

therefore 1 = . 

7  7         7 

i\T.  i?.  This  lair,  corollary  is  not  demonflrated  in 
the  31ft  of  the  fixth  book  of  the  Elements,  as  fome 
may  imagine,  that  demonftration  not  reaching  farther 
than  right-lined  figures. 

The  following  eafy  problems  may  ferve  to  {hew 
fome  ufes  of  the  foregoing  corollaries. 

Problem     i. 

348.  To  find  the  proportion  between  the  diameter  of  any 
circle  and  the  fide  of  an  equal  fquare. 

Call  this  diameter  1,  and  by  the  fecond  corollary 
in  the  foregoing  article,  the  area  of  this  circle  will  be 

1 1 

—  nearly ;  and  the  fide  of  a  fquare  whofe  area  is 
14 

—  will  be  v/ —  :    therefore   the   diameter  of    any 
14  v  14 

circle  is   to   the   fide  of   an  equal  fquare  as    1   to 

\f — .     But  becaufe  this  fraction   — ,    though     it 

v  14  14'  b 

ferves  well  enough   for  common  purpofes,   is  not 

accurately  true,  and  becaufe  its  fquare  root  cannot 

be  accurately  expreffed  in  numbers  neither,  to  reduce 

the  error  (for  there  mult  be  an  error)  to  a  more 

fimple  point,  let  c  be  the  circumference  of  a  circle 

whofe  diameter  is  1  ;  and  the  area  of  fuch  a  circle, 

that  is,  the  product  of  the  radius  into  the  femicir* 

ice 
cumference.   will  be  —  x  —  d: — ;■  and.  the  fide  of 

3  2  2  4 

an  equal  fquare  will  be  \f  —  :  but,  according  to  Van 

c 

Ceukn9  c  =  3  -1415926536,  and  —  =  '7853.98*634, 

4 

and 
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and  v/-=  '88622  :  therefore  the  diameter  of  a  cir- 

v4 
cle  is  ro  the  fide  of  an  equal  fquare  as  1  to  -88623. 
or  as  1 00000  is  to  8862  3:  iuppofe  the  proportion 
to  be  that  of  100000  to  88625,  which  makes  but 
an  error  of  2  in  the  fifth  place,  and  then  multiply- 
ing both  terms  by  8,  the  proportion  will  be  that  of 
800000  to  709000,  or  of  800  to  709  ;  therefore  As 
800  is  to  709.  fo  is  the  diameter  of  any  circle  to  the  fide 
cf  an  equal  fquare,  nearly  true  to  five  places. 

N.B.  If  the  diameter  of  a  circle  be  9  yards,  the 
fide  of  an  equal  fquare  found  as  above  will  not  err  an 
hundredth  part  of  an  inch. 

Problem     2. 

349.  70  find  the  femidiameter  of  a  circle  that  will  com- 
prehend within  its  circumference  the  quantity  of  an 
acre  of  land. 

An  acre  of  land  contains  4840  fquare  yards,  and 
therefore  this  mud  be  the  area  of  our  circle.  Say 
then,  as  n  to  14,  fo  4840  to  6160 -,  and  this  ialt 
number  will  be  the  fquare  of  the  diameter,  by  the 
third  corollary  in  art.  347  ;  whence  the  diameter  itielf 
will  be  78  -486  yards,  and  the  femidiameter  39  '2^3 
yards,  that  is  39  yards  8|  inches  nearly. 

Problem     3. 

o.  Let  a  firing  of  a  given  length  be  difpofed  into  the 
form  of  a  circle :  It  is  required  to  find  the  area  of 
this  circle. 

Let  c  be  the  length  of  the  firing,  and  confequently 
the  circumference  of  the  circle  made  by  it,  and  the 

diameter  of  the  circle  will  be  — ,    the    femidiameter 


33 


22 


ic  7  c  c 

— ,  and  the  area  -j-jt.      Suppofe    now    this   firing 

to  be  difpofed  into  the  form  of  a  fquare,  and  the  fide 

A  a  of 
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c  c  c 

of  this  fquare  would  be  — ,  and  its  area  — r,   and  the 
1  4  16 

area  of  the  fquare  would  be  to  the  area  of  the  circle  as 

C  C  ICC  I  7 

—r  is  to  itttj  that  is.  as  -j  is  to  s^,  or  as  1 1  to  14: 
10  00  10  00 

therefore,  As  11  is  to  14,  fo  is  the  area  comprehended 

by  the  firing  when  in  form  of  a  fquare,  to  the  area 

comprehended  by  the  fame  firing  when  in  form  of  a  circle, 

Q^E.  I. 

N.B.  By  the  anfwer  here  given  it  appears,  that  if 

c  be  the  circumference  of  any  circle,  its  area  will  be 

hec 

£r- ;  and  confequently  that  As  88  is  to   7,  fo  is  the 

00 

fquare  of  the  circumference  of  any  circle  to  its  area 
nearly. 

Problem    4. 

351.  //  is  required  to  divide  a  given  circle  into  any 
number  of  equal  parts  by  means  of  concentric  circles 
drawn  within  it,     (Fig,  54.) 

Let  A  be  the  center,  and  AF  be  the  femidiameter 
of  the  circle  given,  and  let  it  be  required  to  divide 
the  area  of  this  circle  into  five  equal  parts  by  means 
of  four  concentric  circles  defcribed  within  the  former, 
and  cutting  the  line  ^Fin  the  points,  B,  C,  D,  E, 
that  is,  let  the  area  of  the  circle  AB,  and  the  areas 
of  the  dnnuli  BC,  CD,  DE,  and  EF,  be  fuppofed  all 
equals  then  the  circle  AB  will  be  i-  the  whole, 
the  circle  AC  £,  the  circle  AD  -f->  &fc» >*  and  the  area 
of  the  circle  AF  will  be  to  the  area  of  of  the  circle 
AB  as  5  to  1 :  but  the  area  of  the  circle  AF  is  to  the 
area  of  the  circle  AB  as  the  fquare  of  the  femidiame- 
ter AF  is  to  the  fquare  of  the  femidiameter  AB,  by 
cor.  5.  in  art.  347  ;  therefore  AF1  is  to  AB1  as  5  to  1: 
but  AFr  is  given  by  the  fuppofltion ;  therefore  ABZ9 
and  confequently  AB  the  femidiameter  of  the  inmoft 
circle  is  given.    In  like  manner  AF*  is  to  ACZ  as  5 

to 


facepa.sjo.        rl.JI. 


A  to  face  pa.  $j. 


'       B 

57 
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1    H 

\c 

A 
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to  2  ;  whence  AC  the  femidiameter  of  the  next  con- 
centric circle  is  given  ;  and  fo  of  the  reft.     £K  E.  I. 

Problem     5. 

352.  Whoever  makes  a  tour  round  the  earth,  mufl  ne- 
ceffarily  take  a  larger  compafs  wiih  his  head  than  with 
his  feet :  The  queftion  is,  how  much  larger  ? 

Let  A  (Fig  55.)  reprefent  the  center  of  the  earth, 
AB  its  femidiameter,  BC  the  traveller's  height, 
AC  the  femidiameter  of  the  circle  defcribed  by  his 
head  :  let  alfo  b  reprefent  the  circumference  of  the 
circle  whofe  femidiameter  is  AB,  and  c  the  circum- 
ference of  the  circle  whofe  femidiameter  is  AC,  and 
c  —  b  will  be  the  difference  we  are  now  enquiring  into, 
which  may  be  thus  determined. 

By  the  fifth  corollary  in  art.  347,  AC  is  to  AB  as 
€  is  to  b  \  and  by  divifion  of  proportion,  BC  is  to 
AB  as  c— b  is  to  b  ;  and  alternately,  BC  is  to  c  —  b  as 
AB  is  to  b.  Let  d  be  the  circumference  of  a  circle 
whofe  femidiameter  is  BC,  and  BC  will  be  to  d  alio 
as  AB  to  b  j  therefore  BC  is  to  d  as  BC  is  to  c  —  b  ; 
therefore,  c—b~d\  that  is,  "The  traveller's  head  will 
pafs  through  more  fpace  than  his  feet  by  the  circumference 
of  a  circle  whofe  femidiameter  is  his  own  length:  as  if 
the  man  be  6  feet  high,  his  head  will  travel  farther 
than  his  heels  by  37  feet  84-  inches  nearly,  and  that 
"whether  the  femidiameter  AB  be  greater  or  lefs,  or 
nothing  at  all.  . 

Problem     6.- 

353.  It  is  required,  having  given  the  depth  and  the  di- 
ameter cf  the  bafe  of  any  cylindrical  vejfel,  to  find  its 
content  in  ale  gallons. 

Here  it  mud  be  obferved,  that  in  the  menfuration 
of  a  folid,  all  its  diir.eniions  miifl  be  taken  in  the 
-fame  kind  of  meafure  :  as,  if  any  one  'dimension  be 
•taken  in  inches,  the  reft  mail  be  taken  fo  too,  and 
then  the  number  reprefenting  the  content  of  $ny 
A  a  2  folid 
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folid  will  be  the  number  of  cubic  inches  to  which  that 
folid  is  equivalent. 

Let  then  a  be  the  given  altitude  of  the  cylindrical 
veffel  to  be  meafured,  d  the  diameter  of  its  bafe, 

and  by  the  fecond  corollary  in  art.  347, will  give 

a  number  of  fquare  inches  equal  to  the  bafe*  and 

this  area   multiplied  into  the  altitude  a,  will  give 

uadd  .... 

< — — ,  a  number  of  cubic  inches  equal  to  the  folia 
14 

content  of  the  veffel :  but  282  cubic  inches  conftitute 

an  ale  gallon  ;  and  therefore  if — ,  the  folid  con- 

*4 
tent  of  the  veffel,  be  divided  by  282,  the  quotient  to 

1 1  add 
wit,  7z-.  will  be  the  number  of  gallons  therein  con- 

3948'  & 

tained.     Inftead  of  3948  put  3949,  which  will  make 
no  confiderable  difference  in  ib  great  a  denominator, 

1  ladd   ...... 

and  the  fraction  (dividing  both  the  numera- 

3949  ° 

tor  and  denominator  by  11)  will  be  reduced  to 

359 
whence  the  following  canon  : 

Having  taken  both  the  depth,  and  the  diameter  of  the 
hafe  in  inches,  multiply  the  fquare  of  the  diameter  into  the 
depth  of  the  veffel,  and  the  product  divided  ^y  359  w^ 
give  the  number  of  gallons  required. 

N»  B,  This  fubftitution  of  3949  inftead  of  3948 

7 
corrects  about  — -  of  the  other  that  would  otherwife 
10 

have  been  committed  in  fuppofing  the  fquare  of  the 

diameter  of  the  bafe  to  be  its  area  as  14  to  11. 

P  R  OB  l  e  m     7* 

354.  To  meafure  ,a  fruftrum  of,  a  cone,  wh oft  perpendU 
\    cular  altitude  and  the  diameters  of  the  two  bafes  are 

given, 

N.B* 
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N.  B.  By  a  fruftum  of  a  cone  I  mean  a  cone 
having  its  top  cut  off  by  a  plane  parallel  to  the 
bale. 

Let  the  ifofceles  triangle  ABC  (Fig  56.)  reprefent 
the  feclion  of  a  cone  made  through  its  axis  AD, 
and  let  EF  be  any  line  parallel  to  the  bafe  BC,  cut- 
ting AB  in  E,  AC  in  Fy  and  the  axis  AD  in  d ;  then 
will  the  trapezium  BEFC  be  the  fection  of  a  fruftum 
of  this  cone  whole  perpendicular  altitude  is  Dd. 
Call  BC,  the  diameter  of  the  greater  bafe,  g-,  EF9 
the  diameter  of  the  lefler  bafe,  /;  and  Dd,  the 
height  of  the  fruftum,  h  1  call  alfo  AD,  the  un- 
known altitude  of  the  whole  cone,  x ;  and  confe- 
quently  Ad,  the  altitude  of  the  cone  to  be  cut  off, 
x  —  h;  and  from  the  fimilar  triangles  ABC,  AEF, 
we  have  this  proportion ;  AD  is  to  Ad  as  BC  is  to  EF9 
that  is,  according  to  our  notation,  x  is  to  x  —  h  as  g 
to  /;  whence,  by  multiplying  extremes  and  means, 
we  have  gx-gbzzlx,  and  x,  or  the  altitude  of  the 

gjj 

cone,  equal  to  r.     In  like  manner  if  from  the 

value  of  x  we  fubtract  b,  the  altitude  of  the  fruftum, 
we  mall  find  Ad,  or  the  height  of  the  cone  to  be  cut 

off,  equal  to  — y    Now  the  folid  content  of  every 

cone  is  found  by  multiplying  the  bafe  into  a  third 
part  of  its  altitude;  therefore  fince  the  bafe  of  the 

1 1?2  gh 

cone  ABC  is  — —,  and  its  altitude  ■±— r,  its   folid 

14  g-r 

p3  /»         II 

content  will  be  — ,  x  -—  x  —  :  in   like  manner  the 
g-l     3       J4 

I3        h 
folid  content  of  the  cone  AEF  will  be  ,  x  —  x 

— :  fubtraft  the  latter  cone  from  the  former,  and 

*4 

there  will  remain  the  folid  content  of  the  fruftum 

A  a  3  BEFC 
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g3  -P     h      ii 

BEFC  equal  to  r  x  —  x  —  :    but  the    fra&ion 

■  g-l      3      r4 
f-P 

— — j  may  be  reduced  to  an  integer  by  dividing  the 

g  ~  * 
numerator  by  the  denominator,  and  the  quotient  will 

be  gg+gl  +  H ;  therefore    the   folid    content   of  the 
fruftum  BEFC  will  now  be  expreffed  thus,  gg-\-gl-{-ll 

h     ii 
x  — x  ____     Whence  we  have  the  following  canon  % 

3      J4  •. 

Add  the  fquares  and  the  rectangle  of  the  two  given 
diameters  together  ;  multiply  the  fum  into  a  third  part 
■of  the  given  altitude,  and  the  producl  will  be  the 
frujiuni  of  a  pyramid  of  the  fame  height  having 
fquaxe  bafes  whofe  fides  are  equal  to  the  two  diameters 
given  ;  and  as  1 4  is  to  1 1 ,  fo  will  this  fruflum  be  to  the, 
fruftum  fought .     Q^E.  L 

iV,  B.  ift,  Since  '  a  cone  differs  nothing  from  3 
fruftum  of  a  cone  whofe  kfler  bafe  is  equal  to  no- 
thing, if  /  be  made  equal  to  nothing  in  the  foregoing 
canon,  it  ought  to  give  the  folid  content  of  a  cone 
whole"  height  is  h3   and  the  diameter  of  whofe   bafe 

h        11 

is  g :  and  fo  it  will  ;  for  then  gg  +gl-\~ll  x  —  x 

/> 
becomes  — —  x 


3 

h 


■   14 


H      3 
2dly,     Since  a  cylinder   may  he  confidered  as  a 

fruftum  of  a  cone  whofe  bales  are  equal,  if  /  be  made 

equal  to  g  in  the  foregoing  canon,   it  ought  to  give 

the  fohcl  content  of  a  cylinder  whole  height  is  h,  and 

the   diameter  of  whole  bafe   is  g :  and  fo  we  find  it 

.  i, — , — , —     h      11  . 

will's  for  gg -i-gl + 11  x  —  x —  in    this   cafe   becomes 
314 

h       11      11 
ssgx       x  ggh 
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gdly,  If  the  lefler  bafe  of  the  fruftum  be  fuppofed 
to  be  increafed  till  it  becomes  equal  to  the  greater ; 
and  if,  on  the  other  hand,  the  greater  bafe  be  fup- 
pofed to  be  diminifhed  till  it  becomes  equal  to  that 
which  was  the  leffer  bale  before,  the  folid  content  of 
the  fruftum  will  be  the  fame  as  at  the  firft;  and  there- 
fore, if  the  foregoing  canon  be  juft,  it  ought  not  to  be 
altered  by  changing  the  quantities  g and/  one  for  the 
other:  which  is  true ;  fox  gg-\-gl+ll  by  this  means 
only  becomes  H  +  lg+gg,  which  is  the  fame  quantity. 

In  folving  this  lad  problem  it  is  taken  for  granted 
that  every  cone  is  the  third  part  of  a  cylinder  having 
the  fame  bafe  and  height ;  which  may  fafely  be  done, 
fmce  Euclid  has  demonfl rated  it  in  the  10th  of  the 
twelfth  book  of  the  Elements :  but  becaufe  Euclid's 
doctrine  of  folids  is  not  fo  eafy  to  the  imaginations  of 
young  beginners,  I  (hall,  (in  another  place). give 
another  demonstration  of  this  proportion,  indepen- 
dently of  any  thing  that  has  here  beenfaid, 

L  e  m  m  a.     (Fig,  57.) 

355.  Let  ABC  be  any  curvilinear/pace  compre- 
hended between  two  Jlraight  lines  AB  and  AC  at  right 
angles  to  each  other,  and  a  curve  as  BC  concave  to- 
wards  AB ;  and  from  any  two  points  D  and  E  in  the 
line  AB  let  the  lines  DF  and  EG  be  drawn  parallel  to 
the  bafe  AC,  and  terminating  in  the  curve  at  the 
points  F  and  G,  and  compleat  the  parallelogram 
DEG  H :  then  it  is  plain  that  the  curvilinear  /pace 
DEGF  will  be  greater  than  the  parallelogram  DEGH, 
But  zvbat  i  here  propofe  to  demonftrate  is,  that  if  the 
line  EG  be  fuppofed  to  move  towards  DF  in  a  pofilion 
always  parallel  to  itfelf,  and  at  lafi  to  coincide  with 
DF,  the  nearer  EG  approaches  to  DF,  the  nearer  will 
the  ratio  of  the  curvilinear  fpace  DEGF  to -the  pa- 
rallelogram DEGH  approach  towards  a  ratio  of  equality, 
and  that  it  will  at  lafi  terminate  in  a  ratio  of  equality 
when  EG  coincides  with  DF. 

A  a  4  For, 
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.  For,  completing  the  parallelogram  GHFK,  the 
parallelogram  DEKF  will  be  ro  the  parallelogram 
DEGH  upon  the  fame  bale  as  DF  is  to  EG ;  there- 
fore the  curvilinear  fpace  DEGF  willbe  to- the  pa- 
rallelogram DEGH  in  a-tefs  ratio  than  that  of  DF  to 
j£G  j  that  &,  th.  ugh  that  fpace  be  greater  than  this 
parallelogram,  yet  the  ratio, of  the  former  to  the  lat- 
ter is  a  lgfs  ratio  than  that  of  DF  to  EG:  but  the 
nearer  the  line  EG  approaches  towards  DF,-;- the  nearer 
will  the  ratio  of  DF  to  EG  approach  to  yards  a  ratio 
of  equality,  and  it  will  at  lad  become  a  ratio  of  equa- 
lity when  EG  coincides  with.  DFi  therefore  a  fortiori, 
the  ultimate  ratio  of  the  curvilinear  fpace  DEGF  to 
the  parallelogram  DEGH  will  be  a  ratio  of  equa- 
lity. 

Hence  it  follows,  that  if  we  fuppofe  the  line  AB  to 
be  divided  into  a  certain  number  of  parts,  fuch  as  DE, 
and  thefe  parts  to  be  m2ie  the  bafes  of  fo  many  inferibed 
parallelograms i  fuch  as  is  the  parallelogram  DG,  the 
more  there  are  of  thefe  parallelograms,  the  nearer  will 
the  fum  of  all  the  curvilinear  fpace s  DEGF,  that  is,  the 
whole  curvilinear  fpace  ABC,  approach  towards  the  fum 
of  all  the  inferibed  parallelograms  ;  and  if  we  fuppofe 
the  bafes  of  thefe  parallelograms  to  be  diminifhed,  and  fo 
their  number  to  be  augmented  ad  infinitum,  they  will 
make  up  the  whole  curvilinear  fpace  ABC  ;  fo  that  the 
fpace  ABC  will  be  to  the  fum  of  all  the  inferibed  paral- 
lelograms ultimately  in  a  ratio  of  equality.  For,  fetting 
adde  tbe  parts  infinitely  near  the  point  of  interfection 
B,  which  will  be  of  no  confequence  in  the  account, 
let  the1  parallelogram  DEGH  be  that  which,  of  all 
the  reft,  differs  moft  from  its  correiponden't  curvili^ 
near  foace  DEGFi  and  the  confequence  will  be  that 
the  curvilinear  fpace  ABC  will  be  to  the  fum  of  all 
the  inferibed  parallelograms  in  a  lefs  ratio  than  that 
of  the  fpace  DEGF  to  the  fpace  DEGH :  but  even 
this  ratio  becomes  at  la  ft  a  ratio  of  equality,  when 
J)E  is  infinitely  ''"final!,  by  this  lemma  :  whence  it 
follows :a  fortiori,  that  the  ultimate  ratio  of  the  cur- 
jq  sarvd  vilhiear 
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vilinear  fpace  ABC  to  the  fum  of  all  the  infer i bed  pa- 
rallelograms will  be  a  rack)  of  equality. 

I  thoughc  myfelf  obliged  to  demonftrate  this  pro- 
portion, becaufe  I  have  known  it  objected,  that 
though  the  difference  between  any  particular  parallelo- 
gram and  its  correfpondent  curvilinear  fpace  be  al- 
lowed to  be  infinitely  fmall  when  the  common  bale 
is  fo,  yet  how  do  we  know  but  that  an  infinite  num- 
ber of  thefe  differences  may  amount  to  a  finite  quan- 
tity? andiffo,  then  the  whole  curvilinear  fpace  can- 
not be  faid  to  be  to  the  fum  of  all  the  inferibed  paral- 
lelograms in  a  ratio  of  equality.  To  this  I  anfwer, 
that  it  mutt  be  the  bufinefs  of  Geometry  to  determine 
whether  an  infinite  number  of  thefe  infinitely  fmall 
differences  amount  to  a  finite  quantity  or  not;  and 
by  the  demonftration  here  given  it  appears  that  they 
do  not,  but  that  the  fum  of  all  thefe  differences  aclu- 
'  ally  diminifties  as  their  number  increafes,  and  at  laft 
comes  to  nothing  when  their  number  is  infinite. 

A    Lemma.     (Fig.  $j.) 

356.  Suppofing  the  line  AB  JIM  to  keep  its  place, 
let  us  imagine  the  whole  fpace  ABC  to  turn  round  it,  fo 
as  to  defcribe  or  generate  afblid  whofe  axis  is  AB,  and 
the  femidiameier  of  whofe  bafe  is  AC,  and  the  inferibed 
parallelograms  will  at  the  fame  time  by  their  common  mo- 
tion defcribe  fo  many  thin  cylindric  laminae,  which,  taken 
all  together,  will  be  lefs  than  the  folid  generated  by  the 
fpace  ABC  ;  but,  the  more  they  are  in  number ,  the  nearer 
they  will  approach  to  it,  and  their  circular  edges  will  at 
laft  terminate  in  the  curve  fur  face  of the  folid when  their 
number  is  infinite. 

For,  completing  the  parallelogram  GHFK  as  -he- 
fore,  the  lamina  generated  by  the  parallelogram  DK 
will  be  to  the  lamina  generated  by  the  parallelogram 
DQ  as  the  fquare  of  I)F  is  to  the  fquare  of  EG,  all 
circles  being  as  the  fquares  of  their  femidiametevs; 
therefore  the  lamina  generated  by  the  curvilinear  fpace 
JjEGF  will  be  to  the  lamina  generated  by  the  paral- 
lelogram 
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Iclogram  DG  in  a  lefs  ratio  than  that  of  DFZ  to  EG7- : 
but  when  D  and  E  coincide,  DF  will  be  equal  to 
EG*  and  the  fquare  of  DF  to  the  fquare  of  EG; 
therefore,  in  this  cafe,  every  particular  cylindric  lamina 
will  be  the  fame  with  a  correfpondent  lamina  of  the 
folid  ;  and  componendo,  all  the  cylindric  lamina  will 
conftitute  the  folid  itfelf.  This  may  alfo  be  further 
evident  by  applying  the  demonftration  in  the  lad: 
lemma  to  this  cafe.  Therefore  we  need  not  fcruple 
to  fuppofe  round  folids,  generated  after  the  fame 
manner  as  this  is,  to  be  made  up  of  an  infinite  num- 
ber of  infinitely  thin  cylindric  lamina  :  Nay,  even  the 
cone  itfelf  may  be  confidered  as  being  fo  conflituted :  for 
if we  fuppofe  BC  to  be  a  flraight  line  inflead  of  a  curve, 
the  reafoning  of  the  laft  artide  and  this  will  equally 
fucceed ;  in  which  cafe,  thefpace  ABC  will  be  a  triangle ; 
and  the  figure  generated  a  cone. 

If  a  folid  be  made  up  of  a  finite  number  of  prifmatic 
or  cylindric  laminae ,  decreafing  in  their  diameters  as  they 
are  farther  and  farther  dift  ant  from  the  bafe,  the  furface 
of  fuch  a  folid  mufl  neceffarily  afcend  by  Jfeps  :  but  the 
thinner  ihefe  elementary  laminae  are  (fuppofing  their 
thinnefs  to  be  comp  en  fated  by  a  greater  number J,  the 
narrower  and  the  fh  a  I  lower  thefe  Jieps  will  be,  fo  as  to 
terminate  at  laji  in  a  'regular  furface  when  their  number 
is  infinite, 

A    Theorem. 

gJ7»    All  ifofceles  cones  of  equal  heights  are  as  their 

bafes  ;  thai  is,  the  fc lid  content   of  any  one  ifofceles 

cone  is  to  the  folid  content  of  any  other  of  an  equal 

■■■  height,  as  the  bafe  of  the  former  cone  is  to  the  bafe  of 

the  latter. 

-  Note,  that  by  an  ifofceles  cone   I  mean  a  cone  whofe 

bafe  is  a  circle,  and  whofe  vertex  is  every  where  equally 

diftant  from  the  circumference  of  the  bafe  ;  and  by  an 

ifofceles  pyramid  is  meant  a  pyramid  having  a  regular 

polygon  for  its  bafe,  and  whofe  vertex  is  equally  dtfiant 

from  all  the  angles  of  that  polygon :  lafily,  by  ifofceles 

j  prifms 
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prifms  and  cylinders  are  meant  fuch  as  have  equal  and 
regular  polygons  and  circles  for  their  bafes,  and  are  fo 
eonftituted,  that  a  right  line  joining  the  centers  of  their 
two  bafes  is  perpendicular  to  them. 

Let  ABC  (Fig-  58.)  be  a  right-angled  triangle  at 
B,  and  producing  the  bafe  BC  om  of  D,  join  AD; 
let  alio  the  line  EFG  be  drawn  any  where  within  the 
triangle  parallel  to  the  bafe  BCD,  fo  as  to  cut  AB  in 
E,  AC  in  F,  and  AD  in  G :  then  will  EF  be  to  BC 
as  EG  is  to  BD,  finceboth  are  as  AEto  AB  by  fimilar 
triangles  :  therefore,  if  they  be  taken  alternately,  EF 
will  be  to  EG  as  BC  to  BD,  and  EF2  to  EG*  as  BCZ 
ro  BD\     This  being  allowed,  let  the  triangle  ABD 
be  fuppofed  to  turn  round  the  fixed  fide  AB,  fo  as  to 
generate  a  cone  whofe  axis  is  AB  ;  then  will  the  tri- 
angle ABC  generate  another  cone  having  the  fame 
common  altitude  AB.     Let  both  thefe  cones  be  con- 
iidered  as  conftituted  of  an   infinite   number  of  infi- 
nitely thin  cylindric  lamina,  and  let  EF  reprefent  in- 
differently the  femidiameter  of  any  one  of  thefe  lamina 
belonging  to  the  cone  ABC;  then  will  EG  be  the  fe- 
midiameter of  a  correfpondent  lamina  belonging  to 
the  cone  ABD ;  and  the  lamina  whofe  femidiameier  is 
EF   will    be    to   the   lamina   whofe   femidiameter  is 
EG,  having  the  fame  thick nefs,  as  EF2  is  to  EGZ,  or 
(according  to  what  is  already  demonftrated)  as  BCZ 
is   to  BD2  ;  that  is,  every  particular  lamina  of  the 
cone  ABC  will  be  to  a  like  lamina  of  the  cone  ABD 
as  the  bafe  of  the  former  cone  is  to  the  bafe  of  the 
latter;  therefore  componendo9  the  whole  cone  ABC 
will  be  to  the  whole  cone  ABD  as  the  bafe  of  the 
former  is  to  the   bafe  of  the   latter :   but  the  planes 
ABC  and  ABD  may  be  fo  conftituted  as   to  generate 
any  two    ifofceles  cones  whatever   that  have  equal 
heights;  therefore  if  the  heights  of  two  ifofceles  cones 
be  equal,  thefe  cones  will  be  to  each  other  as  their 
bafes.     <^E.D. 

■ 

A  The- 
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A    Theorem. 

358.  Every  ifofceles  pyramid  is  equal  to  an  ifofceles  cons 
of  an  equal  bafe  and  height. 

Let  P  reprefent  any  ifofceles  pyramid,  and  C  an 
ifofceles  cone  of  an  equal  bafe  and  height:  I  fay  then 
that  the  pyramid  P  will  be  equal  to  the  cone  C. 

To  demonftrate  this,  imagine  the  pyramid  P  to 
have  a  cone,  as  c,  infcribed  ink,  fo  as  to  touch  every 
fide  of  the  pyramid  in  fo  many  lines  of  contact,  and 
imagine  the  circumfcribing  pyramid,  and  eonfequently 
the  infcribed  cone,  to  be  conftituted  of  an  infinite 
number  of  infinitely  thia  lamina ;  and  every  lamina 
of  the  circumfcribing  pyramid  will  be  to  a  corre- 
spondent lamina  of  the  infcribed  cone  as  the  bafe  of  the 
pyramid  is  to  the  bafe  of  the  cone.  For  the  plane  of 
every  lamina  that  conflitutes  the  pyramid  will  be  a 
polygon  fimilar  to  the  bafe,  and  the  plane  of  every 
conefpondent  lamina  that  conftituBes  the  infcri  ed 
cone  will  be  a  circle  infcribed  in  fuch  a  polygon: 
therefore  componendo,  all  the  lamina  conftituting  the 
pyramid  P  will  be  to  all  thofe  that  constitute  the 
cone  %  that  is,  the  whole  pyramid  P  will  be  to  the 
whole  cone  c  as  the  bafe  of  P  is  to  the  bale  of  c  :  but 
the  cone  c  is  to  the  cone  C  of  an  equal  height,  as  the 
bafe  of  c  is  to  the  bafe  cf  C.  Since  then  P  is  to  c  as 
the  bafe  of  P  is  to  the  bale  of  c,  and  c  is  to  C  as  the 
bafe  of  c  is  to  bafe  of  C,  it  follows  ex  -aequo  that  P 
is  to  C  as  the  bafe  of  P  is  to  the  bafe  of  C:  but  the 
bafe  of  P  is  equal  to  the  bafe  of  C  by  the  fuppofition; 
therefore  the  pyramid  P  is  equal  to  the  coneC,  having 
an  equal  bale  and  altitude,     ££>,  E,  D. 

Corollary. 

Hence  it  follows,  that  whether  cones  be  compared 
With  cones i  or  cones  with  pyramids,  or  pyramids  zvith 
pyramids,  all  fuch  as  have  equal  heights  will  be  to  one 
another  as  their  bafes.  For  cones  are  fo  by  the  hH 
article,  and  pyramids  are  equal  to  cones  having  equal 

s      bates 
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bafes  and  heights  by  this  :  I  mean  ifofceles  pyramids 
and  ifofceles  cones. 

Scholium. 

As  the  folid  content  of  a  prifnt  or  a  cylinder  of  a  given 
perpendicular  altitude  depends  upon  the  quantity,  and 
not  upon  the  figure  of  the  bafe,  Jo  by  the  demonfiration 
of  this  proportion  it  appears,  that  the  folid  content  of 
an  ifofceles  -pyramid  or  cone  of  a  given  perpendicular  al- 
titude depends  upon  the  quantity,  and  not  upon  the  figure 
of  thebafe:  let  the  perpendicular  altitude  and  the  area 
of  the  bafe  be  the  fame,  and  the  quantity  of  the  folid 
will  continue  the  fame,  whether  that  bafe  be  in  the 
form  of  a  triangle,  or  a  fquare,  or  a  polygon,  or  a 
circle.  Other  pyramids  and  cones  will  be  confidered 
in  another  place. 

A    Lemma. 

359.  If  from  the  center  of  any  cube  firaight  lines  be 
Imagined  to  be  drawn  to  all  its  angles,  the  cube  will 
by  this  means  be  diflinguifhed  into  as  many  equal  ifofceles 
pyramids  as  it  has  fides ,  to  wit,  6,  whofe  bafes  will  be 
in  the  fides  of  a  cube,  and  whofe  common  vertex  will  be 
in  the  center. 

For  if  from  a  point  above  any  right-lined  plain 
figure  lines  be  drawn  to  all  its  angles,  and  then  the 
interfaces  of  thefe  lines  be  imagined  to  be  rilled  up 
with  triangular  planes,  the  folid  figure  thus  inclofed 
will  be  a  pyramid ;  therefore,  by  the  lines  above 
defcribed,  the  cube  will  be  diftinguifhed  into  as  many 
pyramids  as  it  hath  fides.  And  that  thefe  pyramids 
will  be  all  equal  and  ifofceles,  is  evident :  for  firft, 
their  bafes  will  be  all  equal  from  the  nature  of  the 
cube  j  and  in  the  next  place,  their  heights  will  be 
all  equal  from  the  nature  of  the  center,  which  is  fup- 
pofed  to  be  equally  diftant  from  all  the  fides  of  the 
cube  ;  and  laftly,  as  this  center  mult  alio  be  equally 
diftant  from  all  its  angles,  it  follows  that  thefe  pyra- 
mids liiuft  be  all  ifofceles  pyramids,     &  £.  XX 

%  CoROL- 
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Corollary. 

Hence  every  one  of  thefe  pyramids  will  be  the  fix th 
fart  of  the  whole  cube, 

A     Theorem* 

363*  Every  ifofceles  pyramid  or  cone  is  a  third  pari  of 
an  ifofceles  prifm  or  cylinder  having  an  equal  bafe,  and 
an  equal  perpendicular  height. 

Let  a  be  the  perpendicular  altitude  of  any  ifofceles 

pyramid  or  cone,  and  let  b  be  the  area  of  its  bafe, 

both  taken  according  to   the   dire&ions  given  in  artv 

35$  :  imagine  alfo  a  cube  whofe  fide,  that  is  the  fide 

of  whofe  fquare  bafe,  is  ia  ;  then   will  4a2  be   the 

area  of  the  bafe,  and  8as   the  folid  content  of  this 

cube  :  and  if,  from  the  center  of  the  cube,  lines  bo 

imagined  to  be  drawn  to  the  four  angles  of  the  bafe, 

they  will  be  the  outlines  of  an  ifofceles  pyramid  whole 

bafe  is  the  fame  with  the  bafe  of  the  cube,  to  wit, 

4<s%  and  whofe  perpendicular  altitude  is  a ;  whence 

8a*      A.as 
the  folid  content  of  this  pyramid  will  be  -7-  or  —  y 

63 

by  the  corollary  in  the  laft  article  :  but  as  this 'pyra- 
mid has  the  fame  height  a  with  the  pyramid  propofeds 
thefe  two  pyramids  will  be  to  one  another  as  theif 
bafes,  by  the  corollary  in  the  laft  article  but  one  i 
hence  the  folid  content  of  the  pyramid  propofed  will 
eafily  be  had  by  faying,  as  40%  the  bafe  of  the  py- 
ramid within  the  cube,  is  to  b}  the  bafe  of  the  py= 

A.Q? 

ramid  propofed,  fo  is  —  the   folid   content  of   the 

ah 

former,  to  a  fourth,  to  wit,  — ,   which  will  be  the 

folid  content  of  the  latter;  therefore  the  folid  content 
©f  an  ifofceles  pyramid  or  cone  whofe  bafe  is  b,  and 

whofe  altitude  is  at  is  found  to  be  — :    but    the   (o~ 

3 
lid  content  of  an  ifofceles  prifm  or  cylinder  having 

an 
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an  equal  bafe  and  height  is  ab ;  therefore  every  ifof- 
celes  pyramid  or  cone  is  a  third  part  of  an  ifofceles 
prifra  or  cylinder  having  an  equal  bafe  and  an  equal 
perpendicular  altitude.     ^  E.  D. 

Corollary     i. 

Hence  the  folid  content  of  an  ifofceles  pyramid  or  cone 
is  found  by  multiplying  the  area  of  the  bafe  into  a  third 
part  of  the  perpendicular  altitude,  or  elfe  by  multiplying 
the  area  of  the  bafe  into  the  -whole  altitude ,  and  then 
taking  a  third  part  of  the  producl. 

Corollary     2. 

Hence  alfo  it  follows  that  all  ifofceles  pyramids  and 
cones  upon  equal  bafes  are  to  one  another  as  their 
heights, 

A    Lemma. 

361.  If  a  pyramid  of  any  kind  be  cut  by  a  plane  pa* 
rallel  to  its  bafe,  ike  quantity  of  the  feclion,  or  (which 
is  all  one)  the  quantity  of  the  bafe  of  the  pyramid  cut  off, 
will  always  be  the  fame,  let  the  figure  of  the  pyramid 
be  what  it  will,  fo  long  as  the  bafe  and  perpendicular 
altitude  of  the  whole  pyramid,  and  the  perpendicular 
altitude  of  the  pyramid  cut  off  continue  the  fame  :  m 
which  cafe,  the  perpendicular  difiance  of  the  plane  of  the 
feclion  from  the  plane  of  the  bafe  will  alfo  be  the  fame* 
(See  Fig.  59.) 

Let  A  be  the  vertex  of  the  pyramid,  and  let  BCbe 
any  one  fide  of  the  bafe ;  let  the  lines  AB  and  AC  be  cut 
by  the  plane  of  the  fe&ion  in  the  points  Dand  E  refpec- 
tively,  and  let  AFG  be  the  perpendicular  altitude  of 
the  whole  pyramid,  cutting  the  plane  of  the  feclion 
in  F,  and  the  plane  of  the  bafe  in  G,  both  produced 
if  need  be:  join  FD,  FE,  GB,  GC :  then  flnce  the 
bafe  of  the  pyramid  cut  off  will  always  be  fimilar 
to  the  bafe  of  the  whole  pyramid,  whereof  DE  and 
BC  are  correfpondent  fides;  and  fince  all  fimilar  plain 
figures  are  to  each  other  as  the  fquares  of  their  cor- 
refpondent 
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refpondent  fides  by  the  20th  of  the  fixth  book  of 
the  Elements,  it  follows  that  the  bafe  whofe  fide  is 
DE  will  be  to  the  bale  whofe  fide  is  BC  as  DE*  to 
BCZ,  that  is,  by  nmiiar  triangles,  as  AD1  is  to  ABZ, 
or  AF1  is  to  AG?,  Since  then  as  AGZ  is  to  AF\ 
fo  is  the  bafe  of  the  whole  pyramid  to  the  bafe  of 
the  pyramid  cut  off ;  fo  long  as  the  three  firft  con- 
tinue the  fame,  the  lart  muff,  alfo  continue  the  fame. 
4  E.  D. 

Corollary. 

Since  the  number  of  fides  of  the  pyramid  is  not  con- 
cerned in  the  demonfk ration  of  this  proportion,  which 
will  be  equally  true,  he  the  number  of  fides  what  it  will, 
it  muft  alfo  be  true  of  the  cone,  which  is  nothing  elfe  but 
a  pyramid  of  an  infinite  number  of  fides,  let  the  jhape 
of  the  cone  be  what  it  zvill ;  that  is,  whether  AG  the 
perpendicular  altitude  of  the  cone  pafjes  through  the  cen- 
ter of  the  bafe  or  not. 

A   Theorem. 

36  j.  If  a  prifm  or  cylinder  of  any  kind  be  defcribed  by 
the  motion  of  a  plain  figure  afctnding  uniformly  in  a 
horizontal  pofition  to  any  given  height,  the  quantity 
if  the  fetid  thus  generated  will  be  the  fame,  whether 
the  defcribing  plane  defends  direclly  or  obliquely  to  the 
fame  height ;  and  confequently  all  prifms  and  cylinders 
of  what  kind  fever ',  that  have  equal  bafes  and  equal 
perpendicular  heights,  are  equal,  whether  they  fiand 
upen  ihcfe  bafes  eretl  or  reclining. 

For  the  better  conceiving  of  this,  let  the  defcribing 
plane  be  made,  not  to  afcend  all  the  way,  but  fome- 
times  to  afcend  perpendicularly,  and  fometimes  to 
move  laterally  or  edgeway,  and  that  by  turns :  then 
it  is  plain  that  the  quantity  of  folid  fpace,  or  rather 
the  fum  of  all  the  folid  fpaces  thus  defcribed,  will 
amount  to  no  more  than  if  the  defcribing  plane  had 
afcended  all  the  way  perpendicularly  to  the  fame 
height.      Let  the  t^mes  of  thefe  alternate'  motions 

whereia 
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■wherein  they  are  performed  be  dimini'ked  and  their 
number  be  increafed  ad  infinitum,  and  they  will  ter- 
minate at  laft  in  an  uniform  oblique  motio  1,  and  the 
iblid  generated  by  this  motion  will  be  equal  to  a  fo- 
lic! generared  by  a  perpendicular  motion  of  the  fame 
plane  to  the  fame  height.     £h  E.  D. 

N.  B.  What  has  here  been  demonftrated  concern- 
ing prifms  and  cylinders,  may  be  further  illuftratcd 
by  Aiding  a  pack  01  cards,  or  a  pile  of  halfpence,  out 
of  an  ereel:  into  an  oblique  pollute;  wher.-by  it  may 
eafily  be  feen,  that  neither  the  bafe  or  the  perpendi- 
cular altitude,  nor  the  quantity  of  the  folid,  can  be 
affefted  by  this  change  or  pofture  ;  but  the  finer,  that 
is  the  thinner,  thefe  conftituent  lamina  are,  the  nearer 
they  will  reprefent  an  oblique  iblid. 

A    Theorem. 

563.  All  pyramids  and  cones  of  what  kind  foever,  that 
have  equal  bafes  and  equal  perpendicular  heights,  are 
equal. 

To  evince  this,  let  us  imagine  t^o  plain  figures 
('whether  fimilar  or  diffimilar  to  each  other  it  matters 
not)xo  rife  together  from  the  fame  level,  one  direclly, 
and  the  other  obliquely,  but  both  in  a  horizontal 
pofition,  and  always  upon  the  fame  level;  and  let 
thefe  planes  be  imagined  not  to  retain  all  along  their 
firft  magnitude  (as  was  fuppofed  in  the  laft  article) 
but  to  lelTen  by  degrees  as  they  rife,  fo  as  by  their 
motion  to  defcribe  tapering  figures,  and  at  laft  to 
vanifh  each  in  a  point :  then  it  is  eafy  to  fee,  that  if 
the  tapering  figures  thus  defcribed  be'  pyramids  or 
cones  having  equal  bafes  and  equal  perpendicular 
heights,  thele  defcribing  planes  muft  not  only  be 
equal  to  each  other  at  firft,  and  vanifh  at  equal 
heights,  but  they  muft  lelTen  fo  together  as  to  be 
equal  to  each  other  at  all  other  equal  altitudes  what- 
ever :  this  is  evident  from  the  laft  article  but  one  : 
and  therefore  the  folids  defcribed*by  them  muft  ne- 
cefTarily  be  equal.     ^.  E.  D. 

B  b  Corol- 
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Corollary. 

Hence  it  follows,  that  whatever  we  have  demon- 
f  rated  concerning  ifofceles  pyramids,  cones,  prifms,  and 
cylinders,  with  refpecl  to  their  proportion  one  to  anather, 
will  be  equally  true  of  all  others,  whatever  fhape  or 
poflure  they  may  be  in  :  as,  that  all  pyramids  and  cones 
of  the  fame  height  are  to  each  other  as  their  bafes,  that 
*  all  pyramids  and  cones  upon  equal  bafes  are  as  their 
heights,  and  that  every  pyramid  or  cone  is  a  third  part 
of  a  prifm  or  cylinder  having  an  equal  bafe,  and  an 
equal  perpendicular  altitude* 

A     Lemma.     (Fig.  60.) 

364,  Let  ABCD  be  a  fquare  whofe  bafe  is  AD, 
and  whofe  diagonal  is  AC  ;  and  upon  the  center  A,  and 
with  the  radius  AB,  dcfcribe  the  quadrant  or  quarter 
of  a  circle  BAD  :  draw  alfo  the  line  EFGH  or  EGFH 
any  where  within  the  fquare,  parallel  to  the  bafe  AD, 
cutting  the  fide  AB  in  E,  the  quadrant  BD  in  F,  the 
diagonal  AC  in  G,  and  the  oppofite  fide  CD  in  H, 
and  join  AF:  I  fay  then  that  the  fquare  of  EF  and  the 
fquare  of  EG  put  together  will  always  be  equal  to  the 
fquare  tf/EH. 


\ 


For  the  triangles  ABC  and  AEG  are  fimilar,  as 
having  one  angle  at  A  in  common,  and  the  angles  at 
B  and  £  right-,  therefore  EG  will  be  to  EA  as  BC  is 
to  BA  -,  but  i>Cis  equal  to  BA,  from  the  nature  of  a 
fquare;  therefore  EG  will  be  equal  to  EA,  and  EGZ 
to  EA\  and  EF*  +  EG*  to  EFl  +  EA*=AF1  =  AD2' 
~EH2,  that  is,  EFl  +  EG*  =  EHz.    Q,E.  D. 

A     T  H  E  O  R  E  M. 

365.  Every  fphere  is  two-thirds  of  a  circumfcribing  cy- 
linder, that  is,  a  cylinder  that  will  jujt  contain  it. 

For  fuppofing  all  things  as  in  the  laft  article, 
(fee  Fig.  to.)  let  the  fquare  ABCD  be  now  fuppofed 

to 
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to  turn  round  its  fixed  fide  AB,  fa  that  the  fquare 
may  generate  a  cylinder,  the  quadrant  a  hemifphere, 
and  the  triangle  ABC  an  inverted  cone  ;  and  let  this 
cylinder,  and  confequently  the  cone  and  hemifphere, 
be  confidered  as  confiding  of  an  infinite  number  of 
infinitely  thin  cylindric  lamina:  then  if  EH  reprcfents 
the  femidiameter  of  any  one  of  thefe  lamina  belong- 
ing to  the  cylinder,  EG  will  be  the  femidiameter 
of  fo  much  of  this  lamina  as  lies  within  the  cone, 
and  EF  the  femidiameter  of  fo  much  as  lies  within 
the  hemifphere  :  and  becaufe  (by1  the  laft  article) 
the  fquare  of  EF'  and  the  fquare  of  EG  are  both 
together  equal  to  the  fquare  of  EH,  it  follows  from 
corollary  6  in  art.  34.7.,  that  the  two  circles,  whole 
femidiameters  are  EF  and  EG,  are  bo:h  together  equal 
to  the  circle  whole  femidiameter  is  EH;  which  is 
as  much  as  to  fay  in  other  words,  fince  the  line 
EH  was  taken  indifferently,  that  every  particular 
lamina  of  the  cylinder  is  equal  to  two  correfpondent 
lamina  at  the  fame  height,  whereof  one  belongs  to 
the  cone,  and  the  other  to  the  hemifphere  ;  therefore, 
componendo,  the  whole  cylinder  is  equal  to  the  cone 
and  the  hemifohere  Dut  together :  but  the  cone 
has  been  proved  already  to  be  a  third  part  of  the 
cylinder,  as  having  the  fame  bale  and  height,  (fee 
art.  360);  therefore  the  hemifphere  mail  be  the 
remaining  two-thirds  of  it-,  that  is,  every  hemi- 
fphere is  two-thirds  of  a  cylinder  of  the  fame  bafe  and 
height. 

Let  us  now  imagine  two  fu'ch  hemifpheres, 
and  two  fuch  cylinders  to  be  put  together  in  one 
common  bafe,  and  the  two  hemifphercs  will  con- 
flitute  a  fphere,  and  the  two  cylinders  a  cylinder 
circumfcribed  about  that  fphere,  and  the  fphere  will 
now  be  two  thirds  of  the  circumfcribing  cylinder. 
^  E.  D. 


B  b  2  ATh& 
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A  Theorem. 

366.  Every  fphere  is  equal  to  a  cone  or  pyramid  whofe 
bafe  is  the  furface  of  the  fphere,  and  whofe  perpen- 
dicular altitude  is  its  femidiameter. 

To  demonftrate  this,  let  a  body  terminated  by 
plain  fides,  regular  or  irregular,  be  fo  constituted  as 
to  admit  of  a  fphere  to  be  infcribed  in  it,  touching 
every  fide  in  fome  point  or  other,  as  the  cube  and 
an  infinite. number  of  other  bodies  will;  and  from 
the  center  of  the  infcribed  fphere  imagine  lines  to 
be  drawn  to  every  angle  of  the  circumfcribing  body  : 
then  will  this  body  be  diftinguifhed  into  as  many  py- 
ramids as  it  hath  fides,  whofe  bales  will  be  the  fe- 
veral  fides  of  the  body,  whofe  common  vertex  will 
be  in  the  center  of  the  fphere,  and  whofe  perpendi- 
cular heights  will  be  radii  drawn  to  the  feveral  points 
of  contact,  and  confequently  will  be  equal  :  for  as 
when  a  circle  is  touched  by  right  lines,  all  radii 
drawn  to  the  feveral  points  of  contact  will  be  per- 
pendicular to  the  refpe&ive  tangent  lines  •,  fo  when 
a  fphere  is  touched  by  planes,  all  radii  drawn  to  the 
feveral  points  of  contact  will  be  perpendicular  to  the 
refpe&ive  tangent  planes. 

Let  then  r  be  the  radius  of  the  fphere,  and  let 
a,  b,  c,  d,  reprefent  the  quantities  or  areas  of  the 
feveral  fides  of  the  circumfcribing  body;  and  the 
folid  contents  of  the  pyramids  whereof  that  body  is 

ar  br    cr  dr 
compofed  will  be  — ,  — ,  — ,  — ,  and  the  fum  of  all 

F  .  3     3     3-3 

thefe  pyramids,  or   the  folid  content  of  the  body, 

ar-\-br-\-cr-\-dr         _  .  . 

will  be ! ! — .      Let  a+  b  +  c  +  d-s, 

that  is,  let  J  be  the  whole  furface  of  the  circumfcribing 

r  5  r  s 

body,  and  its  folid  content  will  be  —  :  but   —    rs 

the  content  of  a  pyramid  whofe  bafe  is  s,  aud  whofe 
perpendicular  altitude  is  r ;    therefore  every  body 

circum- 
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circumfcribed  about  a  fphere  is  equal  to  a  pyramid 
whole  bafe  is  the  furface  of  the  body,  and  whofe  per- 
pendicular altitude  is  the  femidiameter  of  the  infcnbed 
fphere. 

Let  us  now  imagine  the  feveral  angles  of  this  cir- 
cumfcribing  body  to  be  pared  off  dole  by  the  furface 
of  the  fphere,  fo  as  to  create  more  fides  and  more 
angles,  and  we  (ball  Mill  have  a  body  circumfcribed 
about  the  fphere,  though  in  another  fhape ;  and  there- 
fore the  proportion  already  advanced  will  be  as  true 
in  relation  to  this  body  as  to  the  former  :  whence  it 
follows,  that  if  we  fuppofe  the  angles  of  the  circum- 
fcribing  body  to  be  pared  off  ad  infinitum,  that  is, 
till  it  differs  nothing  from  the  infcribed  fphere,  the 
propofuion  will  be  as  true  of  the  fphere  itfelf  as  it 
was  before  of  the  body  circumfcribed  about  it,  to 
wit,  that  every  fphere  is  equal  to  a  cone  or  pyramid 
whofe  bafe  is  the  furface  of  the  fphere,  and  whofe  per- 
pendicglar  altitude  is  its  femidiameter.     J^  E.  D. 

A    Theorem. 

367*  The  furface  of  every  fphere  is  equal  to  four  great 
circles  of  the  fame  fphere. 

Where  note,  that  by  a  great  circle  of  a  fphere,  I  mean 
any  circle  arifing  from  afeclion  of  a  fphere  into  two  equal 
hemifphcres  by  a  plane  pajfmg  through  its  center,  in  con~ 
tradijlinclion  to  a  leffer  circle  arifing  from  afeclion  of  a 
fphere  into  unequal  parts :  or  a  great  circle  of  a  fphere 
way  be  defined  to  be  a  circle  zvhofe  diameter  is  the  fame 
with  that  of  the  fphere. 

Let  s  be  the  furface  of  any  fphere,  d  the  diameter, 
and  b  the  area,  of  a  great  circle  of  that  fphere  ;  then 
will  b  be  the  bafe  of  a  circumfcribing  cylinder,  d  its 
altitude, '  and  ba)  its  folid  content ;  therefore,  by  the 

ibd     .  lf      ,         ■. 
laft  article  but  one,  — —  will  be  tne  folid  content  of 

3 
the  fphere :    but  by  the  laft   article,  this  fphere  is 
equal  to  a  cone  or  pyramid  whofe  bafe  kj,  the  furface 

B  b  3  of 
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of  the  fphere,   and  whofe  perpendicular  altitude  is 

d  .    '      .  .  d 

—  us  femidiameter,  a  third  part  whereof  is  — ;  there- 

2  A  6 

fore  -j-  will   alio  reprefent  the  folid  content  of  the 

fphere ;  whence  we  have   the  following  equation,  to 

s d     2  bd  .   ' 

wir,  ■—--'■ — ,    which    being   reduced    gives   s  —  A.b. 
6        3  D  o  i- 

From  the  three  lad  articles  may  be. deduced  the 
following  corollaries  : 

Corollaries. 

g 68.  i ft,  As  the  diameter  of  a  circle  is  to  the  cir- 
cuinference,  that  is,  as  y  to  22  nearly,  fo  is  the  fquare 
of  the  diameter  of  any  fphere  to  its  far  face.  For  fup- 
pofing  the  diameter  of  a  circle  to  be  to  the  circumfe- 
rence as  1  to  c,  and  putting  d  for  the  diameter  of 
any  fphere,  cd  will  be  the  circumference  of  a  great 
girc'e  of  that  fphere,  fnce  as  1  is  to  c,  fo  is  d  to  cd\ 

cd  .  d 

multiply  then  —  the  femicircumference.  into  —  the 
2  2 

•               £dd 
radius^  and  you  will  have  the  area  of  a  ereat 

"   ■     '       r  4 

circle  •,  th-retoie  four  grc^  circles,  or  the  furface  of 
the  tph;  re,  wiii  hi  cda  :  out  as  1  is  to  c,  fo  is  dd  to 
edd  \   therefore,  &c\ 

?  >  'A/npn  e  \Wiows,  that  .The  furface  of  every 
fphere  is  equal  to  the  .frodubl  of  the  circumference  of  a 
y/,t^'  n}\,8  ,na,u,  j.d  i:;to  ihe  diameter  of  the  fphere. 
For,  retaining  the  notation  of  the  laft  article,  cd'd  the 
furface  m  the  iphr'c  is  eq  al  to  cd  the  circumference 
of  a  great  circle  mukipiied"  into  d  the  diameter. 

3d,  The  furface  of  every  fphere  is  equal  to  the  convex 
furface  of  a  arcumjeribed  cylinder.  For  if  a  concave 
cylinder  without  its  two  bales  be  flit,  and' then  opened 
into  a  plane,  the-  figure  of  that  plane  will  be  a ■  paral- 
lelogram, 
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leJogram,  whofe  bafe.  will  be  that  line  which  before 
was  the  circumference  of  the  bafe  of  the  cylinder, 
and  whole  height  will  be  the  fame  with  that  of  the 
cylinder  •,  therefore,  as  the  area  of  a  parallelogram  is 
found  by  multiplying  the  bafe  into  the  height,  the 
furface  of  every  cylinder  muft  be  found  by  multiply- 
ing the  circumference  of  the  bafe  into  the  height  of 
the  cylinder  :  but  the  circumference  of  a  cylinder  cir- 
cumfcribed  about  a  fphere  is  equal  to  the  circumference 
of  a  great  circle  of  the  fphere,  and  the  height  of  fuch 
a  cylinder  is  equal  to  the  diameter  of  the  fphere  ; 
therefore  the  convex  furface  of  the  cylinder  will  be 
equal  to  the  circumference  of  a  great  circle  of  the 
fphere  multiplied  into  the  diameter,  which  by  the  laft 
corollary  is  the  furface  cf  the  infcribed  fphere. 

4th,  The  [olid  content  of  every  fphere  is  equal  to  the 
producl  of  its  furface  multiplied  into  a  third  part  of  the 
radius,  or  the  radius  into  a  third  part  of  the  furface. 
This  is   evident  from  art.  366. 

5  th,  As  fix  times  the  diameter  of  a  circle  is  to  the 

circumference,    that  is,     as  42  is  to  22  or  21   to   11 

nearly,  fo  is  the  cube  of  the  diameter  of  any  fphere  to  its 

folid  content.      For  if  we  fuppofe  the  diameter  of  a 

circle  to  be  to  the  circumference  as  1  tor,  the  furface 

of  a  fphere  whofe  diameter  is  d  will  be  cdd  by  the 

firft  corollary  •,  and  this  furface  multiplied  into  a  third 

rd 
part  of  the  radius,  or  into  a  third  part  of  -,■  which   is 

—  gives  —  the  folid  content  of  the  fphere  :  but  as 
60 

cd3 
6  is  to  c,  (o  is  di  to  —7-  ;  therefore  as  fix  times  the 
0 

diameter  of  a  circle  is  to  the  circumference  fo  is  the 
cube  of  the  diameter  of  any  fphere  to  its  folid  con- 
tent. 

6th,  The  furfaces  of  all  fpheres  are  as  the  fquarcs, 

and  the  [olid  contents  as  the  cubes,   of  their  diameters  or 

fsmidiametcrs.     For  iuppofmg   the  diameter  of  any 

*  B  b  4  circle 
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circle  to  be  to  the  circumference  as  i  to  c,  and  fup- 
pofing  £?  and  <?  to  be  the  diameters  of  two  fpheres, 
the  furfaces   will  be  cd-   and  cez   by  the   firft   corol- 

lary,  and  the  folid  contents  will  be  —-  and  -7-  by  the 

0  6      J 

dz  ez 

lafl :  but  cdz  is  to  cez  as  d2  is  to  £%  or  as  —  is  to  — ; 

4  4 

and  — —  is  to  -2*  as  ^  is. to  e*,  or  as  -^-  is  to  ^-. 
00  00 

To  fhew   the  ufe  of  the  properties  of  the  fphere 

above  defcribed,  I  fhali  add  the  Following  problems  • 

Problem     i. 

369.     cto  find  hozv  many  acres  the  furface  cf  the  tvhok 
earth  contains. 

Let  the  diameter  of  a  circle  be  to  the  circumference 

as  d  to  c,  and  let  e  be  the  circumference  of  the  earth  \ 

de         .  de2 

then  will  —  be  its  diameter,  and  —    its  furface   by 
c  c  J 

the  fecond  corollary  in  the  lad  article.  Now  the  cir- 
cumference of  the  earth  is  13^630573  Englilh  feet? 
or  24930  Englifh  miles  nearly,  allowing  5280  feet 
to  a  mile:  therefore  if  we  make  e=  2  4930,  we  fh  all 
have  £2~62 1 504900.  Now  the  numbers  7  and  22 
are  fcarcely  exacl  enough  to  expreis.the  proportion  of 
the  diameter  of  a  circle  to  the  circumference  in  com- 
pany with  fo  large  a  number  as  ex  ;  let  us  therefore 
ufe  that  of  113  to  i$S\  which  we  have  elfewhere 
ihewn  (fchol.  1 .  in  art.  1 79  f)  to  be  much  more  exact ; 

dez 
that  is3  let  ^—113   and  ^  =  355,  and  ■ — or  the  fur- 

■  c 

face  of  the  earth  will  be  19783 11 37  fquare  miles: 
but  every  fquare  mile  contains  640  acies  \  therefore, 
if  the  foregoing  number  of  fquare  miles  be  multiplied 
by  6  ,,  the  product  1 2661 1927680  will  be  the  num- 
ber of  acres  required. 

*  See  the  Quarto  Edition,  p.  z$2. 

N.B. 
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N,  B.  To  be  more  exact  in  any  computation  than 
the  data  on  which  it  is  founded,  can  be  to  little  or  no 
purpofe. 

Problem    -2. 

370.  What  muft  be  the  diameter  of  a  concave  fphere  that 

will  jvji  hold  an  Englifh  gallon  ? 

By  ihe  fifth  corollary  in  art.  368,  as  1 1  is  to  2  t  *, 
fo  is  the  folid  content  of  any  fphere  to  the  cube  of 
its  diameter  :  but  the  folid  content  of  our  fphere  is 
282  cubic  inches,  or  an  Englifh  gallon,  by  the  fup- 
pofition  :  therefore  the  cube  of  its  diameter  will  be 
53%tt>  the  cube  root  whereof  8  '135  will  be  the  dia- 
meter itfelf.      - 

N.  B.  The  extraction  of  the  cube  root  is  taught  in 
mod  books  of  Arithmetic,  and  depends  on  the  nature 
of  a  binomial,  as  doth  the  extraction  of  the  fquare 
root ;  and  therefore  whoever  fees  the  reafqn  of  the  lat- 
ter, may  (without  much  difficulty)  reafon  himfelf  into 
the  former  :  but  the  extraction  of  the  roots  of  all  iim- 
pie  powers  will  belt  be  performed  by  the  help  of  lo- 
garithms, as'  will  be  (hewn  hereafter  when  we  come 
to  treat  of  the  nature  and  properties  of  thofe  numbers. 

Of  the  Spheroid. 

373.  If  a  fphere  be  rtfolved  into  an  infinite  number 
of  infinitely  thin  cylindric  laminae,  and  then  thefe  lami- 
nae, retaining  their  circular  figure ',  be  all  increafed  or, 
all  diminifhed  in  the  fame  proportion,  they  will  conftitute. 
a  figure  called  a  fpheroid ;  and  it  is  fuid  to  be  prolate  or 
oblong,  according  as  thefe  conjiituent  lamina?  a,re  in- 
creafed or  diminifhed.  This  a  learner,  who  is  unac- 
quainted with  the  nature  of  the  ellipjts,  may  (if  hq 
pleafes)  take  for  the  definition  of  a  fpheroid. 
From  the  definition  here  given  it  follows, 
1  ft,  that  Every  fpheroid  is  to  a  fphere  upon  the  fame 
axis,  as  any  one  lamina  in  the  former  is  to  a  like  lamina 
in  the  latter  from    whence  it  %oas  derived  5  or  as  any 

*  Or  as  H02  —  ~f» 

number 
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number  of  laminae  in  the  former  is  to  the  fame  number  of 
like  laminae  in  the  latter,  that  is,  as  any  portion  of  the 
former  comprehended  between  two  parallel  planes  per- 
pendicular to  its  axis,  is  to  a  like  portion  of  the  latter. 
2dly,  it  follows,  that  Every  fpheroid,  as  well  as  every 
fphere,  is  two  thirds  of  a  circumfcribing  cylinder.     For 
though  a  fpheroid  be  greater  or  lefs  than  a  fphere  upon 
the  fame  axis,  the  cylinder  circumfcribed  about  the 
fpheroid  will  be  proportionably  greater  or  lefs  than 
the  cylinder  circumfcribed  about  the  fphere  :  for,   ha- 
ving the  fame  length,   they  will  be  as  their  bafes  ; 
therefore  the  ipheroid  will  have  the  fame  proportion 
to  a  cylinder  circumfcribed  about  it,  as  the   fphere 
hath  to  a  cylinder  circumfcribed  about  the  fphere. 

A   Lemma. 

374.  'The  chord  of  any  circular  arc  is  a  mean  propor- 
tional between  the  verfed  fine  of  that  arc  and  the  dia- 
meter. 

Let  ABC  (Fig.  61.)  be  a  femicircle  whofe  diameter 
is  AC,  and  affuming  any  arc  as  AB,  draw  the  ftraight 
\mt  AB,  which  is  its  chord  ;  draw  alfo  BD  perpen- 
dicular to  the  diameter  ACm  D,  and  the  intercepted 
line  A'L)  is  called  the  verfed  fine  of  the  arcAB.  W  hat 
we  are  then  to  demonftrate  is,  that  the  chord  AB  is  a 
mean  proportional  between  the  verfed  fine  ylDandthe 
whole  diameter  AC:  and  this  is  eafily  done  by  draw- 
ing the  other  chord  BC  \  for  then  the  triangle  ABC 
will  be  right  angled  at  B,  as  being  in  a  femicircle, 
and  confequently  will  be  firnilar  to  the  right-angled 
triangle  ADB  ;  w hence  AD  will  be  to  AB  as  AB  to 
AC.     %.&  D. 

Problem     5. 

375.  To  find  the  folid  content  of  a  fruflum  of  a  hemi- 
Jphere  or  hemifpheroid  comprehended  between  a  great 
circle  perpendicular  to  its  axis  and  any  other  leffer 
circle  parallel  to  it,  having  thefe  two  oppofite  bafes 
and  the  height  of  the  fruflum  given, 

N.B. 
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JV.  B.  As  □  AD  is  fometiraes  ufed  for  the  fquare 
of  AD,  or  a  fquare  whofe  fide  is  AD,  fo  in  our  nota- 
tion in  this  and  forae  of  the  following  articles,  we 
{hall  not  lcruple  to  ule  ©  AD  for  the  area  of  a  circle 
whofe  femidiameter  is  AD,  2  ©  AD  for  two  fuch 
efrcles,  <&c. 

Let  ABCD  (Fig.  60.)  be  a  fquare  whofe  bafe  is 
AD  and  diagonal  AC ;  and  upon  the  center  A  and 
with  the  radius  AB  defcribe  the  quadrant  BAD ;  draw 
alfo  the  line  EFGH  any  where  within  the  fquare  pa- 
rallel to  AD,  cutting  AB  in  E,  the  quadrant  in  F,  the 
diagonal  in  G,  and  the  oppofite  fide  CD  in  H.  This 
done,  imagine  the  whole  figure  to  turn  round  its 
fixed  fide  AB :  then  will  the  fquare  generate  a  cylin- 
der, the  quadrant  a  hemifphere,  the  triangle  ABC  an 
inverted  cone,  and  the  curvilinear  fpace  AEFD  fuch 
a  fruftum  of  an  hemifphere  as  we  are  to  find  the  folid 
content  of,  having  given  AD  and  EF  the  femidia me- 
ters of  the  two  oppofite  bafes,  and  AE  the  height  of 
the  fruftum. 

In  the  365th  article,  by  the  help  of  this  conflruc- 
tion,  it  was  demonftrated,  that  the  hemifphere  gene- 
rated by  the  quadrant  ABD  and  the  cone  generated 
by  the  triangle  ABC  were  together  equal  to  the  cy- 
linder generated  by  the  iquare  ABCD  ;  and  the  rea- 
fons  there  g:vcn  for  fuch  an  equality,  equally  prove 
that  the  fruftum  generated  by  the  fpace  AEFD  and 
the  cone  generated  by  the  triangle  AEG  will  both  to- 
gether be  equal  to  the  cylinder  generated  by  the  pa- 
rallelogram AEbiD  :  but  the  cone  generated  by   the 

AE 
triangle  AEG  is  equal  to  ©  EG  x ;  and   the  cy- 
linder generated  by  the  parallelogram  AEHD  is  equal 

AE  " 

to  ©/iDx-^E^sO^Dx  —^--iQAD  +  QEH  x 

3 
AE  . 

— ,  therefore,  if/  be  put  for  the  folid  content  of 
3 
the  fruftum^  we  fhail  have  the  following  equation, 

3  /+ 


39^  Trobkms  relating  to  Book  VIII. 

/+qEGx—  -  2  q  AD-V  Q  EH  x — ;    tran- 
3  3 

AE 

fpofe  O  EG  x  — — j    and   then   we   fhall   have  /  d; 

L_     AE 

zQJD  +  GEH-OEGx — :  but  by  the  "364th  ar- 
ticle, and  the  fixth  corollary  in  the  347th,  QEH 
=  ©£F+©£G;  therefore  ®EH-~®EG  =  oEF  : 
fubftitute    QEF  inltead  of  oEH~EG  in  the  fore- 

- jf 

going  equation  ff=z2QAD +  QEH-  ©£G  x  — —  J 

^  3    * 

. jij? 

and  you  will  have  /=2qAD-\-qEFx —  :  this  is 

upon  a  fuppofition  that  the  folid  propofed  is  a  fruftum 
of  a  hemifphere.  Let  us  now  fuppofe  the  folid  f  to 
confift  of  an  infinite  number  of  infinitely  thin  cylin- 
dric  lamina  parallel  to  its  bafe,  and  then  that  thefe 
lamina,  retaining  their  circular  figure,  be  all  dimi- 
nifhed  in  fome  given  proportion,  fuppofe  in  the  pro- 
portion of  r  to  s;  then  it  is  plain  that  the  folid /will 
degenerate  into  a  fruftum  of  an  hemifpheroid,  and 
that  it  will  be  diminilhed  in  the  proportion  of  r  to  s ; 

, _.    JE 

but:  then  the  quantity  2  ©  AD  +  ©  EF  x  —  will  al- 
io be  diminilhed  in  the  fame  proportion  ;  and  therefore 

/IE 

/willflill  be  equal  to  iqAD+QEFx — -  ;  whence 

3 
we  have  the  following  theorem  for  finding  the  folid 
content  of  the  fruftum  propofed,  whether  it  be  a 
fruflum  of  a  hemifphere  or  hemifpheroid. 

%o  twite  the  area  of  the  greater  bafe  add  the  area  of 
the  lefs  ;  multiply  the  fum  by  a  third  -part  of  the  altitude 
of  the  fruflum,  and  the  producl  will  be  its  folid  content* 


Pr> 
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Problem     6. 

376.  To  find  the  convex  furface  of  any  fegment  of 'a  fphere 
whofe  bafe  and  height  are  given.  \  Fig.  60. ) 
Retaining  the  construction  of  the  laft  article,  and 
fuppofmg  what  was  there  proved,  if  from  the  hemi- 
sphere generated  by  the  fpace  ABD  be  fubtracYed  the 
fruftum  generated  by  the  fpace  AEFD,  there  wiil 
remain  a  fegment  of  the  fphere  generated  by  the 
fpace  BEF ;  and  if  to  this  fegment  again  be  added 
the  cone  generated  by  the  triangle  AEF,  they  will 
both  together  coniticute  a  lector  of  the  fphere  gene- 
rated by  the  fpace  ABF-,  and  laftly,  if  the  folid  con- 
tent of  this  fphericai  lector  be  applied  to,  or  divided 
by  a  third  par:  of  the  radius  AD,  the  plane  or  quo- 
tient thence  arifing  will  be  equal  to  the  convex  fur- 
face  generated  by  the  arc  BF,  which  is  here  propofed 
to  be  determined.  For  as  every  fphere  is  equal  to  a 
cone  whofe  bafe  is  its  furface  and  whofe  altitude  is 
its  radius,  (fee  art,  366)  fo  (and  for  the  fame  reafon) 
mud  every  feClor  of  a  fphere  be  equal  to  a  cone  whole 
bafe  is  the  fphericai  part  of  its  furface,  and  whofe  al- 
titude is  the  radius.  Now  the  hemifphere  generated 
by  the  fpace  ABD  being  two-thirds  of  a  cylinder  of 
the  fame  bafe  and  height,  as  was  demonftrated.  in  art. 
365,  its  folid  content  will  be  expreffed  by  2O  ADx 

=  20 ADx [-20 ADx ;  and  the  folid 

3  3  3 

content  of  the  fruflum  generated  by  the  fpace  AEFD 

AF  AE 

was  2  0  AD  x \-  QEF  x :  fubtrad  the  latter 

3  3 

from  the  former,  and  there  will  remain  the  fegment 

generated   by    the  fpace  BEF  equal  to  2  ©  ADx 

EB  AE 

QEFx :  add  to  this  the  cone    generated 

AE 
by  the  triangle  AEFy  whofe  content  is  oEFx  — , 

and  you  will  have  the  fphericai  fc&or  generated  by  the 
£  Ipace 
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EB 
fpace  ABF  equal  to  2  O  A~D  x  — .    Let  the  diameter 

of  a  circle  be  to,  the  circumference   as   1  to  c,  and 

zADxe   will   be  the  circumference  of  a  great  circle, 

whofe  half  ADxc  multiplied  into  AD  the  radius,  will 

give  ADzxe  for  the  area  of  a  great  circle;  therefore 

EB 
®AD=ADZ  xc,  and  2®  AD  x  — .  or  the  content  of 

3 
EB 

the  fedtor,  will  be  iADzxcx ;  but  EB  is  the 

3 
verfed  fine  of  the  arc  BF ;  and  therefore  if  we  put  /  for 

the  chord  of  that  arc,  we  (hall  have  iADxEBz=ik  by 

the  laft  article  but  one  ;  and  the  folid  content  of  the 

AD          .      ,      AD 
fe£tor  will  now  be  lz  x  c  x ;  divide  by  ,  and 

you  will  have  the  furface  generated  by  the  arc  BF 
equal  to  l2xc :  but  as  AD^'Xc  was  equal  to  QAD,  ib 
will  l~xc  be  equal  to  0  /,  that  is,  to  a  circle  whofe 
radius  is  the  chord  of  the  arc  BF:  therefore  the  fur- 
face  of  every  fegment  of  a  fphere  is  equal  to  a  circle  whofe 
radius  is  the  difiance  of  the  pole ^  or  vertical  point  of  the 
fegment ,  from  the  circumference  of  its  bafe. 

What  has  here  been  determined  concerning  the 
convex  furface  of  a  fegment  of  a  fphere  agrees  entirely 
,with  what  was  determined  in  art.  367,  concerning  the 
-furface  of  a  whole  fphere.  For  if  we  fuppofe  the  arc 
BF  to  be  afemicircle,  its  chord  will  then  be  a  diame- 
ter, and  the  furface  generated  by  this  arc  will  be  the 
furface  of  the  whole  fphere;  and  therefore  the  furface 
of  this  fphere  will  be  equal  to  a  circle  whofe  radius  is 
the  diameter  of  the  fphere,  that  is  1AD  :  but  a  circle 
whofe  radius  is  iAD,  is  quadruple  of  a  circle  whofe 
radius  is  AD,  becaufe  all  circles  are  as  the  fquaresof 
their  femidiameters ;  therefore  the  furface  of  every 
fphere  is  equal  to  four  great  circles  of  the  fame,  as 
was  there  demonflrated. 

N.  P.  They  who  would  fee  more  of  menfuration  are  referred 
to  an  excellent  tfeatlfe  on  that  iubject  by  Dr.  Huitsri. 

THE 
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B  O  O  K    IX.       PARTI. 


Of  Towers  and  their  Indexes, 

378.  r|  *  H  E  indexes  of  powers  have  been  already 
J_  confidered,  fo  far  as  they  ferve  for  a  fort 
of  (hort-hand  writing  in  Algebra  :  but  the  incompa- 
rable Newton  has  very  much  enlarged  our  views  with 
refpect  to  thefe  indexes  or  exponents,  infomuch  that 
it  is  by  their  means  chiefly,  that  fo  many  excellent^ 
ufeful,  and  comprehenfive  theorems  have  been  difco- 
vered  both  in  Algebra  and  Geometry,  and  more  par- 
ticularly in  the  doclrine  of  Fluxions.  This  fort  of  no- 
tation therefore  I  mall  now  endeavour  further  to  ex- 
plain in  my  obfervations  upon  the  following  fmall 
table  : 

Powers  without  their  Indexes. 

111 

XXXXX.      XXXX.      XXX,      XX.      X.      I,       -.    — .     — . 

;       X      XX       XXX 

I  I 


Powers  with  their  Indexes. 
xs,    x*.    x3.    xz.     xl.    x°.     x—\    x~z.    x—3. 

This  table  confifts  of  two  rows,  whereof  the  upper 
is  a  feries  of  powers  exprefied  without  their  indexes, 
the  common  root  or  fundamental  quantity  being  x ; 
the  lower  expreffes  the  fame  powers  by  the  help  of 
their  indexes. 

Obser- 
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Observations. 

379.  i  ft,  By  this  table  it  appears  that  every  fubfe- 
quent  pozver  is  the  quotient  of  the  next  before  it  divided 
by  the  common  root  x,  and  that  every  fubfequent  index 
is  generated  by  fubira cling  unity  from  the  next  before  it. 
Thus„v:  divided  by  x  gives  at,  x  divided  by;v  gives  r, 

1  divided  by  x  gives  — ,    — 'divided  by  x  gives  — , 

J        °  x-         X  I  x  x> 

&c.  :  thus   again,  zX-Y—t,   1—1=0,  o—  .!=:■—  \i9 

—  1  —  1  =  —  2,  &c.  Since  then  each  row  exhibits  a 
regular  feries,  it  follows  that  the  negative  indexes 
have  the  lame  right  to  exprefs  the  powers  they  belong 
to  as  the  affirmative  ones,  and   that  x — z  reprefents 

■ —  upon  the  fame  foundation  that  x1  reprefents  xx. 

2clly,  'Therefore  whatever  number  is  the  index  of  any 
-power,  its  negative  will  be  the  index  of  the  reciprocal 
of  that  power,  or  of  unity  divided  by  that  power. 
Thus  if  2  be  the  index  of  xx,  —  2  will  be  the  index  of 

—  ;  if  1  be  the  index  of  x,  —  1  will  be  the  index  of 
xx 

—  1  and  fo  of  the  reft. 
x 

3dly,  In  all  cafes  whatever,  the  addition  of  indexes 

anfzvers  to  the  multiplication  of  the  powers  to  which  they 

helong ;   that  is,  if  any  two  powers  of  the  fame  quantity  be 

multiplied  together,  the  index  of  the  multiplicator  added  to 

the  index  of  the  multiplicand  will  give  the  index  of  the  pro- 

duel.     Thus  xz  multiplied  into#3  gives  #5,  as  xx  x  xx'x 

gives  xxxxx :    thus  x*- x  x~~i  gives  at-1,  as  xxx—— 

I  ,  ,     .  II. 

gives  — :  thus  xr*1  x  x—s  gives  at"3,  as  —  x  —  gives 
&  X  °  XX     xxx° 

■ :  thus  x1  x  x—2-  gives  x°,  as  xx  x gives  1  : 

w3  x  x°  gives  #3,  as  xxx  x  1  gives  xxx* 

4thly, 
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4th ly,  In  like  mn?incr  the  fibtraclion  of  indexes 
.  anjwers  to  the  divifwn  of  powers  ;  that  is,  if  any 
power  of  any  quantity  be- divided  by  a  -power  of  the 
fame  quantify,  /he  index  of  the  divifor  fubtracled  from 
the  index  of  the  dividend  leaves  the  index  of  the  quotient. 
Thus  x^>  divided  by  c2  quotes  a:1,  as  xxx  divided  by  xx 
quotes  x  :  thus  x"  divided   by  x~~ 3  quotes  A'5,  as  xx 

divided  by   —  quotes  xxxtex :  thus  x~z  divided  by 

1    xxx    l  J 

#3  quotes  x~5.  as  —  divided  by  xxx  quotes   : 

n  XX  "..•■■'■  xxxxx 

thus  x~2  divided  by  x~~3  gives  a1,  as  —  divided  by 

1 
■***-  gives  x :  thus  a;0  divided  by  xr*  gives  xz,  as  1 

divided  by  — '  eives   xx  :    laftly,    xz    divided    by  x% 

•gives  x~,  as  xx  divided  by  xx  gives  1. 

5thly,  If  the  index  of  any  power  be  multiplied  by 
2  j  3,  4,  &c.  the  product  will  be  the  index  of  the  fquare „ 
cute,  fquare  fquare,  &c.  of  that  power :  and  therefore 
if  the  index  of  any  power  be  divided  by  2,  3,  4,-  &c. 
the  quotient  will  be  the  index'  of  the  fquare  root,  cube 
root,  fquare  fquare  root,  &c.  of  that  power.  Thus 
the  fquare  of  x:-  is  x*,  its  cube  x°,  its  fquare-fquare 
a8  :  thus  again,  the  fquare  root  of  xlz  is  x%  its  cube 
root  #4 :  its  fquare-fquare  root  x33  &c. :  thus  the  fquare 

I  i  . 

root  of  x  or  xl  is  xz,  its  cube  root  xs,    its   fquare- 

1  T 

fquare  root  x* ,  &c:  thus  the  fquare  root  of  —  or 

1  1 

x~l  is  x—z,  its  cube  root  x~T,  its  fquare-fquare  root 

I  1  2_  .  .  ,      5 

X-i  &c»  thus  Xs  fignirTes  the  cube  root  of  xz,  x 

m 

the  fquare-fquare  root  of  x3.  And  univerfally,  x~n 
figniSes  that  root  of  xm '  whofe  index  is  n;  as  if 
y  —  xm,  then  y  is  faid  to  be  that  root  of  xm  whofe 

G  c  index 
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index  is  n,   and  mud  be  expreflfed  by  xT;  and  there- 
fore if  in  any  cafe  xm  —  yn,  it  will  be  a  good  inference 

m 

to  fay  that  y  is  equal  to  xT,   or   that  x  is  equal  to 

jy*. 

6thly,  Powers  are  reducible  to  more  fimple  pozvers, 
as  often,  as  their  fratlional  indexes  are  reducible  to  more 
fimple  fractions.  Thus  the  fquare-fquare  root  of  x7- 
is    the    fame   with  the    fquare  root  of   x,    becauie 


2        i 


7thly,  If  the  index  of  any  power  be  an  improper 
fraclion,  and  that  fraction  be  reduced  into  a  whole 
number  and  a  fraction,  the  power  will  hereby  be  refohed 
into  two  faclors,  whereof  one  will  have  the  whole 
number  for  its  index,  and  the  other  the  fractional  part. 

j  i 

Thus  -§-  —  2  + 1,  and  therefore  x*  —  x1  x  ,v2  ;  that  is, 
the  fquare  root  of  xs  is  equal  to  xx  multiplied  into  the 
fquare  root  of  x. 

8thly,  Surd  powers  maybe  reduced  to  the  fame  root 
by  a  redvclion  of  their  fratlional  indexes  to  the  fame 
denomination,  and  that,  whether  they  be  powers  of  the 

fame  quantity  or  not.     Thus  x2   and  yT  are  the  fame 

as  x"  and  y^ ;  that  is,  the  fquare  root  of  x  and  the 
cube  root  of  y  are  the  fame  as  the  fixth  root  of  x1- 
and  the  fixth  root  of  yz,  and  thus  may  furds  of  differ- 
ent roots  be  compared  together  without  any  ex- 
traction of  thofe  roots.  As  for  inftance,  if  any  one 
mould  afk  me,  which  of  thefe  two  quantities  is  the 
greater,  the  fquare  root  of  2,  or  the  cube  root  of  3  ? 
I  mould  anfwer,  the  cube  root  of  3  ;  for  the  fquare 

root  of  2  or  2*  or  zb  is  equal  to8?;  but  the  cube 

root  of  3,  or  3T,  or  3^  is  equal  to  o/5" ;  and  9  T  is 

greater  than  8T. 

9thly, 
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gthly,  That  the  addition  and  fubtratlion  of  indexes 
twfwers  to  the  multiplication  and  divijion  of  the  powers 
to  which  they  belong,  holds  equally  true  in  fractional 
indexes,    as  in  integral   ones*       Thus  i-\~j=-{,    and 

xzXx3  =x^i  which  I  thus  dernonftrare.      Let  y6  —  x% 

then   by  the  fifth  obfervation  we  Avail  have  ;  =  xT, 

3  r  _»  1  s 

j3  =  x  s"9  or  x1 ,  yz  —  x" ,  or  *vr,  and  ys  —  ~*  :  but  yl  xy* 
is  eqcal    to  yl   by  the   thitd  obfervation  ;  therefore 

x1  multiplied  into  „t3  gives  „v6.    After  the  fame  man- 
ner,   flnce  |-irr-i,    it    may  be   demonftrated  that 

tc2,  divided  by  xT  will  give  x°  ;  for  jv3  divided  by yz 

gives  y,  which  is  equal  to  Xs  ;  and  the  demonftrations 
will  be  the  fame  in  all  other  cafes.. 


PART        I!. 

Of  Logarithms,  and  their  Ufisi 


The  Definition  of  Logarithms,  and  Confetlaries  drawn 
from  ih 

Art.  390.  It  OGARITHMS  are  a  fet  of  artificial 
j  numbers  placed  over-againft  the  natu- 
ral ones,  ufuaily  from  1  to  1 00000,  andfo  contrived  that 
their  addition  anjwers  to  the  multiplication  of  the  natural 
numbers  to  which  they  belong ;  that  is,  if  any  tzvo  numbers 
be  multiplied  together,  and  fo  produce  a  third,  their  loga- 
rithms being  added  together  will  conjlitute  the  logarithm  of 
that  third. 

Thus  o  '3010300,  the  common  logarithm  of  2, 
added  to 

o  '4771 2 1 3,  the  logarithm  of  3,  gives 
0*7781513,  the  logarithm    of  6,  becaufe 
6  is  the  product  or  2  and  3  multiplied  together. 

C  c  2  From 
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From  this  definition  it  follows,  firfr,  That  in  any 
fyfim  or  table  of  logarithms  whatever,  the  logarithm  of 
unity  or  i  will  be  nothing  :  for  as  i  neither  increafes 
nor  diminifhes  the  number  'multiplied  by  it,  fo  nei- 
ther will  its  logarithm  either  increafe  or  diminifh  the 
logarithm  to  which  it  is  added  ;  and  therefore  the  lo- 
garithm of  i  muft  be  nothing. 

2dly,  For  a  like  redjbn,  the  logarithm  of  a  proper 
fraclion  will  always  be  negative  :  for  fuch  a  fraction  al- 
ways diminifhes  the  number  multiplied  by  it,  and 
therefore  its  logarithm  will  always  diminiih  the  loga- 
rithm to  which  it  is  added. 

^dly,  This  -property  of  logarithms,  whereby  they  are 
defined  as  above,  affords  us  no  final  I  compendium  in  mul~ 
tiplication :  for  whenever  one  number  is  to  be  multi- 
plied by  another,  it  is  buttakingout  their  logarithms, 
and  adding  them  together,  and  their  fum  will  be  a 
third  logarithm  whole  natural  number  being  taken  out 
of  the  tables  will  be  the  product  required. 

4thly,  The  fubtratlion  of  logarithms  anfwers  to  ths 
divifion  of  the  natural  -numbers  to  which  they  belong  •, 
that  is,  whenever  one  number  is  to  be  divided  by 
another,  it  is  but  fubtracling  the  logarithm  of  the 
divifor  from  the  logarithm  of  the  dividend,  and  the 
remainder  will  be  the  logarithm  of  the  quotient :  and 
thus  by  the  help  of  logarithms  may  the  operation  of 
divifion  be  performed  by  mere  fubtraction  as  that  of 
multiplication  was  by  addition.  Hence  as  every 
fraclion  is  nothing  elfie  but  the  quotient  of  the  nmnera- 
tor  divided  by  the  denominator,  its  logarithm  mill  be 
found  by  fubtracling  the  logarithm  of  the  denominator 
from  the  logarithm  of  the  numerator.  To  demonftrate 
this,  to  wit,  that  the  logarithm  of  the  divifor  fub- 
tracted  from  the  logarithm  of  the  dividend  will  leave 
the  logarithm  of  the  quotient,  let  the  number  A  be 
divided  by  the  number  B,  and  let  the  quotient  be  the 
number  C,  and  let  the  logarithms  of  the  numbers 
A9  B,  and  C,  be  a,,  b,  and  c  reflectively  ;  I  lay  then 
that  a  —  b  will  be  equal  to  c  :  forfmce  by  the  fuppo- 

fition 
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fition  ~~C,  we  fliall  have  A  —  BC,  a  —  b-\-c  by  the 

definition  ;  whence  a  —  b—c. 

5th  ly,  yfj  every  fourth  proportional  is  found  by  mul- 
tiplying the  fecond  and  third  numbers  together,  and  di- 
viding the  produffi  by  the  firft,  fo  the  logarithm  of  eveiy 
fuch  fourth  proportional  will  be  found  by  adding  the 
logarithms  of  the  fecond  and  third  numbers  together,  and 
fubtraEtmg  from  the  fum  the  logarithm  of  the  firft.  This 
renders  all  operations  by  the  rule  of  proportion  very 
compendious  and  eafy;  efpeeially  after  the  practitioner 
has  pretty  well  inured  himfelf  to  take  out  of  the  table 
logarithms  to  his  numbers,  and  numbers  to  his  loga- 
rithms :  but  this  compendium  is  chiefly  ufeful  in 
Trigonometry,  both  plain  and  fpherical,  where  every 
thing  he  wants  is  put  down  ready  to  his  hands. 

6thly,  If  A  be  any  number  whofe  logarithm  is  a,  then 
the  logarithm  of  A2,  will  be  2  a,   that  of  A3,  3  a,  &c. 

that  of  — ,    —  a,  that  of  —z,    —  2a,   &c.     And  uni- 

ver filly,  the  logarithm  of  Am  will  be  a  x  m,  and 
that,  whether  the  index  m  be  integral  or  fractional, 
affirmative  or  negative  :  on  the  other  hand,  if  q  be  the 

i  .  q 

logarithm  of  any  power  of  A,  as  of  Am,  then  —  will  be 

the  logarithm  of  A.  The  reafon  of  all  this  is  plain  j 
for  as  A 2  is  the  product  of  A  multiplied  into  ftfelf,  fo 
its  logarithm  will  be  the  logarithm  of  A  added  to 
itfelf  or  doubled,  that  is  2a ;  and  fo  of  the  higher 

powers.     Again,  as  -j  is  the  quotient  of  unity  divided 

,by  A,  its  logarithm  will  be  found  by  fubtradting  a, 
the  logarithm  of  A,  from  o,  the  logarithm  of  I, 
which  gives  —a;  and  fo  of  the  lower  powers.  Laftly, 
as  \IA,  when  multiplied  into  itfelf,  produces  A,  fo 
its  logarithm,  when  added  to  itfelf,  ought  to  make 
a  ;  therefore  the  logarithm  of  \J A  will  be  \a  ;  and 
{q  of  all  the  other  fractional  powers.  Here  then  again 
C  c  3  we 
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we  have  another  inftance  of  the  very  great  ufefulnefs 
of  a  good  table  of  logarithms,  to  wir,  in  raifing  i 
number  to  any  giveii  power,  or  in  extracling  any 
given  root  out  of  if,  all  which  is  performed  with. 
equal  facility,  only  by  multiplying  its  logarithm  by 
the  index  of  the  given  power,  or  dividing  it  by  the 
index  of  the  given  root ;  as  doubling  it  for  the  fquare, 
tripling  it  for  the  cube,  &c. ;  halving  it  for  the  fquare 
root,  trifecling  it  for  the  cube  root,  &c. :  this,  I  fay, 
cannot  but  be  very  ufeful  in  a  great  many  cafes,  and 
more  efpecially  in  Anatocifm,  where  we  have  fome- 
times  occafion  to  extracleven  the  three  hundred  fixty- 
fifth  -root  of  a  number,  as  at  other  times  to  raife  it 
to  the  three  hundred  fixty-hfth  power,  fcarce  poffible 
to  be  performed  any  other  way;  to  fay  nothing  of  the 
innumerable  miftakes  that  in  fo  long  and  laborious  a 
calculation  would  be  almofl  unavoidable,  all  which 
are  prevented  by  the  ufe  of  logarithms.  It  cannot 
indeed  be  expected  that  entire  powers,  and  much  lef§ 
entire  roots,  mould  be  gained  this  way  ;  but  it  will  be 
eafy  in  moft  cafes  to  obtain  as  many  terms  as  can  be 
of  any  ufe  to  us, 

7thly,  If  any  fet  of  numbers,  as  A,  B,  C,  D,  be  in 
continual  geometrical  proportion,  their  logarithms,  which, 
we /hall  call  a,  b,  c,  d,  will  be  in  arithmetical  pro- 
grtffwn ;  for  fince  by  the  fuppoiuion  A  is  to  B  as  B  is 

B      C     D 

to  C  as  C  is  to  D,  that  is,  fince  -7  =-5-  =  77,  we  fhall 

have  h  —  a  —  c  —  b  —  d—c  by  the  fourth  confectary  5 
therefore  a,  b}  c9  d%  are  in  arithmetical  progreilion. 
J?.  E.  D. 

8thly,  From  this  lajl  confectary  it  will  be  eafy,  having 
two  numbers  given,  to  find  as  many  mean  proportionals  as 
we  pleafe  between  thenu  Let  the  given  numbers  be 
A  and  F,  and  let  it  be  required  to  find  four  mean 
proportionals  between  them,  which  we  iliall  call 
B}  C,  D,  E,  fo  that  J,  B,  C,  D,  E,  F,  may  be  in 
continual  geometrical  proportion.  Mere  then  it  is 
evident  from  the  laft  confe&ary,  that,  as  thefe  num- 
bers 
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bers  are  in  continual  geometrical  proportion,  their 
logarithms,  which  we  fhall  call  a,  b,  r,  d,  e,  /",  will 
be  in  arithmetical  progreffion,  whereof  the  extremes 
a  and  f  are  known,  as  being  the  logarithms  of  the 
known  numbers  A  and  F,  and  the  intermediates  may 
be  found  thus.  Put  x  for  the  common  difference  of 
this  arithmetic  progreffion;  then  will  a-\-x~b,  a-\-2X 
—  c,  a-\-^x  —  df  a  +  4X  —  e,  a  +  $x=f;  whence  x~ 

« ;  whence  a  4-x  or  b ~a  -1 == ,    a  -f-  ix 

5  5  5  ' 

or  czz ?-,  a  +  ^x  or  d=z- — ,  a-\-^x  or  e  — 

5  5 

@~\~4-f 

t ;  10  that  the  logarithms  of  the  four  mean  pro- 

40+/ 30  +  2/ 20  +  3/ *  +  4/ 

portionals  fousnt  are  , , ~. ; 

X  5  5  5  5  5 

take  then  the  natural  numbers  B,  C,  D,  E,  of  thefe 

logarithms,  and  they  will  be  the  mean  proportionals 

required.     &.  E.  L 

Logarithms  the  Men  fares  of  Ratios. 

391.  Logarithms  are  fo  called  from  their  being  the 
arithmetical  or  numeral  exponents  of  ratios  :  for  if  unity 
be  made  the  common  confequent  of  all  ratios,  or  the 
common  flandard  to  which  all  other  numbers  are  to 
be  referred,  then  every  logarithm  will  be  the  nume- 
ral exponent  of  the  ratio  of  its  natural  number  to 
unity.  As  for  inftance,  the  ratio  of  81  to  1  adlually 
contains  within  itfelf  thefe  four  ratios,  to  wit,  the 
ratio  of  81  to  27,  that  of  27  to  9,  that  of  9  to  3, 
and  that  of  3  to  1  (fee  art.  293)  ;  all  which  ratios 
are  equal  to  one  anorher,  and  to  the  ratio  of  3  to  1  ; 
therefore  the  ratio  of  81  to  1  is  faid  to  be  four  times 
as  big  as  the  ratio  of  3  to  1  (fee  art.  294)  :  and 
hence  it  is  that  the  logarithm  of  81  is  four  times  as 
big  as  the  logarithm  of  3.  Again,  the  ratio  of  24 
so  1  contains^  and  may  be  refolved  into  thefe  three 
C  c  4  ratiosa 
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ratios,  to  wit,  the  ratio -of  24  to  12,  that  of  12  to 
4,  and  that  of_4  to  1  ;  the  fiiit  of  theie  ratios,  to 
wit,  the  ratio  of  24  10  12,  is  the  fame  with  that  of 
2  to  1  ;  the  fecond,  to  wit,  the  ratio  of  12  to  4,  is 
the  fame  with  that  of  3  to  1 ;  and  therefore  the  ratio 
of  24  to  1  is  equal  to  the  ratios  of  2  to  1,  3  to  1, 
and  4  to  1,  put  together;  and  hence  it  is  that  the 
logarithm  of  24  is  equal  to  the  logarithms. of  2,  3, 
and  4,  put  together:  And  univerfally,  the  magnitude 
of  the  ratio  of  A  to  1  is  to  the  magnitude  of  the  ratio 
cf  B  to  1  as  the  logarithm  of  A  is  to  the  logarithm  of 
B.  And  hence  we,  have  a  way  of  mea faring  all  ratios 
whatever,  let  their  confequents  be  what  they  will :  as 
for  example,  the  ratio  of  A  to  B  is  the  excefs  of  the 
ratio  of  A  to  1  above  the  ratio  or  B  to  1  (lee  art. 
296) ;  therefore  the  numeral  exponent  of  the  ratio  of 
A  co  B  will  be  the  excels  of  the  numeral  exponent  of 
the  ratio  of  A  to  1  above  the  numeral  exponent:  of 
-the  rati;  of  B  to  1,  that  is,  the  excels  of  the  logarithm 
of  A  above  the  logarithm  of  B  •,  therefore  The  magni- 
tude of  the  ratio  cf  A  to  B  is  to  the  magnitude  of  the  ratio 
of C  to  D  as  the  excefs,  of  ike  >c°arithm  cf  A  above  the 
logarithm  ofB.  which  is  the  meafure  of  the  former  ratio  ^ 
is  to  the  excefs  of  the  logarithm  of  Q  above  the  logarithm 
ofD^ivhichisihcmeajure  of  the  latter  ratio  :  and  thus 
we  fee  chat  logarithms  are  as  true  and  as  proper  mea- 
iures  of  ratios  as  circular  arcs  are  of  angles. 

I  mi^ht  have  defined' logarithms  from  the  idea  here 
given  of  them,  and  thence  have  deduced  all  the  other 
properties  above  defcribed  :  but,  as  it  is  not  every  one 
that  hath  a  juft  and  diftincl:  notion  of  the  nature  and 
eompohtion  of  ratios,  I  thought  it  more  advifeabie  to 
treat  of  them  in  a  way  morefamiliar  to  the  learner. 

Of  Briggs's  Logarithms* 

392.    From  the  definition  given  in -art.  390,  it  may 

eafily  be  fee n,  that,  if  any  one  fyjiem  of  logarithms  be  once 

obtained,  an  infinite  'number  of -others  may  be  derived 

7  /rem 
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from  them  by  Incrcafing  or  dimini/hing  the  logarithms  of 
that  fyftem  in  fome  given  proportion.  As  for  initance., 
in  the  fyftem  given  let  a,  b,  c,  be  the  logarithms  of 
three  numbers,  A,  B,  and  C.  whereof  the  third  is  the 
product  of  the  other  two  multiplied  together;  then 
will  aA-b  —  c,  by  the  definition.  Let  us  now  ima- 
gine all  the  logarithms  of  this  given  fyftem  to  be 
doubled  ;  then  will  a,  b,  and  c,  be  changed  into  2a, 
2b,  and  2c  ;  but  as  a~\-b  was  equal  to  c  in  the  former 
fyftem,  fo  now  will  2a~\-2b  be  equal  to  2c  in  the  lat- 
ter; that  is,  all  the  numbers  of  this  new  fyftem  will 
ftill  retain  the  property  of  logarithms.  Rut  though  all 
thefe  different  fyftems  be  equally  perfeel,  if  computed  to 
the  fame  degree  of  accuracy ,  yet  they  "will  not  all  be 
equally  convenient  for  ufe:  for  of  all  fyftems  or  tables  of 
logarithms,  that  is  certainly  befi  accommodate  d for  pratiice 
which  is  now  in  ufe,  and  is  commonly  known  by  the  name 
of  Briggs's  logarithms.  The  Lord  Napier,  a  Scotch 
nobleman,  was  the  firft  inventor  of  logarithms;  but 
our  countryman  Mr.  B>iggs,  Profeflbr  of  Geometry 
in  Grefjam  College,  was  undoubtedly  the  firft  who 
thought  of  this  fyftem-,  and,  propofing  it  to  the  noble 
inventor  the  Lord  Napier,  he  afterwards  publimed  k 
with   that   Lord's  confent  and  approbation. 

The  difiinguiping  "mark  of  this  fyftem  is,  that  herein 
the  logarithm  of  '10  is  1,  and  confequently  that  of  100,  2, 
that  of  iojo,  3,  that  of  10000,  4,  he.  ;  that  of  1,  c, 

that  of  — -orofo'i,  —  1 .  that  of or  ofo  "01 ,  —  2, 

J    10  J    ICO         J 

&c.    In  this  fyftem  the  integral  parts  of  the  logarithms 

are  always  dijtinguifhed  from  the  reft,  and  called  the 

indexes  or  charatlerilUcs  of  the  logarithms  whereof  they 

are  parts  :  thus  the  logarithm  or   20  is  1   '3010300, 

where  the  characieriftic  is  1  j  that  of  2  is  o  -3010300, 

2 
where  the  characteriftic  is  o  -.  that  of  —    or  o  *2  is 

10 

—  i4~'3°  10300,  where  ~  1  is  the  characteriftic,  $£c. 

Some 
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Some  Advantages  of  this  Syftem. 

393.  Some  of  the  chief  advantages  of  this  fyftem, 
beyond  all  others,  will  appeaF  from  the  following 
"confederations, 

lit.  Whereas  we  have  frequent  oecafion  to  multi? 
ply  and  divide  by  10,  100,  1000,  &c.  .this  in  tills 
fyftem  is  very  readily  performed,  only  by  adding  to 
or  fubtracling  from  the  charafteriftic  the  numbers 
1,  2,  3,  &c.  •,  and  as  thefe  are  whole  numbers,  they 
can  only  influence  the  index  or  characleriftic  of  a  lo- 
garithm, without  afTecling  the  decimal  part. 

2dly,  So  long  as  the  digits  that  compofe  any  num- 
ber are  the  fame,  and  in  the  fame  order,  whatever  be 
their  places  with  refpecl  to  the  place  of  units,  the 
decimal  parts  of  the  logarithm  of  fuch  a  number 
will  always  be  the  fame.  As  for  inftance,  let  4+/ 
be  the  logarithm  of  this  number  34567  '89,  where 
.4  is  the  cha.racteriftic,  and  /  reprefents  the  fum  of  al| 
the  decimal  parts  -,  then  will  5-j,-/  be  the  logarithm 
of  345678  *9,  0-\-l  that  of  3456789,  7-}-/ that  of 
34567890,  &c.  On  the  other  hand,  3-}-/  will  be 
she  logarithm  of  3456  '789,  2-}-/ that  of  345  -67 89* 
i-|-/  that  of  34  '56789,  o-p/  that  of  3  -456789, 
—  1 -{-/that  of  0*3456789,  —  ?-]— /that  of  0*03456789, 
&cr:t  the  reafon  of  this  is  plain;  for  if  the  number 
34567  -89  be  multiplied  by  10,  the  product  will  be, 
345678  y  -,  therefore  if  to  4-)-/,  the  logarithm  of  the 
former  number,  be  added  1,  the  logarithm  of  10, 
the  fum  5-J-/  will  be  the  logarithm  of  the  latter. 
Again,  if  the  number  345617  '89  be  divided  by  10^ 
the  quotient  will  be  3456  '789  ;  therefore  if  from, 
4-4-/,  the  logarithm  of  the  former  number  be  fub- 
tracled  1,  the  logarithm  of  10,  the  remainder  3-]-/ 
will  be  the  logarithm  of  the  latter.  Here  then  we 
fee  the  reafon  why  in  Briggs's  tables  the  decimal  pare 
of  every  logarithm  is  affirmative,  whether  the  whole 
logarithm  taken  together  be  lb  or  not ;  for,  in  the 
logarithm   of  all  numbers  greater  than   unity,  both 

tfre 
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the  integral  and  decimal  parts  are  affirmative;  and 
therefore  the  decimal  parts  mull:  always  be  fo,  fince 
diefe  are  not  changed  by  changing  the  natural  num- 
ber, fo  long  as  the  digits  that  compote  it  are  the  fame, 

and  in  the  fame  order  :  thus  — t  or  -  -3  may  be  a 

10 

logarithm  ;  but  it  is  never  expreffed  fo,  but  rather 
thus,  -i-i-*7,  the  negation  being  thrown  wholly 
upon  the  characterise. 

*  gdly,  By  this  means  in  Briggs's  fyflem  the  charac? 
teriitic  of  theiogarithm  of  any  number  is  eafily  known 
thus :  fuppofe  I  was  afeed,  what  is  the  chara&eriftic  of 
the  logarithm  of  this  number  34567  '89  ?  Here  I  con- 
iider  that  this  number  lies  between  10000  and  1 00000 ; 
therefore  its  logarithm  mull  be  fome  number  between 
4  and  5;  therefore  it  muit  be  4  with  fome  decimal  parts 
annexed,  that  is,  the  chara&eriftic  mult  be  4.  And 
again,  fuppofe  it  was  required  to  affign  the  character- 
ise of  the  logarithm  of  this  number,  o  -03456789  : 

here  I  confider  that  thi-s  number  lies  between  —  and' 

10 

.  that  is,  between  o  *i  and  o  *o.i,  and  therefore 

100 

its  logarithm  mull  lie  between  —  1  and  — 2,  that  is, 
its  logarithm  mull  be  —  2  with  fome  affirmative  de- 
cimal parts  annexed,  to  leflen  the  negation  j  therefore 
the  characteriftic  will  be  —  2. 

'fofind  the  Characlerific  of  Briggs's  Logarithm  of  any 
Number* 

394.  Hence  may  be  drawn  a  fhort  and  eafy  rule 
for  determining  the  index  or  characteriftic  of  the  lo- 
garithm of  any  number  given,  thus.  Jf  the  number 
given  be  a  whole  number,  or  a  mixt  number  confijiing 
of  integral  and  decimal  parts,  then  fo  many  removes 
as  -is  the  place  of  units  to  the  right  hand  of  the  firjl 
figure,  of  fo  many  units  will  the  characlerific  confijl ; 
but  if  the  number  prop  of ed  be  a  pure  decimal \   then  fo 

many 
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many  removes  as  is  the  place  of  units  to  the  left  hand 
of  the  fir  ft.  fignificant  figure^  of  fo  'many  -negative  units 
will  the  characlerijlic  confijt.  Thus  the  judex  or  tha- 
radteridic  of  tHe  logarithm  of  this  number  34567  '89 
is  4,  becaufe  7  in  the  place  of  units  is  four  removes 
to  the  right  hand  of  the  fir  ft  figure  3  :  thus  again, 
the  characterise  of  the  logarithm  of  this  number 
©  '03456789  is  —  2S  becauie  o  in  the  place  of  units 
is  two  removes  to  the  left  hand  of  the-  firil  {ignirkant 
figure  'p 

Thefe  rules  are  the  more  to  be  obferved,  becaufe. 
In  fome  tables  the  integral  parts  of  all  logarithms 
are  omitted,  being  left  to  be  fupplied  by  the  operator 
Mmfelfj  as  oceafion  requires ;  .by  this  means,,  the  \o? 
garithms  become  of  much  more  general  ufe  than  if, 
By  having  their  characteriftics  prefixed,  they  were 
tied  down  to  particular  numbers. 

.  Another  Idea  of  Logarithms* 

3:95,  In  the  fyft em  here  defer ibed,  even  natural  num- 
ber is,  or  may  be,  confidered  as  fome  power  of  1  o,  and 
its  logarithm  as  the  index  of  that  power  :  for  let  a  bo. 
the  logarithm  of  any  natural  number  as  A  ;  then  mice 
Mriggs%s  logarithm  of  10  is  1,  his  logarithm  of  ioa,  will 
be  a;  this  is  evident  from  art.  390, confefr.  6  •,  there- 
fore A  mud  be  equal  to  ioa,  fince  they  have  both  the 
fame  logarithm ;  that  is,  the  natural  number  A  is 
Itieh  a  power  of  10  as  is  expreffed  by  its  logarithm  a* 
This  confideration  gives  us  a  new  idea  of  logarithms, 
and  to  one  acquainted  with  the  nature  of  powers  and 
iheir  indexes,  it  will  be  no  wonder  that  the  addition, 
fubtraetion,  multiplication,  and  divifion,  of  thefe  loga- 
rithms anfwer  to  the  multiplication,  divifion,  involu» 
lion,  and  evolution,  of  their  natural  numbers, 

"Precaution*  to  he  nfed  in  working  by  Briggs's  Logarithms. 

396.  Though  thefe  logarithms  (as  I  obferved  be- 
fore) are  preferable  to  ail  others,  on  account  of  their 

fimplieity 
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fimnlicity  and  facility  in  practice,  yet  in  tiling  them 
fome  precautions  are  to  be  obferved,  which  (to  pre- 
vent m'-flakes)  I  mall  here  jii'ft  point  out  to  the 
learner  ;  a?, 

1  ft,  In  the  addition  of  logarithm,  whatever  is  car- 
ried  over  from  the' decimal  to  the  integral  parts  nvtfi  bs 
co -j1".  de red  as  affirmative*  and  as  fuch  muft  be  added  t9 
thofe  intrgr.  7  parts,  tvbeiher  they  be  affirmative  or  ne- 
gative. Thus  —3 +  '7000000  being  added  to  —  4 
rf-  $900006,  the  turn  will  be  —  6 -{-'5000000  ;■  for 
though  the  film  cf  the  characteriftics  —3  and  —4  be 
r~  7,  the  affirmative  unit  drawn  from  the  decimals 
reduces  it  to  —6. 

2dly,  Whenever  a  fubtratlion  is  to  be  made  in  loga- 
rithms, it  muft  be  performed  in  the  decimal  parts  as 
ufual ;  but  if  the  char  ail  eriftic  of  the  fubtrahend,  or  of 
the  number  from  zv hence  the  fubtraclion  is  to  be  made, 
or  of  both,  be  negative,  they  muft  be  treated  in' the  fub- 
traclicn  as  the  nature  of  fuch  quantities  requires.     Thus 

—  3  .-}•-  "8900000  fubtracled  from  —  1  -j-  7600000 
leaves  1  '8700000  :  for  if  -j-i,  on  account  of  the 
decimals,  be  added  to  —3,  the  characleriitic  of  the 
fubtrahend,  it  will  be  reduced  to  —  2,  which  being 
iubtra&ed  from  —  1  as  above,  leaves  -f  1.  Nay,  the 
learner  muft  not  be  difcouraged  if  he  fometimes  finds 
hirafelf  obliged  to  fubtraft  a  greater  logarithm  from 
a  lets,  as  will  always  be  the  cafe  where  the  logarithm 
of  a  proper  fraction  is  required  :  as  for  example,  lee 
it  be  required -to  find  the  logarithm  of  1  :  here  fub- 
tracling  o  '3010300,  the  logarithm  of  2,  from 
0*0000000,  the  logarithm  of   1,  there   will?  remain 

—  1  -j-'SpSc^oo,  the  logarithm  of  f  ;  for  in  this  fub- 
traclion, -j-i,  on  account  of  the  decimals  being  added 
to  the  characleriftic  of  the  fubtrahend,  gives  i?  which, 
fubtracled  from  o  above,  leaves  —  1. 

Note,  The  logarithm  of  a  vulgar  fraction  may  alfo 
he  obtained  by  throwing  it  into  a  decimal.  Thus  the 
logarithm  of  \  may  be  obtained  either  by  fubtracling 
the  logarithm  of  3  from  that  of  2,  or  eife  by  taking 

■  .  out 
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out  the  logarithm  of  this  decimal  fraction  '6666667, 
which  is  the  fame  as  the  logarithm  of  the  whole 
number  6666667 ,  except  that  the  characterise  of  the 
former  logarithm   is  ~~ -1,  and  that  of  the  latter  -j~6. 

gdly,  in  the  ?v.uUiplication  of  logarithms  the  fami 
caremufi  betaken  as  in  addition.  Thus  if  it  be  required 
to  multiply  this  logarithm  —  3~j-  '7000000  by  9, 
the  product:  will  be  —  2  i-J-  fjj oooo'ooj  for  thougil 
the  product  of  —3X9  be  —  27,  yet  the  -j-6  drawn 
from  the  decimals  reduces  it  to  —21. 

4thly,  Whenever  a  logarithm  is  to  be  divided  by  24 
3,  4,  &c.  in  order  to  obtain  thefquare,  cube,  biquadrate* 
&c.  root  of  its  natural  number,  if  the  chare ■£ierijlic  be 
Jiegative,  md  will  not  be  divided  without  a  fraction,  my 
iv ay  is  to  refolve  it  into  two  parts,  to  wlt^  into  a  nega- 
tive part  which  will  be  divided,  and  an  affirmative  pari 
which  zvill  incorporate  with  the  decimals  annexed.  Thus 
If  I  was  to  take  the  half  of  this  logarithm  —  i-|^ 
*70ooooo,  I  cannot  join  the  —  1  to  the  decimals  an- 
nexed* becaufe  they  are  quantities  of  different  kinds ; 
therefore  I  refolve  the  characteriftic  —  1  into  two 
parts,  to  wit,  —  2—|—  1 ,  and  then  taking  the  half  of 
—  2,  which  is  —  i,  I  join  the  affirmative  part  -f-i 
to  the  decimals  annexed,  and  fo  take  the  half  of -[-17, 
which  is  -|~8,  &c.  -,  therefore  the  half  of  the  aforefaid 
logarithm  is  —  1-]-  '8500000:  had  the  characteristic 
been  —  3,  I  fhould  have  refolved  it  into  —4-]-!.  Had 
i  of  the  forefaid  logarithm  been  required,  I  mould 
have  refolved  the  characteristic  —  1  into  —  3-J-2, 
and  fo  mould  have  taken,  firft,  the  third  part  of  —  3, 
which  is  —  1,  and  then  of  +27,  which  is  +9  :  had 
the  characterise  been  —2,1  fhould  have  reiolved  it 
into  —3+1  j  had  it  been  -4, 1  mould  have  reiolved 
it  into  —6-\~2,  aneffoon. 

N.  B.  Of  all  the  tables  hitherto  in  ufe  whofe  loga- 
rithms do  not  run  to  above  feven  decimal  places,  I 
take  thofe  published  by  Doctor  Sherzvin  to  be  the  beil 
upon  many  accounts,  and  particularly  in  the  difpofi- 
rjon  of  the  Jogarisfcras ;  thefe  therefore  I  mall  not 

fcruple 
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Jcrnple  to  recommend  to  my  readers,  whom  I  fhall 
alio  refer  to  the  directions  there  given  for  finding  the  lo- 
garithms of  all  abfolute  numbers  from  1  to  1 0000000, 
and  vice  verja.  But  I  mull  own  I  cannot  with  equal 
luitice  recommend  the  method  there  taken  to  avoid 
negative  indexes  by  creating  new  ones,  and  by  ufmg 
arithmetical  complements*  it  is  not  to  be  denied  but 
that  this  fort  of  practice  may  be  abfolu'tely  neceffary 
to  fuch  as  know  nothing  of  the  nature  and  ufe  of  ne- 
gative quantities  ;  but  thofe  who  do,  I  believe,  will 
find  the  rules  here  laid  down  more  natural  and  con- 
venient ;  and  as  they  carry  their  own  reafons  along 
with  them,  1  doubt  not  but  that  the  learner  will  find 
them  eafier  to  be  remembered,  and  lefs  liable  to  h& 
mifunderftood. 

397.  In  the  tables  above  recommended,  after  the 
logarithms  on  every  page,  are  two  columns,  one  called 
a  column  of  differences,  and  figned  D ;  the  other 
called  a  column  of  proportional  parts,  and  figned 
Pts  above,  and  Pro  below  :  thefe  two  columns,  a& 
well  as  the  reft,  have  been  explained  by  the  author; 
but,  led  they  mould  not  be  thoroughly  underftood  by 
what  is  there;  faidof  them,  I  mall  take  the  liberty,  by 
a  fingle  intlance,  to  explain  more  at  large  the  reafon 
and  ufe  of  thefe  columns :  I  (hall  take  my  example 
from  the  author  himfelf.  Let  it  then  be  required  to 
find  by  the  tables  the  logarithms  of  this  number  of 
feven  places,  to  wit,  5423758  :  to  do  this,  I  nrft  put 
down  6,  the  charafteriftic  of  the  logarithm  fought, 
according  to  the  directions  given  in  art.  394;  then 
I  confider  in  the  next  place,  that  though  by. the  help 
of  the  tables  we  can  find  the  logarithm  of  any  num- 
ber under  1 0000000,  yet  that  the  abfolute  numbers 
there  do  not,  properly  fpeaking,  run  to  above  five 
places;  therefore  I  lower  the  abfolute  number  given, 
to  wit,  5423758,  to  this,  5423.7*58,  which  will  not 
affect  the  decimal  part  of  the  logarithm  fought ;  then., 
fetting  alide  the  chara&eriftic,.  I  take  out  of  the  tables 
die  logarithm  of  the  .  five    integral   .places    54237 

according 
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according  to  the  directions   there  given,  and   find   it 
to  be  .7342957  ;  this   i   fubtradt  from   the  logarithm 
of  54238,  that  is,  from  7343037,  and  find   the  dif- 
ference to  be  80.     But  the  defign    of  the  column    of 
differences  is  on  purpofe  to   avoid   this  fubtraftion  : 
for,  had  I  taken  out  of  that  column  the  number  cppo- 
fite  to  54237=  the  integral  part  of  the  abibhue  num- 
ber propofed,  or  if  no  fuch  cppofite  number  was   to 
be    found,  had   I  taken   the   nearefi:   number   above 
(not  below),  I  moaid  have  found  the  number  80  'i, 
that  is,  in  a  whole  number,  -80,  without  any  fubtrac- 
tion.     Thus   then  the   cafe   (tends:  as   the   abiolute 
number  propofed*  54^37  '"58    lies  between;  the  two 
neareft   tabular  numbers   54227   and   5;  2; 8,  whofe 
difference  is  1,  fo  mud  the  logarithm  fought  lie  be- 
tween  the   logarithms  of  the  tabular  numbers  above 
mentioned,  whofe  difference  is  80;  therefore  I  fay  by 
the  golden  rule,  as  1,  the  difference  of  the  two  Tabu- 
lar numbers,  between  which  mine  lies,  is  to  80,   the 
difference  of  the  two  tabular  logarithms  between  which 
the  logarithm  fought  lies,  fo  is  '58,  the  difference  be- 
twixt my  number  and  the  nearefi  lefs  tabular  number, 
to  46",  the  difference  betwixt    the  logarithm   fought, 
and   the  nearefi  lefs   tabular   logarithm;    therefore 
adding  this  difference  46  to  the  nearefi  lefs  tabular 
logarithm,  to  wit,  7342957,  I  have  7343003,  which 
being  joined  as  decimal  parts  to  the  cha'ra&triftic   6, 
•gives   6'  '7343003   for   the  logarithm  fought.      This 
number  46,  which  was  the  fourth  proportional  above 
found,  is  called  the  proportional  part,   becaufe  it  is 
the  fame  proportional  part  of  80,  the  difference  of  the 
two  nearefi  tabular  logarithms,  that  -JjSj   the  decimal 
part  of  the  number  propofed,  is  of  i*   the  difference 
of  the  two  nearefi  tabular  numbers.    Whoever  attends  / 
to  the  foregoing  operation  will  eaiilv  perceive,   that 
this  proportional   part  46  was  gained  from  multiply- 
ing 80,  the  common  difference,  bv  '5'S>  the  decimal 
part  or  the  abiolute  number  propofed  j   and  the  fame 
would  have  been  obtained  if  the  common  difference 

83 
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80  had  firft  been  multiplied  by  -5  and  then  by  '08, 
and  the  produces  been  taken  into  one  fum  :  now  it  is 
to  fave  thefe  two  multiplications  that  the  column  of 
proportional  parts  was  contrived;  for  whoever  looks 
there  for  the  common  difference  80  will  find  all  the 
products  of  the  laid  common  difference  multiplied  by 
•1,  *2,  "3,  '4,  'Si  &c.  to '9  inclusively  •,  and  look- 
ing for  the  number  over  againft  '5,  he  will  find  the 
number  40,  which  ihews  that  the  number  40  is  ^-l 
of  the  common  difference  80;  fo  alio  over  againit 
8  he  will  find  the  number  64,  which  (hews  that  the 
number  64  is  -j-J.  of  the  common  difference;  but  we 
do  not  want  ^-|- of  it,  but  8  hundredth  parts;  there- 
fore he  muft  not  take  the  number  64,  but  a  tenth 
part  of  that  number,  to  wit,  6  '4  or  6,  which  being 
added  to  40,  the  proportional  part  before  found, 
gives  46,  to  be  added  to  the  neareft  lefs  tabular  lo- 
garithm in  order  to  obtain  the  logarithm  fought. 

But  when  all  poffible  exactnels  is  required,  and  no 
errors  are  intended  to  be  committed,  but  fuch  as  un- 
avoidably arife  from  the  imperfection  of  the  loga- 
rithms themfelves  -,  1  would  ad  vile  the  reader  to  com- 
pute the  proportional  parts  himfelf,  as  above,  rather 
than  truft  to  the  table  for  them,  though  he  will  rarely 
find  any  confiderable  difference.  My  reafon  for  this 
advice  is,  becaufe  in  the  table  of  proportional  parts, 
no  notice  is  taken  of  decimals ;  whereas  thole  decimals 
ought  not  in  all  cafes  to  be  neglected,  at  leait  not  till 
the  operation  is  over,  and  the  artifl  fees  what  it  is  he 
throws  away  or  takes  into  his  account,  to  leflen  the 

error  as  much  as  he  can. 

* 

Note.  For  the  conftru&ion  of  logarithms  fee  the  Quarto  Edi- 
tion, pp.  627  to  640.  The  fame  fuhject  is  alfo  largely  treated  of 
^n  my  Mathematical  Eflays.    J.  H. 

FINIS. 


iSllilll 


